Example : 1

3 nl2
2 .
Evaluate 0 I x“ dx (ii) I sinx dx
1 0
Solution
I [ g 26
2
i X< dx - | — - = (23 _13) = —
nl/2
. /2
(ii) f sinx dx - | —cosx |Z = (cos /2 —cos 0) = 1
0
Example : 2
n/2
j sin® xcos x dx
0
Solution
nl/2
let 1= J.sinsxcosx dx
0
Let sinx=t = cos X dx = dt
For x:g,t=1 and forx=0,t=0
1 4 1
= '[ a1 _1
0 4 o 4

Note : Whenever we use substitution in a definite integral, we have to change the limits corresponding
to the change in the variable of the integration
In the example we have applied New-ton-Leibnitz formula to calculate the definite integral.
New-Leibnitz formula is applicable here since sin®x cos x (integrate) is a continuous function in
the interval [0, /2]

Example : 3
2
Evaluate : '[|x|dx
-1
Solution
2 0 2
J'|x|dx :J|x|dx+_[|x|dx (using property — 1)
-1 -1 0
0 2
:j—XdX+IXdX (v |x]==xforx<0and|x|=xforx=0)
-1 0
0 2
x? 2 1 4 5
= — 7 + | A~ = — O—E + E_O = —
-1 0 2
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Example : 4

3

2
Evaluate : _['X —4|dx
-4
Solution
3 -2 +2 3
I|x2—4|dx _ I|x2—4|dx+ J.|x2—4|dx N J.|x2—4|dx
-4 -4 -2 -2

-2 2 3
_ I(x2—4)dx . I(4—x2)dx . j (x2 - 4) dx
-4 -2 2

(v 2=4]=4-x%in[-2, 2] and |[x? — 4] = x> — 4 in other intervals]

-2 3

Example : 5
/2 Jainx
Evaluate : J; m dx
Solution
/2 m

Let 1= '([ Jonx s doosx B i)

Using property — 4, we have :

“J’-2 Jsin(n/2-x)

\/sin(n/Z -X) + \/cos(nlz —-X)

I=
0

nJ/-Z 4/cosx dx )

I= ) Joosx 4 sinx e (i)
Adding (i) and (i), we get

nj~2 Jsinx nj~2 J/cosx

0 VsinXx ++/cos x ox + 0 Vsinx ++/cos x dx

2l =

EJLZ Vsinx ++/cos x
= 2l= 0 VsinXx ++/cos x dx

/2
s
— dx =—
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Example : 6

a a
a
If f(a — x) = f(x), then show that j x f(x) dx = Ej f(x) dx
0 0

Solution
a
Let 1= | xT0)dx
0
a
= 1= J.(a x) T (a-x)dx (using property — 4)
0
a
= 1= J.(a x) f (x) dx [using f(x) = f(@ - X
0
a a
- I=J'af(x)dx—j x f(x) dx
0 0
a
S 1=a fGOdx-1
0
a
S o=a ] fO
0
a
- =2 Jf(x)dx RHS
20
Example : 7
T X
Evaluate : ) 1+ cos? x dx
Solution
T X
Let I= ) 1icos?x ax 0]
= I= ! 1+cos?(n—x) dx (using property —4) ... (i)
Adding (i) and (i), we get :
T n
= 2l= ¢ 1+cos®x dx
n nl2
=2 .[ -2 I o i ty — 6
= =5 ) 1+cos’x ~ o ) 1+ cos2 x (using property — 6)

Divide N and D by cos?x to get :
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/2 2
sec” X
I_ —_—
0

- sec?x+1 X
Puttanx =t = sec?x dx = dt
For x = /2, t—>o and forx=0,t=0
T dt
= I=n ) 242
gt ” T T Tl:2
I= —tan " — = "= X — =
- ‘ 2 20, V2727 22
Example : 8
nl2
Evaluate : j fog sinx dx
0
Solution
nl2

Let] = I fog sinx dx

/2

= I=

I fogcosxdx (ii)
0

Adding (i) and (ii) we get :

nl2
2l = I tog
0
= 2l =
= 2]l =
Let L=

Put t=2x =

Forx-E t

=5
= L=
= Il=

nl2 .
(sinx cosx) dx = j log (stxj dx

2
0
/2 nl2
J. fog sin2x dx — J log2 dx
0 0
nl2

J fog sin2x dx —g tog2
0

n/2
I £og sin2x dx
0

dt = 2dx
=7 and forx=0,t=0
n 2 nl2
1 j logsintdt=— J log sint dt
2 2
0 0
nl2
j log sinx dx (using property — 3)
0

(using property — 4)

(using property — 6)

Page # 4.



= [ =1
Substituting in (iii), we get : 21 =1 - /2 log 2
= I=-m/2log 2 (learn this result so that you can directly apply it in other difficult problems)

Example : 9

n/2 /2 nl4
Show that - If (sin2x)sinx dx = I f (cosx dx = V2 I f(cos 2x) cos x dx
0 0 0

Solution

n/2
Let]= I f(sin2x) sinxdx 0
0

nl2

o 1= | flsin2m/2-x)sin(x/2-X)dX  (using property  4)
0

nl2
. I= Jf[sin(n—Zx)]cosx dx
0
nl2
= 1= I f(sin2xjcosxdx (ii)

0
Hence the first part is proved

n/2

I = I F(SIN2X) sin x dx
0

nl4 nl4
_ j f(sin2x) sinx dx , j flsin2(n/2-X)] gin (2 —x) dx  (using property — 5)
0 0
nl4 nl4
_ J.f(sin2x) sinx dx . jf(sinzx) cosx dx
0 0
nl4

_ J f(sin2x) (sinx + cos x) dx
0

nl4
J. f(sin 2x) (sin x + cos x) dx
0

flsin2(n/4 —Xx)] [sin(/ 4 — X) + cos(n/4 —Xx) X] dx (using property — 4)

a
[ S——
~

i 1 1.1 1
-[ f(cos2X) | —=C0SX — —=SiNX + —=COSX + —=SINX | 4y

J Heosq | geosx s et g

nl4

2 J.f(0032x) cosx dx

0

Hence the second part is also proved
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Example : 10

3

Evaluate : J. X5 —x dx

2
Solution

3

Let I:Jx\/S—x dx

2

3
= j (2+3-x)+5-(2+3-x) dx (using property — 7)
2

3
- I=j(5—x)&olx
2

3 3
_ [ 5vx ax— [ X
— I__[Sxdx Ixxdx

2

3
2 —3
5 2

2

N I=% (3\/5—2«/5)—2 lov3 - 442)

Example : 11

b
o
Evaluate : ) f(X)+f(a+b+X) dx

Solution

f(x) |
) f(x) +f(a+b - x) ax ()

I_
[}
N3
—
11
—_—

J- fla+b-x)
= 1= ! fa+b-x)+fla+b—(a+b-x)]dx

J- f(a+b—-x) i
= I= ) f(a+b—X)+f(X) dx (ll)

Adding (i) and (i), we get

T f(x) +f(a+b—x)
= 2= g+ f@rb-x) dx

b
— 21:J.dx=b—a
a
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Example : 12

+1
j log 2=X ) gin? x dx
Evaluate : ) 21 x

Solution

X
Let f(x) = log [2+xj sin?x dx

=

=

Hence J. f(x) dx =0

Example : 13

2+X
f(-x) = log (ﬂj sin? (—x)

-1
X
f(-x) = log (mj sin?x = — log [2 X

f(x) is an odd function

+1

-1

nl2

Evaluate : J.«/l—sin2x dx

Solution

Let

0

/2

I= J.\/l—sin2x dx
0

nl2

I= J.\/(sinx—cosx)2 dx

0

nl2
I= J.| sinx —cosx | dx
0

nl4 /2

0 nl4

nl4 nl2

2-X

j sin2x = — f(x)

(using property — 8)

I= I |sinx—cosx|dx+J.|sinx—cosx|dx

I= j (cosx —sinx) dx + j(sinx—cosx)dx

0 nl4

. nl4
I= |smx+<:os|O + | —cosx—

. nl2
smx| '
T
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Example : 14
Given a function such that :

® it is integrable over every interval on the real line.
a+t
(i) f(t+x) = f(x) for every x and a real t, then show that the integral J f(X) dX s independent of a.
a
Solution

a+t

Let 1= | fOdx

t a+t

o [ reodxs Jreode 0

a t

a+t

Consider I, = j f(x) dx
t

Putx=y+t = dx = dy
Forx=a+t y=a and Forx=t,y=0

f(y +t) dy

U

—

N

1
ot— 0

f(y) dy (using property 3)

U
—
N
1
ot—

f(x) dx [using f(x + T) = f(x)]

U

—

N

1
ot— 0

On substituting the value of L in (i), we get :

t
- I:J.f(x)dx+11
a

!
L
1
O —

f(x) dx + j f(x) dx
0

a t
= j f(x) dx+j f(x) dx
0 a
t
= 1= J. f(x) dx (using property — 1)
0
= Lis independent of a.
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Example : 18
1

Determine a positive integer n < 5 such that : J. e*(x-1)"dx =16 -6e
0

Solution

1

Let [ = I e*(x -1)"dx
0

using integration by parts
1

I = [(x —1)”J'eX dx]: —I e*n(x —1)"* dx
0

1

L =0-(-1)y-n -[ e*(x -1t dx
0

L=—(-1"=nl | s 0

t
0
Also I, = j e'(x-1)" gx=e-1
0
1

= [=1-1=1-(e-1)=2-¢
= =-1-2[,=-1-2(2-e)=-5+2e
= [,=1-3,=1-3(-5+2e)=16-6e
1
= Hence for n = 3, I e*(x-1)" dx =16 -6e
0
Example : 16
3
)] idt .
If f(x) = 2 logt t > 0, then find f'(x)
Solution
Using the property — 12,
d 1 d, .,
" p— — 3 —_————
Fix) = log(x?®) dx () + logx? dx
) 3x? 2x x% —x
= Fix) = 3logx ~ 2logx ~ logx
Example : 17
2
't t2-5t+4
Find the points of local minimum and local minimum of the function I ﬁ dt
0
Solution
2
XI ' -5t+4
Let y= 2+e!

d
For the points of Extremes, % =0
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Using property — 12

x4 —5x%+5
— =2 2x=0
2+e*
= x=0 or x*—-5x2+4=0
= x=0 or xX-1DxX+1)(x-2)(x+2)=0
= x=0,x=*x1landx=+2

With the help of first derivative test, check yourself x =— 2, 0, 2 are points of local minimumand x=-1,1
are points of local maximum.

Example : 18
b

X2dX | 1cing limi
Evaluate : using limit of a sum formula
a

Solution
b
_ | x%dx - 2 2 2
LetI—I = lim h[1+h)?+@+2h)?+.... + (a+nh)?]
a hs0
= I=lim h[na?+2ah (1+2+3+ ... +n)+h?(12+22+32+....... +n?)]
h0
i 2 2
. . ha? , 230°(0+D) b n(n+1)(2n+1)}
nom | 6
h—0

Using nh = b — a, we get

: 2 _3)2 1 _ 31 1 E
— = lim _a (b—a)+a(b-a) [1+nj+(b a) 6[1+nj[2+nﬂ

n—oo

b-a)?
= I=a2(b—a)+a(b—a)2+%2
2, .2
= 1=(b-a) {a2+ab—a2+M}
b— 3_.3
I=(3—a) [@2 + b? + ab] = b 3a
Example : 19
- T P I 3
Evaluate the following sum. S = "' nil ni2 ths T on
Solution
. 1 1 1 1
g= lim + + ot —
n»o |n+l n+2 n+3 2n
—lm |, "
= S= no n Ln+l n+2 2n
11 1 1
= g= lim = + +oen +
noo o [1+1/n 1+2/n 1+n/n

_n
. 1 1
= s=lim Z 1+r/n]

n—oo
Lr=1

S
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j 1
= 01+de

= S = | log(1+x) |:) =log 2

Example : 20
I 1 . ||m 1 + _1 + 1 + + i
Find the sum of the series : " St T hag T on
Solution
W 1 1 1
Lets=lm =, = S + —
> op+l n+2 6n

Take 1/n common from the series i.e.

. . 1
g= lim 1 CHN S it _lm 1 z
nso nn |1+1/n 1+2/n 1+5n/n n>® 1+r/n

For the definite integral,

. r . 1
Lower limit=a = n'f; (Hj = nlfo‘o o 0
. r . Bn
imit=p = lim [ —] = lim 2 _
Upper limit=b = """ (nj = e =5
5n
1 dx
- lim - - 5 _ n= -
Therefore, s=1m ; 1(/n) = _([ T+x =/ |1+x| =M=6-/n1=M6
Example : 21
1
XZ
Show that : 1£Ie dx<e
0
Solution
Using the result given in section 3.3,
1 2
m(l-0)< f e dx<M(1-0) Q)
0
X2
let fx)=#e
2
= f(x)=2x € =0 = Xx=0
Apply first derivative test to check that there exists a local minimum at x = 0
= f(x) is an increasing function in the interval [0, 1]

= m=f0)=1 and M=f1)=el=e
Substituting the value of m and M in (i), we get

1
(1-0)< J.exzdx <e(1-0)
0

1
de <
= 1< I e dx=e Hence proved.
0
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Example : 22

2n
dx

Consider the integral : I = j 5_2cosx

0

Making the substitution tan x/2 = t, we have :

2n 0

J' dx 2dt

e — :0
5-2cos —12
0 X0 ast)5-21 0
1+t

This result is obviously wrong since the integrand is positive and consequently the integral of this function
can not be equal to zero. Find the mistake in this evaluation.
Solution

X X
The mistake lies in the substitution tan Py =t. Since the function tan Py is discontinuous at x =, a point

in the interval (0, 2r), we can not use this substitution for the changing the variable of integration.

Example : 23
Find the mistake in the following evaluation of the integral
4 g T 2 x
.[ d)f 2 :_[ 2 > -2 :J. > Xczjx :i[tan‘l(«/gtanx)]o =0
0 1+ 2sin“x o Cos X +3sin“ x 0 1+3sin“x \/5
Solution
The Newton-Leibnitz formula for evaluating the definite integrals is not applicable here since the anti-
derivative.

1
Fo = 75 tan* (V3 tanx) has a discontinuity at the point x = ©/2 which lies in the interval [0, 7.

o [m(5)

LHL _ lim

atx=n/2 ~ h—0

-

. 1
= L”E, ﬁ tan™ (ﬁ cot h)
im = T _
T hoo 3 tan™ (— ) = o3 @)
RHL _ lim —— . tan| = +h
atx=n/2 ~ h-0 ﬁ tan \/5 2
lim
= 3 tan™ (—«/5 cot h)
im = . _n )
T hoo [3 tan™ (— —e) = — of3 e (i)

From (i) and (ii), LHL # RHL at x = n/2
= Anti-derivative, F(x) is discontinuous at x = nt/2
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PART - B AREA UNDER CURVE

Example : 24

Find the area bounded by the curve y = x?2 — 5x + 6, X-axis and the lines x = 1 and x = 4.
Solution

Fory=0,wegetx?+5x+6=0
= x=2,3

2

Hence Area = I ydx 4
1

3 4
y dx +J‘ydx
2 3

2 3
- A= J. (x? —=5x+6)dx J.(x2—5x+6)dx
1 2

4
+ J. (x? —5x + 6) dx
5

3 2

3222 1
5 2 +6(3-2)= 5

4
(x?-5x+6)dx - 4 ~3 —3)=—
! 55| 2 |te(-3=7

2 2 _ 42

2 43 2 -1
I(x2—5x+6)dx_2 1 5[ ]4‘6(2—1):%
1

3

353
I(x2—5x+6)dx 3 -2
5 3

PRI TS DT © S
= =% 6 6 = g SU- units.
Example : 25
Find the area bounded by the curve : y = /4 _ x , X-axis and Y-axis
Solution
Trace the curve y = /4 _x
1. Puty = 0 in the given curve to get x = 4 as the point of intersection with X-axis.
Put x = 0 in the given curve to get y = 2 as the point of intersection with Y-axis.
2. Forthe curve,y= /4 _x,4-x>0
= Xx<4
= curve lies only to the left of x = 4 line.
3. As y is positive, curve is above X-axis.

Using steps 1 to 3, we can draw the rough sketch of y
In figure

4 -2 — " 16
Bounded area = I Ja-x dx = ‘?(4—X) 4-X| = = sq. units.
0

3
Example : 26
Find the area bounded by the curves y = x? and x? + y? = 2 above X-axis.
Solution

Let us first find the points of intersection of curves.
Solving y = x2 and x? + y? = 2 simultaneously, we get :
X2+ x+=2

-1 (x+2)=0

x*=1 and x? =— 2 (reject)

x=%1

(NN}
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= A=(-1,0) and B=(1,0)

+1
Shaded Area = j (\/Z—XZ —xz) dx

-1

+1 5 +1 )
ZJ‘I( 2-X dx)—J.lx dx

) ‘1[ V2 -x? dx—2‘1[ x2dx
0 0

1
=5 | 242-x2 2gnt X o[t
2 27 2|, 3
A
=2(274) 3
—_ l + E t
=3 *+ 3 SQ. units.
Example : 27
Find the area bounded byy =x?—-4and x +y =2
Solution
After drawing the figure, let us find the points of intersection of
y=x2-4 and X+y=2
= X+x2-4=2 = X¥+x-6=0 = x+3)(x—2)=0
= Xx=-3,2

= A=(-3,0) and B=(2,0)

2
Shaded area = J. [(2_ X) = (x* - 4)]dx
-3

2 2
_ j(z—x)dx—j (x? — 4) dx
-3 -3

-3

2x5 1 4-9 L 8+ 27)+4(5 —125
= X —_— —_ - — =
S (4-9)— 3 (8B +27)+4(5) = ¢

Example : 28

Find the area bounded by the circle x? + y? = a2 .
Solution

X2+y2:a2 = y:i a2_X2

Equation of semicircle above X-axisisy = + /32 _ x2

Area of circle = 4 (shaded area)

a
=4 J va? —x? dx
0
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2 a

X a? X
-4 E«/az—x2 +sin 1z
a

a’(n)
0—42 3 =rma

Example : 29

Find the area bounded by the curves x2 + y? = 4a% and y? = 3ax.
Solution

The points of intersection A and B can be calculated

by solving x? + y? = 4a? and y? = 3ax

2
y2 2 2
% =y = 4a

=
= y*+9a’y*—-36a*=0

= (y?—3a?) (y?+12a?) =0

= y? = 3a?

= y? =—12a? (reject)

= y2 = 3a? = y=+3a
= y, = V3a? and y,= —V3a

The equation of right half of X2 + y? = 4a?is x = /482 — y?

\/§a y2
2_ 2
Shaded area = _[ [ 4a” -y _ngy
_Jaa
\/Ea yg
=2 I [ 4a® -y? —5] dy (using property — 8)
0
432 V3a 2 3|Y3a
N B Y e N e A e A
2 2 2a 0 3al 3 0

2
= J3a? +4a? = - = 33a
3 09a

1 Am)
= ﬁ 3 a
Alternative Method :

shaded area = 2 x (area above X-axis)

2 2

3a
x-coordinate of A = y _ 2
3a 3a

The given curves arey =+ ,/3ax andy =+ /4532 _ x?

But above the X-axis, the equations of the parabola and the circle are /3ax and y = /432 — x2 respec-
tively.

=a

a 2a
= shaded area = 2 I v3ax dx+I JaaZ —x2 dx
0 a

Solve it yourself to get the answer.
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Example : 30
Find the area bounded by the curves : y?2 = 4a (x + a) and y? = 4b (b — x).

Solution
The two curves are :
y2 = 4a(x + a) ......... (l)
and y2 =4b (b — X) ......... (II)

Solving y?2 = 4a (x + a) and y? = 4b (b — x) simultaneously,
we get the coordinates of A and B.
Replacing values of x from (ii) into (i), we get :

y2
y2:4a [b—E‘Faj
= y=1% J4ab and Xx=b-a

= A=—(b-a, \Jaab) and B=(b-a,—./4ab)

Jaab 2 2
I I TR i
shaded area = 4b 4b dy

—+J4ab

Jigb (22
= A=2(a+b) \Jaab — I (%szj dy (using property — 8)
0

1 {4ab\/ 4ab N 4ab+/4ab }

2
= A=2(a+b) Jaab — 3 (a+b) yab

8
= A=z (@+b)Jab

Example : 31
Find the area bounded by the hyperbola : x2 — y? = a? and the line x = 2a.
Solution

Shaded area = 2 x (Area of the portion above X-axis)

The equation of the curve above x-axis is 1 y = /x2 _ g2
2a
2 2
= required area (A) = 2 J. Vx© —a“ dx
a

2a

= A=2

X x? - a? —%Iog‘ x+Vx%—a?

2

=  A=2J3a’-a’log [(2a++/3a| +atlog a
= A=2V3a2—-a?log (2 +3)
Alternative Method :

yA
[2. .2
Area (A) = I(Za— a +y jdy
yB
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J3a
N A= I (Za—\/a2+y2) dy
—3a

Example : 32
Find the area bounded by the curves : x2 + y? = 25, 4y = |[4 — x?| and x = 0 in the first quadrant.
Solution
First of all find the coordinates of point of intersection. A by solving the equations of two gives curves :
= X2 +y2=25 and 4y = |4 — x?|

(4-x*)
2+ —— =25

= X 16
= (x> —4)? + 16x> = 400
= (X2 + 4)2 =400
= x?2=16
= X=z4

2
= = 14=x7] =3

4
= Coordinates of point are A= (4, 3)

4 2
/ 2 _[4-x7]
Shaded are = I { 25-x" = :Idx

0

4 4
2 1 2
~ A= VB-ac-oflaCiac ()
0 0
4
let 1=+ J|4‘X2|dx
4 0

2 4
- A:% j(4—x2)dx+%J (x2 — 4) dx
0 2

(506)-3 3

On substituting the value of Tin (i), we get :

4
A= J' V25-x2 dx—4
0

>
1l
AR

=

4
~4
0

= A=

EVZS— x? +?sin’1g

25 4 25 |
= A=6+7SII’1‘1——4=2+7SIH"1—
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Example : 33

Find the area enclosed by the loop in the curve : 4y? = 4ax? — x3.
Solution

The given curve is : 4y? = 4ax® — x3

To draw the rough sketch of the given curve, consider the following steps :

(1) On replacing y by —y, there is no change in function. It means the graph is symmetric about
Y-axis
(2 Forx=4,y=0andforx=0,y=0
) In the given curve, LHS is positive for all values of y.
= RHS >0 = x2(1-x/4)=0 = x<4
Hence the curve lines to the left of x = 4
(4) ASX — —o0,y >+ oo
(5) Points of maximum/minimum :

d
8y % =8x — 3x?

dx = =53

At x = 0, derivative is not defined

2

By checking for ﬁ X=3 is a point of local maximum (above X-axis)

From graph
Shaded area (A) = 2 x (area of portion above X-axis)

4 4
— A=2J.§\/4_X dx:j XNV4 =X gy
0

0

4
= A= J. (4=x)y4-(4-x) dx (using property — 4)
0

4
- Azj(4-x)&dx
0

2 4 4
= A=4‘—X‘/;
0

2 5
_‘SX&

0

128

= A= 15 Sq. units.

Example : 34

Find the area bounded by the parabola y = x?, X-axis and the tangent to the parabola at (1, 1)
Solution

The given curve is y = a2

Equation of tangent at A= (1, 1) is :

dy
y—1y—1=&}x=l(x—1) [using iy —y, = m(X —X,)]

= y—-1=2(x-1)

= y=2x-1 ... 0]

The point of intersection of (i) with X-axis is B = (1/2, 0)
Shaded area = area (OACO) — area (ABC)
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=

1

2
area= | X" dx- '[

(2x-1) dx

O ey

1/2

1 1
- = _|1-=-@1-1/2
= area = 3 { 2 ( )}

= area = 1
S 12
Example : 35
Evaluate :
0
Solution

Let I=

n Xsin(2x) sin[;cos xj dx

2X—T

x Xsin(2x) sin[; cos xj dx

2X—T

Apply property — 4 to get

x (m—=X)sin(2r —2x) sin(;E cos(m— x)j dx

= I=
0

2Azr-X)—-7

n (m—X)sin2x sin[:cos xj dx

2X—-m
0
Add (i) and (ii) to get
f . . T
oI = J. sin2xsin {Ecosx} dx
0
Let Ecosx:t = —Esinxdxzdt
2 2
nl2 nl2
- 4 J.tsintdt:%jtsintdt
T g2 T 0
[ n/2 n/2 ]
- Iz% t jsintdt+jcostdt
T | o 0 ]
8 T n . 7
= = - tcost|0/2+(s:|nt):)[/2

|

N

[0+1]="%
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Example : 36
U 3 T
Prove that : _[ 6%logsin 6d6 Z%J‘ 92|09(\/§ Sin@)de
0 0
Solution
U
Let] = I 0°logsin 0 do
0

Using property — 4, we get :

I=

O ey 3

(n— 0)° log(n - 6) dO :j [%3 — 0% — 3120 + 3762] log sin0 do
0
= I Iogsine—j 93logsin9d9—3nj flogsin® d6+37c-[ 6% logsin 6do
0 0 0 0
2l = 3 J. |OgSin9d9:3n211+3nj 0%logsinéde 0
0 0

T
Consider I, L= I 6logsin6do
0

Using property — 4,
we getI, = J. (m—0)logsinedo = n'[ Iogsine—'[ logsin®
1

/2

N 2L =n J. logsin6d6 = 2n J logsin6d6 [using property — 6]
0 0
2 nl2
. —T
= L =- % log 2 using : -[ logsin6 do :7logz
0

On Replacing value of L in (i) we get,

Tl:2

2
2l = —m*log 2 — 3m? [7'092] +3n _[ 0% log sin 6 do
0

T
4

= % log 2 +2 3 j 0%logsin® = 3, j (logﬁ)ezdmsnj 0% logsin6 do
0 0 0

-3 ]E Gzlog(ﬁsine)de
0

= Izgnfezlogﬁsinede
0
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Example : 37

. I- 2x(1+ sinx)
Determine the value of J 14 cos2 x
Solution
T . T . a a
. jzx(“—S';X) o2 IL””ZX using: [ () dx = [ 100+ f(-x) dx
7 1+cos”x 7 1+c0s” x b °
jﬁ XSsinx
= 1=4 d 1+cos?x 9X
I msinx usingj f(x) dx=T f(a— x) dx
= 21=4 1+ cos2 x dx
0 0 0
nl2 . d 2a a a
~ =4n I SINXOX using jf(x)dx:j f(x)dx+j f(2a - x) dx
1+ cos? x
0 0 0 0
Put cosx =t = —sin x dx = dt
Forx=0,t=1 and forx=mn/2,t=0
1
1
dt 1
_ =4Antan"t| — 4. &~ — .2
= I—4nj1+t2 —4n4—n
0 0
Example : 38

Let A be the area bounded by the curve y = (tan x)" and the lines x = 0, y = 0 and x = m/4. Prove that for

<An <

1 1
n>2A +A = o1 and deduce ot 2 on

Solution

-2

According to the function, A is the area bounded by the curve y = (tan x)", x =0, y = 0 and x = n/4.

nl4 nl4
SoA = Shaded Area = J. (tanx) dx = I tan® xtan"? x
! 0 0

nl4 nl4
A = I(seczx—l) tan" 2 x = I

n
0

=
0
tan™x|""
= A = n-1 . -A.
1 .
= An + An_2 = E ........... 0]

Hence proved.

Replacenbyn+2toget:A ,+A = 1

sec? xtan"2 x —

n/n

n-2

sec’ “ x dx

O ey

Observe that if n increases, (tan x)" decreases because 0 < tan x <1 [0, n/4]

=
=

As nis increased, A decreases.
An+2 < An < An—2

Page # 21.



Using (i) and (i), replace values of A _,and A _, in terms of A_to get,

1 1
—— _A <A <—— -A

n+1 n-1 n
__1__ < 2/\ < __EE__ /\
= n+1 " n-1 n
1 1

< <
2n+1 A" 2n-2

Hence Proved.

Example : 39
nn+v

Show that J. Isinx]dX = 2n +1 - cos v, where nis a +ve integer and 0 < v <
0

Solution
nm+v nn nm+v
Let] = J. | sinx|= I | sinx |+ I | sinx | (using property — 1)
0 0 nn
= I=L4L (i
Consider [,
nm T
L= J. | sinx |= nj | sinx| (using property — 9 and period of |sin x| is )
0 0
T
= L=n J. sinx dx (As sin x> 0in [0, m], |sin x| = sin X)
0
=  L=-nfosxX =-n[-1-1]=2n
Consider I,
nn+v
[ = I | sinx | dx
2 nm
Putx=nnt+06 = dx =de
whenxisnrt,6=0andwhenx=nn+v,0=v
\' \
S - j |sin(nx+e)|de=j ISiN01d0 (... period of [sin x| = )
0 0
\ \
= L= I |sin6|d6:'[ sin6 do (- for 0 <@ <, sin O is positive)
0 0

=_ |cose|; =1-cosvV

On substituting the values of I, and 1, in (i), we get
I[I=2n+1(1—-cosv)=2n+1-cosvV
Hence proved.
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Example : 40
. . . . . T T .
It is known that f(x) is an odd function in the interval "o and has a period equal to T. Prove that

X

I f() dt js also periodic function with the same period.
a

Solution
Itisgiventhat: f(X) =—f(X)  .ccooreeeen. 0]
and fxX+t)=fx) e (i)

X

Let g0 = j f(t) dt

a

X+T X T/2 X+T
~  gx+m= | fdt=[fOdt+ [ fOd+ [ fOd (using property - 1)
a a X T/2
Putty =y + T in the third integral on RHS.

= dt = dy
whent=T/2,y=-T/2and hwnt=x+T,y =X

X T/2

X
S gx+T= j f(t) dt + J.f(t)dt+ If(y+T)dy
a X -T/2
X T/2 X
Using (), we get g(x + T) = | @ dt+ [ fde+ [ fy)dy
a X -T/2
X T/2
gx+T)= _[ f(t) dt+ I f(t) dt (using property — 1)
a -T/2
X
= gx+T) = J. f(t) dt (using property — 8)
a
= g(x +T)=9(x)
= g(x) is also periodic function when period T.
Example : 41
- e cosT—2X_g
Evaluate the integral 1— x4 1+ x2
-1J3
Solution
Uy3 4 L2 | _1/\6 W o L2 |
1= I 120 127 I 142 " 2| (using : sinix + cosx = 7/2)
-3 -3
- 143 4 143 L ox
= I= = 4dx— 2 Sin 1 2dx
2 R 1-x i 1-x + X
As integrand of second integral is an odd function, integral will be zero i.e.
1/4/3 X4
= I= z _[ 4 dx -0 [using property — 8]
2 R 1-x
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143 143
T n [ e [
TTV3 T2 g X2l g X+l
[ 143
_ U3
_ Tt = 1‘ Iogx—1 —‘tan’lx‘
V3T 2|2 X+l 0

Example : 42

x

If f is a continuous function _[ f(t) dt—"’o, then show that every line y = mx intersect the curve
0

X
W+Iﬂom=2
0

Solution

X
Ify =mxandy?+ J. f(t) dt =2 have to intersect for all value of m, then
0

X
m?2 x? + I () dt =2 myst posses atleast one solution (root) forallm.  ......... @)
0

X

Let g(x) = m2x2 + I f(t)dt—2
0

For (i) to e true, g(x) should be zero for atleast one value of x.
As f(x) is a given continuous function and m2x? is a continuous function,

X

g(x) = m2x2 + I f(t) dt s also a continuous function  eevee...... (iii)
0

(- because sum of two continuous functions is also continuous)
= lim -
g(0)=-2 and el g(x) =0, (iif)

Combining (ii) and (iii), we can say that :
for all values of m, the curve g(x), intersect the y = 0 line (i.e. X-axis) for atleast one value of x.

= g(x) = 0 has atleast one solution for all values of m.
Hence proved
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Example : 43

Let a + b = 4, where a < 2, and let g(x) be a differentiable function. If

dx > 0 for all x, prove that

a b
I g(x) dx +'[ 9(x) dX increases as (b — a) increases
0 0

Solution
Let

b-a=t

It sigiventhata+b =4

t+4 4-t
Solving (i) and (ii), we get b = +T anda= =

4t
Asac<?2, T<2

=

Let

=

f)=9
d

As @

dx

Fort>0 4—>
b2

=

=
=

4—-t<4 = t>0
a b

f(t) = I a(x) dx+'[ g(x) dx
0 0
4t a4
2 2

f(t) = j g(x) dx + j g(x) dx
0 0

5 ) )2

. 0, g(x) is an increasing function.

s[5

+t 4

-t
2

4+t 4 -t
g [ 5 ] >g [ 5 ] [ g(x) is an increasing function]

f(t)>0 Vt>0 [using (i)]
f(t) is an increasing function as t increases.

Hence Proved.

Example : 44

Find the area between the curve y = 2x* — x2 , the x-axis and the ordinates of two minima of the curve.

Solution

Using the curve tracing steps, draw the rough sketch of the function y = 2x* — x2.
Following are the properties of the curve which can be used to draw its rough sketch

(i)
(ii)

(i)

(iv)

The curve is symmetrical about y-axis
Point of intersection with x-axis are x = 0, x = #1/72. Only point of intersection with y-axis is y = 0.

1 1
o T w S0i . o . . L
Forx e ( «/EJ ) [\/E J y >0 i.e. curve lies above x-axis and in the other intervals it lies
below x-axis.
dy : - . : .
Put = 0 to get x = £1/2 as the points of local minimum. On plotting the above information on

dx
graph, we get the rough sketch of the graph. The shaded area in the graph is the required area
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1/2

1/2
J(2x4—x2)dx =2 E—ﬁ __r
s 5 3 =

Required Area = 2 . 120

Example : 45
Consider a square with vertices at (1, 1), (-1, -1), (-1, 1) and (1, —1). Let S be the region consisting of all
points inside the square which are nearer to the origin than to the edge. Sketch the region S and find its
area.

Solution
Let ABCD be the square with vertices A(1, 1), B(-1, 1), C(1, —-1) and D(1, —1). The origin O is the centre of
this square. Let (X, y) be a moving point in the required region. Then :

VX2 +y? <IL=x], Yx%+y? <[1+x], x?+y? <|1-y|, yxZ +y? <[1+Y]

e, EHY < (l-xP, 3 +y < (14X, +y?<(1-y), X2 +y?<(1+y)
= V2=1—-2X e ()

V=1+2X e (i)

X2=1-2y e (iii)

X2=1+2y (iv)

Plotting the curves (i) to (iv), we can identify that the area bounded by the curves is the shaded area (i.e.
region lying inside the four curves).
Required Area = 4 x Area (OPQR) = 4 [Area (OSQRO) + Area (SPQS)]

=4 [Area (OSQRO) + Area (SPQS)]

1/2

XS
1 2
=4 I S d=xT)dx+ I VI=2xdx|  (y is the x-coordinate of point S) ... W)
0 Xg

To find x_, solve curves (i) and (iii)

= X2—y2=—=2(y —X)

= xX-y)x+y-2]=0 = X=y

Replace x=yin()togetx*+2x—-1=0 = x=V2 *1

(Check yourself that for x + y = 2, these is no point of intersection between the lines)
Asx<1,Sis(V2-1,V2-1)

replacing the value of x_ in (i), we get

[V2-1 12

I %(1—x2)+ I\/1—2x dx
0 J2-1

Required Area =4

e 2 Y2

/2
—4|= x__J —Zx=@-2x)® } = — 84/2 —=10] sq. units
2[ 3 o 3 2 21 3 (\/_ ) a

Example : 46
Let O(0, 0), A(2, 0) and B (1, 1/7'3) be the vertices of a triangle. Let R be the region consisting of all those

points P inside AOAB which satisfy d(P, OA) < min {d (P, AB)}, where d denotes the distance from the point
to the corresponding line. Sketch the region R and find its area.
Solution
Let the coordinates of moving point P be (X, y)
Equation of line OA=y =0
Equation of line OB =3 = x
Equation of line AB =3y = 2 — x.
d(P, OA) = distance of moving point P from line OA =y

d(P, OB) = distance of moving point P from line OB = '*EVT_X'
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d(p, AB) = distance of moving point P from line AB = lx/_3y++_2|

It is given in the question that P moves inside the triangle OAB according to the following equation.
d (P, OA) < min {d(P, OB), d (P, AB)}

ERICEE
-

= <min
Y 2
\/gy—x ) «/§y+x—2
= y<sL 1 . () and y<tL L (i)
2 2

. . ‘ \/gy —X ‘

Consider (i) y < 5
< x—_;/_3y ie. x >3y because P(x, y) moves inside the triangle, below the lines OB

= (2 +V3)y <x
= y<(2-v3)x
= y<tan 15°x. (Note:y =tan 15°« is an acute £ bisector of £ O]  ........... (iii)

) - ‘ «/gy +X—-2 ‘
Consider (i) y< s

= 2y <2 —x -3y

ie. Y3y + x — 2 < 0 because P(x, y) moves inside the triangle, below the line AB.

= (2+V3)y<—(x-2)

= y<—(2-13) (x-2)

= y <—tan 15° (x — 2) [Note : y = —tan 15° (x — 2) is an acute £ bisector of ZA]
From (iii) and (iv), P moves inside the triangle as shown in figure. (shaded area).

Let D be the foot of the perpendicular from C to OA

As ZCOA = ZOAC = 15° AOCA is an isosceles A .

= OD =AD =1 unit.

1
Area of shaded region = Area of AOCA = 1/2 base x height = 5 (2) [1 tan 15°] = tan 15° = 2 — /3

Alternate Method
Let acute angle bisector fo angles O and A meet at point C inside the triangle ABC.

Consider OC

On Line OC, d(P, OA) = d(p, OB) [note if P moves on OC d(P, OB) < d (P, AB)]
= Below the line OC, d(P, OA) <d(p, OB) <d (P, AB) ........... 0]

On Line AC, d(P, OA) = d(P, AB) [note if P moves on AC d(P, AB) < d (P, OB)]
= Below the line OC, d(P, OA) >d (P,AB) <d (P, OB) ........... (i)

On combining (i) and (ii), P moves inside the triangle OAC
Now the required area is the area of the triangle OAC = 2 -3  (refer previous method)

Example : 47
Sketch the smaller of the regions bonded by the curves x? + 4y? — 2x — 8y + 1 = 0 and
4y? — 3x — 8y + 7 = 0. Also find its area.

Solution
Express the two curves in perfect square form to get :

(x-1)°

7R Ak Ak S ()

[i.e. ellipse centred at (1, 1)]
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and (y-1)2= % x=1) (i)

[i.e. parabola whose vertex is at (1, 1)]
To calculate the area bounded between curves (i) and (ii), it is convenient to shift the origin at (1, 1).
Replace x—1=Xandy—1=Yin (i) and (ii).
The new equations of parabola and ellipse with shifted origin are :

2
XT +Y2=1 ... (iii)
3
Y2 = Zx ......... (iv)

It can be easily observed that the area of the smaller region bounded by (i) and (ii) is the same as the area
of the smaller region bounded by (iii) and (iv) on the X-Y plane i.e. Area bounded remains same in the two
cases.
So area of region bounded by (iii) and (iv)

= shaded area shown in the figure

= 2 x shaded area lying in I** quadrant

XA J_ 2
3 1 2
=2 I 2&dx+zf 4-x2dX| L v)
0 Xa
J3

Solve curves (iii) and (iv) to get point of intersection A = 1 R
= X, =1
Replace x, in (v) to get :

1 = 2
3 1
Required Area =2 [I — X dX+EI Ja—x? dx
0 1

2

1 2
X3/2 {%M—xz +2sin1ﬂ _ 43 N %

0 1 6

2
RE
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