Example : 1

9
4x 5
(i) Find the 7™ term in the expansion of [?_ZJ

11
1
(ii) Find the coefficient of x” in (aXZ +&j

Solution
4x 5 jg

0] In the expansion of [?—5

9-r r
) 4x 5
The general terms is T, =°C, 5 5

For 7" term (T_), Putr =6

9x8x7 _ 1

10500
= T, = 3

11
. 2, 1 .
(i) In (ax +—j general termis T, = %C all b x2%
bx r+l r

for term involving x” , 22 - 3r=7
= r=5
Hence T_,, or the 6" term will contain x’.

(1) 11x10x9x8x7 a®  462a°
T, =1C, (ax?) bx) - 5 b X' = b5 X

62a®

Hence the coefficient of x” is 5

Example : 2

2

9
X 1
Find the term independent of x in (T—gj

Solution

. a2 )" 1Y . a2 ) 1Y -
T.=°C |73 3x) = G| 2 ax) *

for term independent of x, 18 —3r=0
= r=6
Hence T, or 7" term is independent of x.

9-6
r oo [3E] (LAY L9xBx7 (3) L1V _ 7
7T Ve | 2 3x) 3 2 3) 18
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Example : 3
Find the coefficient of x! in the expansion of (2x? + x — 3)8.
Solution
(2x2+x—=3)°=(x—1)° (2x + 3)®
term containing x** in (2x2 + x — 3)°
(x=1)°=°C x°—=°C x> +°C,x*=°C, x>+ ............
(2x +3)°=°C, (2x)° + °C, (2x)> 3+ °C, (2x)* 32 + .........
term containing x* in the product (x — 1)° (2x + 3)° = [C,x°] [°C, (2x)*>3] - [°C, X°] [°C, (2x)° ]
=32 (18 x) — 6 (64) x* = 192 x*
= the coefficient of x* is 192

Example : 4

Find the relation between r and n so that coefficient of 3r" and (r + 2)" terms of (1 + x)?" are equal.
Solution

In(1+x)", T, ="CXx

T3r = 2nC3r—1 X

T - 2nC Xr+1

r+2 r+1
If the coefficient are equal then >"C, | =2"C
r-1 r+1

There are two possibilities

Case-1
r—=1=r+1
= r=1
= T,=T,and T _,=T,
= T, and T , are same terms
Case -2
2nC3r— = 2nCr+1
= 2nC3r—1 = 2nC2n—(r+1)
r—=1=2n-(r+1)
r=n/2
Example : 5
Find the coefficient of x® in the expansion (1 + x + x?)" .
Solution

L+x+x)" =[1+xQ+x)"="C;+"C X (L +X)+"C,x* (L +X)*+ ...
Coefficient of x* = "C, [coeff of x in (1 + x)?] + "C, [coeff of x° in (1 + x)?]

2n(n -1 -D(n-2 -1 -1 4
n(r; ) . n(n 3)I(n ) _ n(n6 )[6+n—2]= n(n Z;(n+ )

='C,(29+"C, (1) =

Example : 6
If "C_is denoted as C, show that

CoCy...Cp(n+1)"

(a) (C,+C)(C,+C)(C,+C)) .cco.. (C_,+C)= -
& G Cs Cn nin+1)
(b) CO +2C1 +3 C2+ ....... +I’]Cn_1:T
Solution
(a) LHS =(C,+C) (C,+C,) (C,+C,) c.neo., (C_,+C)

) C, n-r+1 n-1+1 n-2+1 n-n+1
using ¢ =~ =C,C,C,C,...C_ |1+ 1 x |1+ t o + |1+



(b) LHS=C—+2C—1+3C—2+ ......... +ncml
usin G, n-r+1 [n—1+1]+2(n—2+1]+ (n-n+1)
g Cril - r - 1 2 ------- n
=n+(n-1)+"n-2)+..... +1
n(n+1
= Sum of first n natural numbers = nin+1) =RHS
Example : 7
Show that
2 2 2 2 2 _(2n)!
(a) Co+Ci+C5+C5 + .t +Cp = nlnl
(2n)!
(b) C,C,+CC,+CC, +.... C..C = —(n —1) (n+D)!
Solution
Consider the identities (1 + x)" =C,+C x+C X+ ........... +Cx"(1+x)"
=CX"+C X+ C, X"+ ... +C,
multiplying these we get another identity
L+x)"(x+1)"=(C,+Cx=(C,+Cx+CxX°+ ... +Cx)=Cx"+Cx"+Cx"2+ ... +C)
(a) Compare coefficients of x" on both sides
In LHS, coeff. of x" = coeff of x"in (1 + x)*" =>"C,
In RHS, terms containing x” are C?x" + C 2 x" + C2 X" + ....... +C2x
= Coeff. of XY onRHS =C?+ C 2+ C2+ ....... +C?
equating the coefficients C? + C 2+ C2 + ......... Cz=%C,
2 2 2 2 m
Co+Ci+Co+......... +CL = i
(b) Compare the coefficients of x™* on both sides
In LHS, coeff. of x"* =C_|
In RHS, term containing x"*is C C, x™* + C,.C, x™* + ........
Hence coeff. of x**inRHS=C C, +CC,+C,C,+......
equation of the coefficients,
, (2n)!
CC, +CC, +.... =C_,C =*C = —(n—l)!(n+1)!
Example : 8
Let S, =1+q+Q*+Q°+........ +qn
2 3 n
_, . (9l q+1 g+l
s=1+ () 4 (3 e (%
prove that ™C, + n+2C2 s, + ”*103 S, F s +™C S =2"S
Solution
_ qn+1

S, =sum of (n + 1) terms of a G.P. =

L (ary
2 2n+1 (q+l)n+l
Sy 1 [q ) (1-q)2"
2
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1-
Consider the LHS ="™!C, + "™'C, (

1
— 1_q [n+1Cl (1 _ q) + n+1C2 (1 _ q2) +

1
= 1q ("G, mC,

1
=1 g [@7-1-(@+ar-1)=

Example: 9

q2 . 1_q3
1-q ) "% (1-q

2n+l _ (1+ q)n+l

|-

+01C L (1- )]

1-q

Show that 322 — 8n — 9 is divisible by 64 if n € N.

Solution

32 —-8n—-9=(1+8)"-8n-9=[1+(n+1)8+("C,8 +

= n+1C2 82 + n+1C3 83 + n+1C4 84 +
=64["'C,+™C,8+"™C,8 +
which is clearly divisible by 64

Example : 10

=2"S, =RHS

Find numerically greatest term in the expansion of (2 + 3x)°, when x = 3/2

Solution

9 9
(2+3x)°=2° 1+3—X =29 1+g
2 4

Lot us calouiate m < X0 _ O/4O+) 0 12
et us calculate m = 1 - (9/4)+1 —13 -%713
as m is not an integer, the greatest term in the expansion is T =T,
o oo 26_ 7x38
= the greatest term = 2° (T ) = 2° °C_ 1) 73
Example : 11
Ifa,, a, a, and a, are the coefficients of any four consecutive terms in the expansion of (1 + x)", prove that
a, as 2a,
a;+a, * as;+a,  a,-+as
Solution
Leta, = coefficientof T, ="C = a,="C,, ="C
= a2 = nCr+1 ! a3 = nCr+2 ! a4 =" r+3
& _ nCr _ nCr _ r+1 and as _ nCr+2 _ nCr+2 _ r+3
- a; +a, - nCr +nCr+1 - n+1Cr+l Cn+l az +a, - nCr+2 + Ciia - nJrlCr+3 T on+l
a a
LHS = L s, r+1:r+3:2(r+2)
a+a; az+a; n+1 n+l n+1
RHS = 232 _ 2 nCr+1 _ 2r1Cr+1 _ 2(!’ + 2)
- a +ag N nCr+1 +nCr+2 N n+lCr+2 - n+1

Hence R.H.S. =L.H.S
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Example : 12
Prove that following (C_="C)
@) C,+2C,+3C, +......... nC =n2"t
(b) C,-2C,+3C, +—........ =
(c) C,+2C +3C, +....... +(n+1)C =(n+2)2"*

Solution
Consider the identity : (1 +x)"=C_ +Cx+ C x>+ ........ +Cx"
Differentiating w.r.t. X, we get another identity n(1 + x)"*
=C,+2C,x+3Cx* + ... +NnC X" 0]
@ substituting x = 1 in (i), we get :
C,+2C,+3C, +....... +nC =n2"t ... (if)
(b) Substituting x = =1 in (i), we get
C,—-2C,+3C,-4C, + ... +nC (1) =0
(c) LHS=C,+2C +3C,+ ... +(n+1)C =(C,+C +C,+ ... )+ (C +2C,+3C, + ... +nC)
=2"+n2"=(n+1)2"! [using (ii)]

This can also be proved by multiplying (i) by x and then differentiating w.r.t. x and then substituting x = 1.

Example : 13
Prove that
C n+l
(@) Co G, G2 G y Cno 271
1 2 3 4 n+1 n+1
C C, Cs no_ 4™
b 3C,+32 — +3 [ +3 —= +.... +3mt =
() 0 2 3 4 n+1 n+1
Solution
Consider the identity :
(1+x)"=C,+Cx+C,x*+ ... +C X" (i)
@ Integrating both sides of (i) within limits 0 to 1, we get
1 1
j A+x)" gy = J. (Co+CiX + e C,x") dx
0 0
ne1 ]t 2 3 C ne1
(A+x) R & S 7L nX
N+l =C,x g e N+l .
2n+1_1:C+&+&+ +Cn
- ot S 3 o 1
(b) Integrating both sides of (i) within limits — 1 to + 1, we get:

1 1
j(1+x)” dx = j (Co +CyX + oo+ Cx") dx
] a

1 +1
(1+ X)n+l C1X2 C2X3 Can+l
il _1-C0x+ st g e + o1
n+1
2 _O:(CO+&—&+ ..... + C“]_(—CO+&—&+ ....... ]
Nl 2 3 n+1 2 3
oml 2C, 2C,
= 1720 T Ty e
n C C
= A N

n+1 ° 3 5
Hence proved
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Note : If the sum contains C,C,C,, C, ....... C, (i.e. all +ve coefficients), then integrate between limits 0
to 1. If the sum contains alternate plus and minus (+ — signs), then integrate between limits — 1 to
0. If the sum contains even coefficients (C,, C,, C, .....), then integrate between — 1 and +1.

Example : 15
1°C +2°C,+3C +........ +n2C =n(n+1)2v2
Solution
Consider the identity :
(L+x)=C +Cx+C, x>+ .......... +C x"
Differentiating both sides w.r.t. x;
NL+x)"=C +2C, x+........ +nC_ x"*
multiplying both sides by x.
NX(L+x)"=C x+2C, x*+ ... +nC x"
differentiate again w.r.t. x;
nX(N-1)(1+x)"?+n(L+x)""=C +22C, X+ ......... +n*C, X
substitute x = 1 in this identity
nn-1)2"2+n2"=C +2°C, +3C_ + ... +n2C,
= nN22n+1)=C, +2°C,+ ............. +n*C,

Hence proved

Example : 16
If>C. =C_ ,provethat: C?-2C2+3C2—+......... -2nC,?=(-1)"*nC, .
Solution
Consider
(1-x)"=C,-C x+CxX°—+ ........... +C, x* 0)
and
X+1)*=C,x*"+C X"+ C, X"+ ... +C,  x+C, ... (i)

We will differentiate (i) w.r.t. x and then multiply with (ii)
Differentiating (i), we get :

-2n(1-x)"*t=-C, +2C,x=3Cx*+ .......... +2nC, x>t
= 2n (1-x)"t=C,-2C,x+3C, x* =+ ...... —2n Cn x2n-1
new multiplying with (ii)
2n (L—xprt(x+1)" =(C x*"+C x* '+ ... +C,)x(C,—2C,x+3C, ¥ —+ ... -2nC, x*)
Comparing the coefficients of x> on both sides; coefficient in RHS
=C2-2C2+3C2—+... -2nC,?

Required coeff. in LHS = coeff. of X1 in 2n (1 — x)?* (1 + x)>! (1 + x)
= coeff. of X1 in 2n (1 — x?)?"! + coeff. of X" in 2nx (1 — x?)?-!
= coeff. of X" 1in 2n (1 — x?)>! + coeff. of x"2 in 2n (1 — x?)>"1
Now the expansion of (1 — x?)?"! contains only even powers of x.
Hence coefficients in LHS :
= 0 + 2n [coeff. of x>2in (1 — x?)2™1]
= 2npic, (<)M

(2n-Dt
2n (m(—l) j

= n 2nC (_1)n—1
n
Now equating the coefficients in RHS and LHS, we get C?—2C?+3C2 -+ ....... 2nC,?=(-1)""'n*C_

Example : 17
Find the sum of series :

n r r r
Z G (z—lr+%+7—+15 Hoem terms]
r=0 '

Solution
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oy 1) N on 1Y 1)
D) e [Z] 2D "G (2] = i 1-=
Z C, 5 Z r 5 expansion of 5
n n
3r 3 r 3 n
Z -0’ "C, [;] = Z "C [—Zj = expansion of [1—Zj

L ay 4 o n 7Y 7Y
Z:,) - "C, (Fj = z C [— gj = expansion of [1—§j andsoon ............
r=

r=0

Now adding all these we get ;

n r r r

1 3 7 15
Required Sum = z (_1)r nCr [—+—+—+—+ ........ m terms]
r=0

1
7N\
T
N | =
N—

p=}

+
7N\

T
Alw

N—
p=}

+
N\

T
0|~

N—
>

+

3

—

@

=

3

7]

1 1
=2—n+4—n+8—n+ ....... m terms of GP
1 1
2n 2mn 2mn _1
T o-l o T enopem
2
Example : 18
fFA+x)"=C,+C x+CxX°+........... + C_x"then show that the sum of the products of the Cs taken two
. _ (2n)!
at a time represented by : Z Z CiC; is equal to 22" — oninl
0<i<j<n
Solution
The square of the sum of n terms is given by :
(C,+C, +C # .. C)2=(C2+C2+C2+ . +C2H+2 Y. > CC
0<i<j<n
substituting C,+C, +C,+........ +C =2"
and C2+C2+Cr+...... +C2="C,
PRl (2n)!
we get (20?=2"C_+2 z z CiC; = z z CC; = — 0o=22n1_ ol
0<i<j<n 0<i<j<n
Example : 19

If (2 +V3)" =1+ f where I and n are positive integers and 0 < f < 1, show that I is an odd integer and
@a-fa+f=1.
Solution

(2 +V3)" = f where 0 < f < 1 because 2 — V3 is between 0 and 1

Adding the expansions of (2 + ¥3)"and (2 —V3)",we get; 1 +f+ = (2 +V3)" + (2 —3)"
=2[C,2"+C, 2™ (V3)? +....] = eveninteger  ........ (i)

= f + f'is also an integer

nowO<f<landO<f<1 = O0<f+f<2

The only integer between 0 and 2 is 1

Hencef+f =1 ... (ii)

Consider (i)
1+ f+f =eveninteger

N I+ 1 =even integer [using (ii)]
Page # 7.



= I = odd integer
also  (I+f)(I-f=(1+fH)(F)=@+V3)"(2-V3)"=1

Example : 20
If (66 + 14)>*1 = P, prove that the integral part of P is an even integer and P f = 202 where f is the
fractional part of P.
Solution
Let I be the integral part of P
= P=1+f=(6V6+14)*
Let f = (6V6 — 14) lies between 0 and 1, 0 < f' < 1
subtracting ' from I + f to eliminate the irrational terms in RHS of (i)
[+f—1f = (6V6 + 14)2"*1 — (676 — 14)2"1 = 2[*™1C_ (6V6)>" (14) + 2*1C, (6V6)**2 (14)% + ......... ]

=eveninteger L (i)
= f—fis aninteger
now O0<f<l1 and 0<f<1
= 0<f<1 and -1<-f<0
adding these two, we get; -1<f-f<1
= f-¥=0 L (iii)
Consider (i)

1+ f—1f =even integer
= I+ 0 = even integer [using (iii)]
= integral part of P is even

Also  Pf=(I+f)f=(1+f)f =(6V6+14)2" (66 — 14)2! = 216 — 196)2™1 = 2021

Example : 21
2-X ) ) ) ) _
Expand m in ascending powers of x and find x". Also state the range of x for which thise x -
pression is valid.
Solution
) _ 2-X
Given expression = —(1_ X)(3—=x)

On expressing RHS in the form of partial fractions, we get

1 1
Given expression = 20-x) T 2(3-x)

Gi i = 1 1 -1 4 1 1_5 B
= iven expression = 5 1-x) 6 3
Using the expansions of (1 — x)*, we get
1 1 2 %3
Given expression:E (L+X+X2+X3+ o, ) + 5 1+§+?+E+ ........

: : S I S 1. 1) i1
= Given expansion = 56 Tl 18 ) Xt 2 5a ) X H e 13 63’ X+

G' H _34‘5 +£ 2+ +1(1+ij "+
= iven expression = = + o X+ — ¢+, > gt ) Xt

1 1
Coefficient of x" = > [1+ 3”1] Xt

Since (1 —x)tis valid for x € (-1, 1) and (1 — x/3)is valid for x € (=3, 3), the given expression is valid for
x € (-1, 1) (i.e. take intersection of the two sets)
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2—X

Hence m isvalidfor—-1<x<1
Example : 22
If —3+3;5+3'57 + till infinity, show that y?+ 2y —-7=0
y= 2t a8 ag1p T ill infinity, show that y y—7=
Solution
itis g h'—3+£+3'57+
tisgiventhat:y = 2t a8 2812 Fo t0 o

On adding 1 to both sides, we get :

1+ —1+3+3;5+—3'57 +
Y=Lt 4T 48 T a1 T

Now we will find the sum of series on RHS or (i)
For this consider the expansion of (1 + t)" , where n is negative or fraction :

nin-1 N n(n-1)(n-2)

n — 3 o .
@+t)=21+nt+ 12 123 B+ toowhere |t <1 .............. (i)
On comparing (i) and (ii), we get

nt=34 (iii)
nn-1 ,_ 35 |
12 t2= 28 e (iv)
and @+tn=1+y

. . nh-3 35
Consider (iv) : 12 t?= 18

(h-nt 5 A

> 8 [using (iii)]

= (n=-1)t=—

nt—t= E
= T2

3 5 o
= 2 —t= 2 [using (iii)]
= =-1/2 and =-3/2

2

= l+y=(1-1/2)%2 = 2%2=1+y
On squaring, we get 8 = (1 + y)?

= y2 + 2y -7=0

Hence proved

-3/2
= Sum of series on RHS of (i) = (1——j

Example : 23
Find the coefficient of x,2 x, x, in the expansion of (x, + X, + Xx.)* .
Solution
To find the required coefficient, we can use multinomial theorem in the question.
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4
The coefficient of x * x, X, in the expansion of (x, + x, + x,)* = oy - 12

Hence coefficient of x,? x, x, = 12
Note : Also try to solve this question without the use of multinomial theorem

Example : 24
Find the coefficient of x” in the expansion of (1 + 3x — 2x3)1° .
Solution
Using the multinomial theorem, the general term of the expansion is :
10!
Toar™ prgn (17 (3X)7 (2,

where p + g + r = 10. Find the coefficient of x” , we must have q + 3r = 7.
Considerg +3r=7
From the above relationship, we can find the possible values which p, g and r can take

Taker=0

= g=7andp=3

= P, 9,nN=@,7,0 . (i)
Taker=1

= g=4 and p=5

= P.9.N=641) (ii)
Taker=2

= g=1 and p=7

= (p.a,nN=(7,1,2) ... (iii)

If we take r > 2, we get q < 0, which is not possible.
Hence (i), (ii) and (iii) and the only possible combination of values which p, g and r can take.

10! 10! 10!
Using (i), (ii) and (iii), coefficient of x” = 137 3+ S 3 (-2 + o 3! (—2)? = 62640

Hence coefficient of x” = 62640

Example : 25
Find the coefficient of x%° in the expansion : (1 + x)1°%° + 2x (1 + x)%° + 3x? (1 + x)%% +
Solution
It can be easily observed that series is an Arithmetic-Geometric series with common difference = 1,
common ratio = x/(1+x) and number of terms = 1001

....... + 1001x10%,

Let S = (1 + Xx)10%0 + 2x (1 + x)%° + 3x2 (1 + X)%% + ....... +1001x10 . ()
Multiple both sides by x/(1 + x) to get
XS/ +X) =X (1 + %)%+ 2x2 (1 + x)%%8 + 3x3 (1L + )% + ....... 1000x10% + 1001x%0/(1 + X) ........ (i)
Shift (ii) by one term and subtract it from (i) to get :
S/ +x) = (1 +x)190 + x (1 +x)%° +x2 (1L +x)%%+ ... X100 — 1001x01 /(1 + x)
= S = (1 + X)W + x (1 + x)109 + x2 (1 + X)°° + ......... X090 (1 + x) — 1001 x1oot

Now the above series, upto the term x°%° (1 + x), is G.P. with first term = (1 + x)%°* | common ratio
= x/(1 + x) and number of terms = 1001

<1>{1[j}
1+x

S= < — 1001 x1002

1+x

= S = (1 + x)1002 — x1001 (7 + x) — 1001 x100t

Coefficient of x* in the series S = coeff. of x*° in (1 + x)1002 (- other terms can not produce x*°)
= Coefficient of x*° in the series S = *C_

Hence the coefficient of x*° in the given series = *?C_,

Example : 26
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Find the total number of terms in the expansion of (x +y +z +w)", ne N.

Solution
Consider the expansion :
X+y+z+w)=(X+y)+"C (X+y)" (z+wW)+"C, (X+Yy)"?(Z+W)*+ ... +"C (z+w)
Number of termsonthe RHS=(n+1)+n2+(n—-1) .3+ ......... +(n+1)

= Zn: (nN-r+YH(r+1)= Zn: (n+1) + Zn: nr — z r?
r=0 r=0 r=0 r=0

=(n+1) ; 1+n; r—; r? =(n+1)(n+1)+ n(n)(2n+1) - nn+(n+1

0 =0 6

= (n;rl) [6(n + 1) + 3n% — 2n? —n] = “T+1 [0° + 5 + 6] = (n+1)(n22)(n+3)

Using multinomial theorem :

Nl anyn2 PAITT

Ly mxyrzw -
x+y+z+w)= “~ ninyingn,! where n, n,, n, and n, can have all possible values for

0,1,2,.... , N subjected to the conditionn, +n,+n,+n,=n ... @
Therefore, the number of distinct terms in the multinomial expansion is same as the non-negative integral
solutions of (i)

= Number of distinct terms = Number of non-negative integral solutions
= Number of distinct terms = coefficient of x" in the expansion (1 + X + X2+ ........ + X")*
1— Xn+l 4
= coefficient of X" in
1-x

= coefficient of x" in (1 — x™)* (1 = x)™* ="*'C, = "3C,

. (n+H(n+2)(n+3)
= Number of distinct terms = 6
Example : 27
Let n be a positive integer and (1 +x + X?)"=a + a X+ a,x* + ....... +a, x*".
Show thata?-aj’—-+...+a,>=2.
Solution
Consider the given identity : (1 +x +x?)"=a +aX+axX* + ....... +a, X' 0]
Replace x by —1/x in this identity to get :
1 1) a; a a,,
[1_;+X_2j =a0—7X—2—+ ...... +XW
= (L-x+x)"=a x"—a xX*"'+a,x*"?—+ ... +a, e (i)
Multiply (i) and (ii) and also compare coefficient of x>" on both sides to get :
af—a’+a/’—+... + a, = coefficient of x> in (1 + x + x*)" (1 — x + x?)"
= LHS = coefficient of x>"in (1 + x? + x*)"
= LHS = coefficient of x*" in a, + a,x* + a,x* + ........ +a X+ . +a, X" [replace x by x* in (i)]
= LHS =a,
Hence a—a’+aj?—+... +a,’=a,
Example : 28
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If z a,(x-2) zb (x-3)" and a, = 1forallk > n, showthatb =2"C

Solution
Lety=x-3 = y+1l=x-2
So given expression reduces to :

2n 2n
> ay+D = Y b(y)
r=0 r=0
= a,+a (y+1)+..... +a, (y+1)"=b,+by+..... +Db, y*>
Using a, = 1 for all k > n, we get
= a,ta (y+1)+......... a , (y+)mt+(y+1)"+ . + (y + 1)

=b, +by+.... +hy' + ... +b, y>
Compare coefficient of y" on both sides, we get :
"C, +™C +"C + ... +2°C =b,
Using the formula, "C ="C_, we get:
"C,+ ™C, +MC, + . +2°C =b,
Using, "C, = "!C for first term, we get :
MIC, + ™IC, + ™2C, + .. +2°C =b,
On combining the first two terms with use of the formula,
"C_, +"C ="C, weget:

M2C, +M™C, + +2C =b,
If we combine terms on LHS like we have done in last step, finally we get :
*C =b, = b, =2"C _, (using"C ="C, )

Hence b _=2"1C
n n+l

Example : 29

-13
Prove that Z 3) "Cyr1=0 , Where k = 3n/2 and n is an even positive integer.

r=1
Solution
Letn=2m = k=3m
m
r-1
LHS = Zi (=3) " emc_ =emC —36nC_+QOMC_— .. +(=3PmienC . (i)
Consider (L +x)°m=0mC_ +°5"C x +°"C, X* + .......... +omC_xom and
(L —x)fm=0°"C —°"C x +°"C x>+ .......... +omC_xom
On subtracting the above two relationships, we get
(1+x)°fm=(1=x)f"=2("C x +°"C X3 +°"Cx° + ......... +omC . xomh)

Divide both sides by 2x to get :

@+ x)%™ —(1-x)°m
2X
Put x = V3i in the above identity to get :

(1+i4/3)%™ — (1-iv/3)8™

o3 =6nC —36MC_+ ... F(BpmrenC, (il

— 6m 6m 2 6m 6m-2
=omC, +MC, X+ L +oMC, X

Comparing (i) and (ii), we get

6m 6m
26M| [ cos® 4isin®| —|cosX—isin’
3 3 3 3

LHS =
2./3i
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25M[(cos 2zm +isin2ram) — (cos 2zm — isin 2zm)]

= LHS = 2\/§i (using De morvie’s Law)
25M2isin2tm 25 sin2zam _
= LHS = 2@ = ﬁ =0 (because sin 2 tm = 0)
Example : 30
Show by expanding [(1 + x)" — 1]™ where m and n are positive integers, that
mC,"C,,—"C,*"C_+"C,*"C ....... = (-1)™* n™
Solution
Consider : [(1 + x)" — 1]™ and expand (1 + x)" binomially
= [(A+x)=1"=[1+"Cx*+....... +"C_x") —1]"
= [(A+x)"=1]"=["C, x+"C, x>+ ...... +"C_ x""
= [(A+x)=1"=x"["C +"C, X+ ....... +C x™m 0]
Now consider : [(1 +x)" = 1]" = (-1)" [1 — (1 + x)"]"
= [(A+x)=1D)"=CD"[1-"C, (1+x)"+"C, (L +X)*"—..ccenn | T (i)
Comparing (i) and (ii), we get :
XM["C +"C X+ .. +C XM [1-"C, (1+X)"+"C, (L+x)*"—........ ]
Compare coefficient of x™ on both sides to get :
n"= (1) [-"C, "C_+"C,*C —"C,*C_ + ... ]
= mC,"C, —"C,*"C_+"C,*"C —+ .. = (=1)mtpm

Hence proved

Example : 31

n N1
4 C
Show that Y (-1)' lTr 3 T
r=1 r=1

Solution
Consider: (1 -x)"=C, —Cx+Cx* —......... +(=1)"C_ x"
= 1-(1-x"=Cx-C,x*+C,x*+ ... +(E=D)tCxr (o Co=1)
Divide both sides by x to get :
_ _ n
% =C,—C, X+ C @+ o + (1) C_xL

Integrate both sides between limits 0 and 1 to get :

1
.].: P = x° = x° n-1 ﬁ
= ! 1-(1-x) —ClX—CZ?—C3?— ......... +(-1)™C, ,

It can be easily observed that integrand on the LHS is the summation of n terms of G.P. whose first term

is 1 and common ratio is (1 — X).

1
C _ n-1

N I[1+(1—X)+(1—X)2 e +(1L-x)"dx=C S R LEDC

0 ' 2 3

1
1-x? (@1-x)° =" G, G (=)™
= > 3 n . =L, 2 3 T n
_1 1_ Cp . Cs _ ()¢,

= 1+ _3+ ........... +n_C1_2+3 .......... = N



n

n

r-1 C 1

= Z D —r' = Z T - Hence proved
r=1 r=1

Example : 32

C, C, Cg C, 4"nl
— ot = ot +(=1)" =
5 9 13 4n+l  1.5.9...(4n+1)

Co
Show that T -

Solution
On observing the LHS of the relationship to be proved, we can conclude that the expansion of (1 — x*)"
must be used to prove LHS equals RHS Hence,
(L-x)"=C,—Cx*+CxX*-Cx?+ ... +(=1)"C_ x*
Integrating both sides between limits 0 and 1, we get :

c, C
f(l—x4)” G & B b +(=1)" S 0
: 15 "9 " 13 4n+1
1
4
et 1= f @=x e (ii)
0

apply by-parts taking (1 — x*)" as the I part and dx as the II part ,

=

S =@ | AT Loy xax
0

1 1
S =an [ XXM = an [ -0 xI- X dx
0 0

1 1
= I =4n I (1-x")" gx —an _[ (@-xM)" gy
0 0

= [L=4nl _ —4nl
=4
= 0T a1
Replacenby 1, 2,3, 4, ....... , h=1 in the above identity and multiply all the obtained relations,
_4n 4n-1) 4(n-2) 4
= I = anel 4n—3  an_7 5 (iii)
Finding I,

I, can be obtained by substituting n = 0 in (ii) i.e.

1 1
L= ] @xH? = [ dx=1
0 0

Substitute the value of I in (iii) to get :

[ = 4an 4n-1) 4(n-2) 4

n_ 4n+1 . 4n_3 . 4n_7 .......... 5
4" nl

= |

"~ 1.59.13.....(4n+1)
Using (i)
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Cob, & G G

4" nl

+ -+

15
Hence proved

Example : 33

— =75t + (-1)"
9 13 D 4an+1

T 15.9...(4n+1)

Show that x" — y" is divisible by x —y if n is natural number.

Solution
Let P(n) = x"—y" is divisible by x —y
We consider P(1)
P(1) : xt — ytis divisible by x —y
= P(1) is true
Now let us assume p(k) to be true

ie. we are given P(k) : x*— y¥is divisible by x —y

Letxk—yk =(x=y)m,me I

Consider P(k + 1) :

P(k + 1) : X<t — y** js divisible by x —y;

NOW Xk+1 _ yk+1 — Xk+1 _ Xky + Xky _ yk+1
=XC(X=y) +y (X - Y9
=xXC(X=y) +y (x—y)m
= (x—y) (x<+ my)

Hence P(k + 1) is true whenever P(K) is true.

Hence according to the principle of Mathematical Induction, P(n) is true for all natural numbers.

Example : 34
Show that 52"2 — 24n — 25 is divisible by 576.
Solution
Let P(n) : 52 — 24 — 25 is divisible by 576
P(1) : 5202 - 24 (1) — 25 is divisible by 576
P(1) : 576 is divisible by 576
= P(1) is true
P(k) : 52— 24k — 25 =576m, m € N
P(k + 1) : 5%+ - 24 (k + 1) — 25 is divisible by 576
Consider 5+ — 24 (k + 1) — 25
=5%&4 _24 (k+1)-25
=5%2 5224k — 49
=25 (24k + 25 + 576m) — 24k — 49
= (576) 25m — 576k + 576
=576 (25m —k + 1)
= 524 _ 24 (k + 1) — 25 is divisible by 576
Hence P(k + 1) is true whenever p(K) is true

[using P(K)]

Hence according to the principle of Mathematical Induction P(n) is true for all natural numbers.

Example : 35
Show that 2" > n for all natural numbers
Solution
LetP(n):2">n
P(1):2t>1
= P(1) is true
P(k): 2<>k
Assume that p(k) is true
Pk+1):2v1>k+1
consider P(k) : 2« >k
= 2k > 2k
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=

2k+1>k+k

But we have k > 1
Adding 2* + k >k + k + 1

2Kt >k +1

Hence P(k + 1) is true whenever P(K) is true
Hence according to the principle of Mathematical Induction, P(n) is true for all natural numbers.

Example : 36
Prove by the method of Induction that | —— + —— + ——— + .+ 1 .
rove by the method of induction that : 57 + 277 + 7775 * - (@n-D(@n+3) - 3(4n+3)
Solution
LetP(n): — + = & — 1 4 1 __n
etPM 37 * 711 T 11 T (4n—1)(4n+3) - 3(4n+3)
1 1
P37 = 3@+3)
1 1
P 37 = 57
= P(1) is true
1 1 k
PO 37 Fm e ¥ (Ak-1)(dk+3) ~ 3(ak+3)

Assume that P(k) is true

1 1 1 1 k+1
Pk+ D37 * 700 Yo (ak—1)(dk+3) T (Bk+3)(dk+7) ~ 3(4k+7)
_ (i+i+ +k termsj ;
LHS =157 711 T (Ak+3)(4k+7)
k 1

T 3a+3) T (Ak+3)(ak +7) [using P(k)]

B k(dk+7)+3
T 3(ak +3)(4k +7)
(4k +3)(K +1) (k+1)
 3Ak+3)(4k+7) 3(dk+7) RASOMPk+1)

Hence P(k + 1) is true whenever P(K) is true
Hence according to the principle of Mathematical Induction, P(n) is true for all natural numbers.

Example : 37

Using Mathematical Induction, show that n(n? — 1) is divisible by 24 if n is an odd positive integer.

Solution

To prove a statement for odd numbers only, it is required to show that

(@)
(b)

P(1) is true
P(k + 2) is true whenever p(k) is true

P():1(1%2-1) is divisible by 24

=

P(1) is true

P(K) : k(k2 — 1) is divisible by 24 if k is odd

Assume that P(k) is true

Letk (k*— 1) =24m where me N
P(k+2):(k+2)[(k+2)?—1]is divisible by 24, if k is odd
Consider (k + 2) [(k + 2)? — 1]

= (k + 2) (K + 4k + 3)
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=k®+6k*+ 11k + 6
=(24m + k) + 6k? + 11k + 6

=(24m + 6k? + 12k + 6 [using P(K)]
=24m + 6 (k + 1)?

=24m + 6 (2p)? [+ kis odd]
=24m + 24p?

=24 (m+p?)

Hence P(k + 2) is true whenever P(K) is true
Hence according to the principle of Mathematical Induction, P(n) is true for all natural numbers.

Example : 38
sin2"x
Prove that cos x cos 2x cos 4X ....... cos2™t X =
2" sinx
Solution
(1) - _ sin2x
(1) - cos x = 2sinx
P(1) : cos x = cos x (using sin 2x = 2 sin X COS X)
= P(1) is true
sin2Xx
P(K) : cos x cos 2x cos 4X ....... €os 2t X =
2" sinx

Let P(k) be true. Consider P(k + 1)

; k+1
sin2™x
P(k = 1) : cos x cos 2X €0S 4X .... c0S 2! x cos 2"X = 7
2% 1sinx

ok . .
Sin2" x 2sin2Xxcos2¥x  sin2*1x

2k+l

LHS = [ J cos 2kx = = RHS

2k+1 :

K R
2" sinx sinx sinx

Hence P(k + 1) is true whenever P(K) is true
by mathematical induction P(n) is true Vne N

Example : 39
By the method of induction, show that (1 + x)">1+nxforn N, x>-1,x#0
Solution
LetP(n): (L +x)">1 + nx
= PAQ):(1+x)!>1+x whichis true
Let P(k) be true = @+x)}=1+kx ... ()
Consider P(k + 1) : @A+ x)}t>1+ (k+ 1)x
From (i) : (1 +x)k=>1+kx
= (1+x)t> (1 +kx)(1+x) (as (1 +x)>0)
= L+x))1>1+ (k+ 1)x +kx?
as kx? is positive, it can be removed form the smaller side.
= @+ x)}1t>1+ (k+ 1)x
= P(k + 1) is true
Hence P(1) is true and P(k + 1) is true whenever P(K) is true
= By induction, P(n) is true for alln € N

Example : 40

Prove that x(x"! — na™?') +a"(n— 1) is divisible by (x—a)’forn>1andne N
Solution

Let P(n) : x(x™! —na™?) + a" (n — 1) is divisible by (x — a)?

As n > 1, we will start from P(2)

For n = 2, the expression becomes

=x(x—2a)+a?(2-1)=(x—a)? which is divisible by (x — a)?

= P(2) is true
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Let P(k) be true

= X (X1 — kak?) + ak (k — 1) is divisible by (x — a)?
For n = k + 1, the expression becomes = x[xk — (k + 1) a¥] + a***k = x** — kxa* — xa* + kak*!

= [xk+1— kx2ak?t + xak (k

— 1)] + kx? a¥? — xak(k —1) — kxa* — xa* + kak**

= X[X(X< — kak?) + ak (k — 1)] + kak* (x? — 2ax + a?)
= divisible by (x — a)? from P(k) + ka“* (x — a)?
Hence the complete expression is divisible by (x — a)?

= P(K + 1) is true

Hence P(2) is true and P(k + 1) is true whenever P(K) is true
= By induction, P(n) is true foralln>1,ne N

Alternate Method :
It can be show that f(a)

Let f(x) = x(x"t —na™?!) + a" (n—1)
=f(a)=0

= f(x) is divisible by (x — a)?

Example : 41

Solution

1 1 13
> — + —— + ... —_— > —
For any natural number n > 1, prove that o1 ez on > 24
Let P(n) : L + ! 1.8
OF n+l n+2 777 2n 24
forn-2i+i>E l>£whichistrue
9241 242 24 7127 24
= P(2) is true
Let P(k) be true
1 1 1 13
= — 4+ S S + — > —
k+1 k+2 2k 24
Consider P(k + 1) :
1 + ! + + 1 > E
- k+2 k+3 U k+D)+(k+1) ~ 24
Using P(k) we have :
1 1 1 13
= — 4+ o, +— > —
k+1 k+2 2k 24
addin 1 + 1 on both sides, we get
g 2k+1  2k+2 k+1 ’ 9
1 1 1 1 13 1 1 1
= + — 4 ... + + > — + + -
k+2 k+3 2k+1  2k+2 24 2k+1 2k+2 k+1
1 1 1 13 2k+2)+(2k+D)-2(2k +1)
........ = > — +
= k+2 k+1  2k+2 24 2(k +1)(2k +12)
1 + ! + 1 > 13 + 1
= k+2 2k+1 2k+2 24  2(k+D(2k+1)
1

a5 2k +)(2k +1)

=

k+2
= P(k + 1) is true

is positive, it can be removed the smaller side

1 1 13
+ > —
2k+1  2k+2 24

Hence P(2) is true and P(k + 1) is true whenever P(K) is true
= By induction, P(n) is true foralln>1,ne N
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Example : 42

n+1\"
If n>1, prove that n! < Ty

Solution

n+1\"
LetP(n):n!< N

2
3
forn=2,2I< (Ej which is true

= P(2) is true
Let P(k) be true

| k+1 k
= kl < N

) k+1 -
Pw+n:w+n!<[2 j ....... (i)

using P(k), we have

K k+1 k
I < e

k+l k+1
= (k+ 1)< % ....... (i)
Let us try to compare the RHS of (i) and (ii).
k+1
k + 1)kt k+2
Let us assume that % < [—j ....... (iii)
2 2
K42 k+1 1 k+1
1+—
= [k+1j >2 = [ k+lj >2
Using Binomial Expansion :
1+k+1 L +k1C iz+ >2
= ( ) Kol ol kag) Foee
1V
= 1+1+%C [T—— ] +......... >2 which is true
2\ k+1

Hence (iii) is true
From (ii) and (iii), we have

(k+19_(kr2)
2 2

K+ 2 k+1
= (k+ 1)< |

P(K + 1) is true
Hence P(2) is true and P(k + 1) is true whenever P(K) is true
= By induction, P(n) is true foralln>1,ne N

(k+1) <

Example : 43
Prove that A = cos n@ if it is given that A, = cos 6 , A, = cos 26 and for every natural number m > 2, the

Page # 19.



relation A =2A ,CosO-A_ _
Solution

The principle of induction can be extended to the following form :

P(n) is true for alln € N, if

0] P(1) is true and P(2) is true and

(i) P(k + 2) is true whenever P(k) and P(k + 1) are true

Let P(n) : A = cos no

P

Hence A, =cos 6, A, = cos 20 = P(1) and P(2) are true
Now let us assume that P(k) and P(k + 1) are true
= A ,=coskéandA, =cos(k+1)6
We will now try to show that P(k + 2) is true
Using A =2A ,COSO0-A_, (form > 2)
We have A,.,,=2A,, COoSO-A (for k > 0)
= A.,, =2cos(k+1)6cos6=cosko
=cos (k + 2)0 + cos k6 — cos kO
=cos(k+2)6
= Pk + 2) is true
Hence P(1), P(2) are true and P(k + 2) is true whenever P(k), P(k + 1 are true
= By induction, P(n) is true foralln € N

Example : 44

ahes

1
Letu,=1,u,=landu_,=u +u_ forn=1. Useinductionto showthatu = E [ 2 2

foralln>1.
Solution

1 _1+\/§n 1_£n
Let P(n):un=ﬁ { 2 _{ 2 j}

1+45) [(1-45)
1|1+ -
P(l):ul=ﬁ [ 2 _{ 2 J]=1 which is true

1 |(1e48) (1-4BY
P(2):u2=ﬁ 2 R =1 which is true

Hence P(1), P(2) are true
Let P(k), P(k + 1) be true

1k
= We have : u, = E 2 2

1 {% k+1 ) {ﬁ}kﬂ

And u.,= E 2 2

Let us try to prove that P(k + 2) is true
From the given relation : u,,, = u, +u,,,

1 {14-\/5}'(_{1—\/5}'( 1 {1+£Jk+l_{l_£jk+l
2 2 -5 2 2
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1 {ﬂjkﬁ _{1_ Jg]k+2
=5 2

= L'Ik+2 - \/g 2
= Pk + 2) is true
Hence P(1), P(2) are true and P(k + 2) is true whenever P(k), P(k + 1) are true
= By induction, P(n) is true foralln € N
Example : 45

L . Zn: k? "c
Use mathematical induction to prove that k =n(n+1)2"2forn>1
k=0

Solution

n
2
Let P(n): Z k* "Cy =n(n+1)2"2
k=0

n
2 1
forn=1: Zk Ck =1(1+1)2%2
k=0

ie. 1 =1 which is true = P(1) is true
Let P(m) be true

m

2
= Zk mCkzm(m+1)2m-2
k=0

m+1

2 1
consider P(m + 1) 2 K2 ™ Cu = (m + 1) (m + 2) 2
k=0

m+1 m+1 m m+1

2 1 2 2
LHS of Pm + 1) 1= 2K "C = DK (o wmg, )= DK ng, 4 3 K
k=0 k=0 k k=1

=0

m
2

=m(m+1)2m2 + Z (t+1)° "C, substituting k =t + 1

t=0

m+1 5 m m
=m(m+1)2m2+ Dt "C +2 2thC 4 "G

t=0 t=0 t=0
using P(k)and C, + 2C, + 3C, + ............ "C, =n2"t

= LHS=m(m+1)2™2+m(m+1)2™2+2 (m2™Y) +2™ = 2™ [m(m + 1) +2m + 2]
=2™(m+1)(m+2)= RHS

= P(m + 1) is true
Hence P(1) is true and P(m + 1) is true whenever P(m) is true
= By induction, P(n) is true for alln € N

Example : 46
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n° nd

Using mathematical induction, prove 5 + 3 + 15 is an integer foralln e N
Solution
Let P _n5+n3+m_ int
et P(n): 5 3 15 s an integer
oy LT e
().5 315 " is an integer = (1) is true
k5 3
Let us assume that P(k) is true i.e. P(K) : = + 3 + 15 is aninteger ... 0]

Consider LHS of P(k + 1)

(k +1)° .\ (k+12)3 . 7(k +1)
5 3 15

LHS of P(k + 1) =

k® +5k* +10k® +10k? + 5k +1 . k3 +3k2+3k+1 . 7(k +1)

5 3 15
—k5+k3+7—k+k4+2k3+3k2+2k+1—1+l
5 3 15 573 15

=P(k) + k* + 2k® + 3k? + 2k + 1 [using (i)]
As P(k) and k both are positive integers, we can conclude that P(k + 1) is also an integer
= Pk + 1) is true
Hence by principle of mathematical induction, P(n) si true forallne N

Example : 47
Using mathematical induction, prove that for any non-negative integers n, m, r and Kk,

Zk:(n—m) (r+m)  (r+k+D) {L_L}
o m ki r+1 r+2

Solution
In this problem, we will apply mathematical induction on k.

k
_ B (r+m)!  (r+k+)! | n Kk
LetP(k).mZ;,)(” m) L - L+1 HZ}

Consider P(0)

(r+m)! rl
m! ol

0
LHS of P(0) = 2, (N-m)
m=0

(r+1)! {L_L} _ n(r +1)! _

RHSOfP(O)= 57 141 r+2 L
= P(0) is true
Let us assume that P(k) is true for k = p
p 1
nem) (r+m)} r+p+1! n p .
- r;,( ) m p! r+l re2| e ()
Consider LHS of P(p + 1)
p+1 (I’+m|) i (r+m)| (r+p+1)|
= (n-m) X7 _ (n—-m) ! o |
LHS of P(p + 1) m; por ) o t(-p-1) ToeD

using (i), we get :
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r+p+)' [ n p } (r+p+1)!
p! [r+1 r+2 *(-p-1) (p+1)!

LHS of P(p + 1) =

_(r+p+D)! _n(p+1)_(p+1)+n_(p+1)}
T o+ [ r+1 r+2

_ (r+p+1)! _[”(p+1)+nj—[w+(p+l)j
= e | ret e

(r+p+1)! _(p+r+2)n_(p+1)(p+r+2)}
T e+ | r+1 r+2

(r+p+2)! [ n  (p+)
- (p+1! r#1 r+2

= P(p + 1) is true
Hence, by principle of mathematical induction, P(n) is true foralln=0, 1, 2, 3, ........

} = RHS of P(p + 1)

Example : 48
If x is not an integral multiple of 2r , use mathematical induction to prove that :

n+1 . hx X
COS X + COS 2X + ......... + COS NX = COS T X sin ? cosec E

Solution

n+1 . nx X
Let P(n) : cos X + cOS 2X + ......... + COS NX = COS T X sin ? cosec E

LHS of P(1) = cos x

1+1 . 1x X
RHS of P(1) = cos - X sin > cosec Py = COoS X

Let us assume that P(k) is true

. k+1 . kx X
ie. P(K) : cos X + COS 2X + ........... + cos kx = cos Ty X sin > cosec 2

Consider LHS of P(k + 1)
LHS of P(k + 1) = cos x + €c0S 2X + ............ + cos kx + cos (k + 1) x
Using P(k), we get :

k+1 kx X
LHS of P(k + 1) = cos —— x sin —— cosec — +cos (k + 1) x

2 2 2
cosk—ﬂxsi k—X—cos(k+1)xsin5 Zcosk—Jrlxsink—x—Zcos(k+1)xsin5
2 2 2 _ 2 2 2
- X - . X
sin— 2sin—
2
. (2k+3 . kx
sin 2k +1 x—sink—x+sin 2k +3 X —sin 2k +1 X sm( jx—sm
2 2 2 2 2 2
- . X - . X
il 2sin—
Zsm2 >
(k+2j . [k+1j
2Cc0s| —— [Xsin| —— [X
: . (k+2j i (k+1] X RHS of P(k + 1
= =cos Xsin | —5 | xcosec — = 0 +
Zsing 2 2 2 ( )

= Pk + 1) is true
Hence by principle of mathematical induction, P(n) is true for alln e N
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Example : 49

Using mathematical induction, prove that for every integer n > 1, 32" _1is divisible by 22 but not divisible
by 2n+3 .
Solution
Let P(n) : 32" —1 is divisible by 22, but not divisible by 2.
P(1) : 8 is divisible by 23, but not divisible by 24 .
= P(1) : 8 is divisible by 8, but not divisible by 16
= P(1) is true
Let P(k) is true

ie. 32 _1 is divisible by 242 | but not divisible by 2*3
= 32 _1 =m 22, where m is odd number so that P(k) is not divisible by 2«2 ... ()
Consider P(k + 1)
2k+1 2k 2
LHSof P (k +1) = 3% —-1= [3 j -1

Using (i), we get :

LHS of P(k + 1) = (m22 + 1)2 -1
= m? 22k+4 4+ 2m.2k*2
= 23 (m2 2¢1 + m)

=p 23 where p is an odd number because m? 2<** is even and m is odd.
= P(k + 1) is divisible by 2%*3 | but not divisible by 2¥** as p is odd
= Pk + 1) is true

Hence, by mathematical induction, P(n) is true foralln e N

Example : 50
Using mathematical induction, prove that: "C "C,+™C,"C,_, +™C,"C,_, +...... +MC, "C,=m™"C, forp<q,
where m, n and k are possible integers and *C,=0 forp<aq.
Solution
First apply mathematical induction on n
Let P(n):"C,"C,+™C,"C,_, +"C,"C,, + ....... +mC "C,=™"C,
Consider P(1)
LHS of P(1) =™C, , *C, + "C, 'C = ""'C, = RHS of P(1)
= P(1) is true
Assume that P(n) is true forn ='s
ie. P(s):"C,°C +™C *C,_, +"C,°C,, + ....... +MC, °C, ="mC,
Consider LHS of P(s + 1)
LHS of P(s + 1) ="C, **'C, + "C, *"'C,_, + "C,*"'C, , + ....... +MC, *1C,
= LHS of P(s + 1) ="C, (°C, +°C, ) +"C, (°C,_, +°C, ) + ........ +MC, C,
=["C,°C,+™C *C_, + ....... +MC, *C]—["C,°C,, +™C C_,+ ........ +MC,_,°C]
= P(S) + P(S)]Where k is replaced by k — 1 in the P(s)
= LHS of P(s + 1) = ™<C,_+ ™<C,_, = ™*"'C,_= RHS of P(s + 1)
= P(n+1)istrue forallne N
Similarly we can show that the given statement is true for all m € N.

Example : 51

Let p > 3 be an integer and a, § be the roots of x> — (p + 1) x + 1 = 0. Using mathematical induction, show

that o + 3"
® is an integer and
(i) is not divisible by p
Solution
Itis given that ooand  are rootsof x> — (p+ 1) x+1=0
= o+B=p+1 and of=1 0)
® Let P(n) : " + B"is an integer
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P(1): o+ =p+1lisaninteger
As it is given that p is an integer, P(1) is true.
P(2): 02 +p2= (o +PB)*—20p = (p + 1) 2 is an integer.

As p is an integer, (p + 1)2— 2 is also an integer = P(2) is true
Assume that both P(k) and P(k — 1) are true
ie. of + B¢ and ot + gt both are integers

Consider LHS of P(k + 1) i.e.
LHS of P(k + 1) = o*** + B = (a0 — B) (0 + b¥) — aff (okt + b*?)

= LHS of P(k + 1) = p P(k) - P(k -1) [using ()]
= LHS of P(k + 1) = integer because p, P(k — 1) and P(k) all are integer
= P(k + 1) is true. Hence P(n) is true for n € N.
(ii) Let P(n) = a" + B" is not divisible by p
P(1): oo+ =p + 1 = anumber which is not divisible by p = P(1) is true

P(2) : o? + p? = (o + B)* — 20B
=(p+1-2=p(p+2)-1
= a number which is divisible by p — a number which is not divisible by p
= a number which is not divisible by p = P(2) is true
P@):ol+b®=(a+P)(e?+P2—of)=(p+1)[(p+1)°-3]=p[(p+1)°-3]+pp+2)-2
=pl(p+1y>?+p-1]-2
= a number which is divisible by p — a number which is not divisible by p

= a number which is not divisible p = P(3) is true
Assume that P(k), P(k — 1) and P(k — 2) all are true
ie. of + B¢, ot and o? + %2 all are non-divisible by p.
Consider LHS of P(k + 1) i.e.

LHS of P(k + 1) = o** + B = (o0 + B) (o + b¥) — o (0t + b*2)
= p((xk _ bk) + (ak + bk) _ (ak—l + bk—l)
=p P(k) + [(p + 1) (0t = b*) — (02 + B*2)] — (o + b
=pPK) +pPk-1)-Pk-2)
=p[P(k) + Pk —1)] - P(k-2)
= a number which is divisible by p — a number which is not divisible by p
= a number which is not divisible by p
= Pk + 1) is true
Hence, by principle of mathematical induction P(n) is true foralln e N

Example : 52
: H : dn Ioﬂ (_1)n |ng_1_1_ _1
Use mathematical induction to prove that " x )T el 5 n ) foraline Nand
x> 0.
Solution
d" (logx " 1 1
. — | = logx-1-=—...... -=
Let P(n) : o ( X j N g 5 n
1
d (logx —.x-logx  1-logx
LHSof P(1): — | — | = X = >
dx X X2 X
(-D! 1-logx
RHS of P(1) = 2 (logx—1) = 2
= P(1) is true
Let us assume that P(k) is true i.e.
d“ (logx) _ (-*k! 1 1
e || = logx-1-——...... -= i
PK) : v [ X ]- = g 5 7 TS 0]
Consider LHS of P(k + 1) i.e.
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d“**  (logx d | d* (logx
LHS of P+ 1= — 7 [T | = o o\ x

= % [LHS of P(K)] = % [RHS of P(K)] [using (1)]
d [(DR( .1 1

= [ o (Iogx 1 5 T kﬂ
C(-DKI(-D(k +1) (mgx—l—l— _gj Dkt 1
= Xk+2 2 ......... k + Xk+1 ;
_ (DK ) [mgx_l_i_ _Lj

= e —_— 1

= P(k + 1) is true

Hence by principle of mathematical induction, P(n) is true foralln e N

Example : 53

n

1 1
Use mathematical induction to prove that e (x" log x) = n! ('09X+1+§+ ----- +Hj for all n € N and

x> 0.
Solution
i | Iogx+1+1+ +1
Let P(n) : 0" (x"log x) = n! 5 Feee -

d X
LHS of P(1) = [dxj (x log x) = log x + M =logx+1

RHS of P(1) =1! (logx+ 1) =logx + 1
= P(1) is true
Let us assume that P(k) is true i.e.

d" logx+1+ 1 i
P(K) : oy (x<log x) = k! | 109X+ +E+ -------- +E ......... 0]
Consider LHS of P(k + 1) ie.

k+1
LHS of P(k + 1) = v (x**1 logx)

d [d
{&(xk 1Iogx)}

dxX

K k+1
Ak Dxklogx + 2
dx* X

dk dk Xk+l
=(k+1)ﬁ[x"logx]+@ X
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= Pk + 1) is true
Hence by principle of mathematical induction, P(n) is true foralln e N

Example : 54
o _ nf sin? nx
Use mathematical induction to prove ) sinx dx=1+ 3 + 5 o + o1 foralln e N.
Solution
_ -[ sin? nx 1 1
Consider I = } sinx dx—1+3 L= *ono1
.2 nl2
i j Sin_x J. sinx dx =1
from left hand side, I, = ) sinx_ dx
from right hand side, I, = 1
= I, is true
Assume that I is true i.e.
12 sin? kx 1 1 1 _
I = sinx dx=1+§+§+ ....... +2k—l .......... 0]

2 sin?(k + 1)x " sin?kx
Consider I, , —1 = _[ sinx X I
0

"% sin?(k + x — sin2kx "% sin(2k + Dx sinx
| o= | e
0

- o1~ k= sinx sinx dx
/2 /2
_ [ sincrpeax— -SSR 1
0 2k+1 k1
= L. =1+ 1 - [ =L+ 1
k+l — Tk 2k +1 K+l — Tk k+1
[ =1+ 1 + 1 + + 1 + 1 _ .
= kel 3 gt k-1 ka1 [using (i)]
= I istrue.

k+1
Hence by principle of mathematical induction I is true for all values of n € N

Example : 55

T
1-cosnx
Letl = ) 1—cosx Ux. Use mathematical induction to prove that =nrnforalln=0,1,2,3, ...

Solution
¢ 1-cosnx
We have to prove I = I 1—cosx dx=nm
0
Forn=0
t 1-coso f
_ | — |1 0dx=0
= El; 1-cosx dx = El; :

The value of the integral fromthe RHS=0xn=0
Page # 27.



= The given integral is true forn =0

Fromn=1
I_J‘l COS X J.dX—n
1 1-cosx
The value of the integral fromthe RHS=1xn ==
= The given integral is true forn =1
Assume that the given integral is true forn=k—-1and n =k ie.

-Tf 1-cos(k —1)x
Ik—l =

1_cosx x=k-1m ... @)
F 1-coskx )
L= $ 1-cosx dx=kmr .. (ii)

t coskx — cos(k +1)x

Consider I, — I, = _([ 1— cos x dx

: 25ingsin 2k+1x ™ Sin 2k+1
= T Yo x dx = — ax (iii)

sin® = il
0 5 o sin >
_ jﬁ cos(k —1)x — coskx

Consider I, -1, , = 1—cos x dx

m Zsingsin Zkz_lx x sin2X=1y
= I-1_= dx= [ —2— dx o, (iv)

2 2
Subtracting (iv) from (iii), we get :
2k +1 . 2k-1

m sin X —sin X
Ik+1 -2 Ik + Ik—l = .[ X dx

0 sin—

% 2coskxsin> k i
_ 2 4= coskx dx = ZSm *| -0
= Ik_1—21k+lk_1-j X dx = 2'[ K
0 sin— 0
2

= =2l -1 _,=2kn—(k=1)r [using (i) and (ii)]
= L, = (k + 1) n
= The given integral is true forn =k + 1

Hence, by principle of mathematical induction, the given integral is true foralln =0, 1, 2, 3,
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