Example : 1

1-x2 Do x<-1

Discuss the differentiability of f(x) at x =— 1, if f (x) = {Zx 42 0 x>_1

Solution
f-1)=1-(1)*=0
Right hand derivative at x = — 1 is

im fCL+h) D _ jim 21+h)+2-0 _ jy 20 _

Rf 1= h—0 h ~ ho0 h T ho0 K T 2

Left hand derivative at x =— 1 is

im fC1=h)-f(D) _ iy 1-(-1-h)>-0 _ iy —h®-2h

. _ = lim =
Lf(-1) = h—0 —h h—0 —_h h—0 —_h ~ h0 h+2)=2
Hence Lf' (-1) = Rf' (-1) = 2
= the function is differentiable at x = — 1
Example : 2
Show that the function : f(x) = |[x2 — 4| is not differentiable at x = 2
Solution
x2—4 ;  x<-2
fx)= 14-x* ; —2<x<2 o f(2)=22-4=0
x2—4 ;  x=2

oo m f@-h)-f(2) i 4-(2-h?-0 _ m 4h-h? | _
W@= ———p =a T a — = (-4 =-4

s _gim fR+N)=1(2) _ im [2+h)*=4]-0 _ iy h®+4h _ _
RI@) = Iy == = S = I T = I =

= LF(2) = Rf(2)
Hence f(x) is not differentiable at x = 2

Example : 3
Show that f(x) = x || is differentiable at x =0
Solution
-x% ; x<0
=12 . x>0
o< fim fO-M=fO) _jim —(n)>=0 jim  _
() = fim S < im B2 im = o
RF(0) = lim f0+h)’ ~7(0) |im h*-0 _/

h—0 h h—0 h

= Lf(0) = Rf'(0)
Hence f(x) is differentiable at x = 0

Example : 4
Prove that following theorem :

“If a function y = f(X) is differentiable at a point, then it must be continuous at that point.”
Solution

Let the function be differentiable at x = a.

im f@+rh-f@ . iim f@-h-f@)

ho0 h ho0 n are finite numbers which are equal
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LHL = M f(@—h)

im [(a - h) - f(a)] + f(a)

h—0
. . f(a-h)-(a)
4%Hﬂm—frﬁ+m

=0x[Lf(@)] +f(a) =f(a)

RH.L = M fa +h)

lIm [f(a + h) - f(a)] + f(a)

lim {"m fla+h)-(a)
h—0 h—0 h

} +f(a) = 0 x [RF(@)] + f (a) = f(a)

Hence the function is continuous at x = a
Note : that the converse of this theorem is not always true. If a function is continuous at a point, if may or
may not be differentiable at that point.

Example : 5

1
x?sin= ; x=#0
X

Discuss the continuity and differentiability of f(x) at x = 0 if f(x) = { 0 0
;o X=

o (1
L f(0-h)=f(0) . D) sm( j—O
Let us check the differentiability first. Lf'(0) = IM # = lim il

= h0

h > _h
. 1 . . 1
- lim in — = lim Iim qin =
_hLOhSInh_hLOhthO sin

=0 x (number between —1 and + 1) =0

£(0+h)—f(0) h?sin—-0 1 1

oy = lim TEHNZTE) _ im h = = lim pepn = = lim lim qin =

RF(0) = h = b Th—hLOhSIH h = php hox (T sin h

=0 x (number between —1 and + 1) =0
Hence Lf(0) = Rf(0) =0

= function is differentiable at x = 0
= if must be continuous also at the same point.
Example : 6

Show that the function f(x) is continuous at x = 0 but its derivative does not exists at x = 0 if
xsin(logxz) . X#0
fx) = 0 ; x=0

Solution
Test for continuity :

LHL = im0 —hy = M (h) sin log (~h)? = — iM h sin log h?

ash—0,log h? - — oo
Hence sin log h? oscillates between — 1 and + 1

= LHL =— JiM () x M (sin log h?) = — 0 x (number between — 1 and + 1) =0

RHL = lM fo+h)=lim = lim pinjogh?
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= r!'_)”g) h. r!'_)”g) sin log h? = 0 x (oscillating between—1 and + 1) =0

f(0) = 0 (Given)
= LHL = RHL =1(0)
Hence f(x) is continuous at x = 0
Test for differentiability :

f(0-h)-f(0) _ |i;m —hsinlog(-)*> -0 _ jim

vy = lim i
LF(0) = h—0 h ~ h-0 _h = hoo SIN (log h?)
As the expression oscillates between — 1 and + 1, the limit does not exists.
= Left hand derivative is not defined.

Hence the function is not differentiable at x = 0
Note : As LHD is undefined there is no need to check RHD for differentiability as for differentiability both
LHD and RHD should be defined and equal

Example : 7
2
x ; 0<x<1
Discuss the continuity of f, f and f” on [0, 2] if f(x) = 2 3
2
2X —3x+§ ;o 1<x<2
Solution
Continuity of f(x)
For x # 1, f(x) is a polynomial and hence is continuous
2
_ _lim gy = lm X2 -1
Atx=1,LHL= """ f(x) = o 3 T2
RHL = lim f(x) = lim 2X2—3X-|-§ —2_3+§—i
T xolt T xo1 2) " 2 2

— 5 (1) 3_1
f(1) =2 (1)?-3(1) + > =5
= LHL = RHL = (1)
Therefore, f(x) is continuous at x = 1
Continuity of f'(x)

Let g(x) = f'(x)

X  0<x<1
= 90=\4x_3 : 1<x<2

For x # 1, g(x) is linear polynomial and hence continuous.

Atx=1,LHL= M goy= lim y =1

x—1" x—1"

RHL= M gy = Im 4y _3)=1

x—1" x—1"
gl)=4-3=1
= LHL = RHL = g(1)

g(x) = f'(x) is continuous at x = 1
Continuity of f’(x)

1 ; 0<xx<l1
Leth()=f"()=14 . 1<x<2

For x # 1, h(x) is continuous because it is a constant function.

Atx=1,LHL= M h()=1
— lim -
RHL= M hx) =4
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Thus LHL # RHL

h(x) is discontinuous at x = 1
Hence f(x) and f'(x) are continuous on [0, 2] but f’(X) is discontinuous at x = 1.
Note : Continuity of f'(x) is same as differentiability of f(x)

Example : 8

f(x)9(a) — g(x)f(a)
X—a

Show that )'('E; =f(a) g(a) — g’(a) f(a) if f(x) and g(x) are differentiable at x = a

Solution

fim f009@) -909f@ _ jim F)900 ~ f@)g(@) + f(a)a(a) - g0)f (@)

X—a X—a Xx—a X—a

_ [f(x)-f(a) 9(x)-9(@) ) g( )
- lim | 222 2~ lim
_xlaa|: X—a ()_xLa f(a)
=f(a) g(a) - 9’ (a) f(a)

Example : 9
_ _ _ -1 ; -2<x<0
Let f(x) be defined in the interval [-2, 2] such that f(x) = x-1 : 0<x<2 and g(x) = f(|x]) + |f(x)]. Test
the differentiability of g(x) in (-2, 2).
Solution
Consider f(|x|)
The given interval is —2<x<2
Replace x by |x| to get :
-2< |2 = 0<|x <2
Hence f(|x|) can be obtained by substituting |x| in place of x in X — 1 [see definition of f(x)].
= f(xD=x-1;-2<x<2 e 0]
Consider |f(x)|
[-1] ; -2<x<0 1 ; —2<x<0
Now [f(x)| = [x-1] ; 0<x<2 = )1 = [x-1] ; 0<x<2
adding (i) and (ii)
[x]-1+1 ; —2<x<0
) + 1101 = [x]-2+|x-1] ; O<x<2
| x| ; —2<x<0
= 9(x) = [ X]-1+|x-1] ; O0<x<2
on further simplification,
-X ; —2<x<0 -X ; —-2<x<0
9(x) = x-1+1-x ; O<x<1 9(x) = 0 ;o O<x<1
X-1+x-1; 1<x<2 2x—-2 ; 1<x<2

For x# 0 and x # 1, g(x) is a differentiable function because it is a linear polynomial
Atx=0

, 9(0-h)-9(0) —(=h)-0 _
Ly =M S=— ——=n ——=-1

vy - lim 90+h)-9(0) _ iy 0-0 _
Rg’(0) = r|1|_>ng) T h T l'i% “h =0
= Lg’ (0) # Rg’ (0). Therefore g(x) is not differentiable at x =0
Atx=1

(= lim 98=M -0 _ jim 0-0 _
Lg'(1) = hlgg) —h hm) —h =0
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sy lim 9@+ -9@) iy 20+h)-2-0 _
Ry’ (1) = M S— —= = m =2
= Lg’(1) # Rg’(1). Therefore g(x) in not differential at x = 1

Hence g(x) is not differentiable at x = 0, 1 in (-2, 2)

Example : 10

Find the derivative of y = log x wrt x from first principles.
Solution

Let f(x) = log x

Using definition of derivative

fg = lim FOEM =109

h—0 h
lo 1+D lo 1+D
L ppg = fim 1090l Zlogx iy PY TSmO 1oL
h—0 h h—0 T h—0 T X X
{usinghmlOg(lH) 1}
t—0

Example : 11

Evaluate the derivative f (x) = x" wrt x from definition of derivative. Hence find the derivative of Vx , 1/x,

1/ «/; , 1/xP wrt X.
Solution
Using definition of derivative

im fc+Hh) —f(x)

e = im0
n n n n
on _ lim xR =x" iy (x+h)T =X X L
f(x) = M T_hlao (X1 h)—x =/m Ty (putting t = x + h)
oo x"-a"
— 1 | USing lim =na"?
= nx I:U ! gxlaa X—a :I
1 d 1
Takingnzz,&&:ﬂ
. d (1 -1
takingn=-1, ax M x_
| 4 od (1)
taking n = 2 dx Wx) T 2xx

: 1 P
taking n = —p, dx X_p = <P+l
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Example : 12

Find the derivative of sin x wrt x from first principles.
Solution

Let f(x) = sin x

Using the definition of derivative,

h) . h h
in(x + ) sinx 2cos x+§ smE sin—
() = lim SINXHN)=SINX- i - lim
(¥ = 5o h = o ,h =cosx. \5 T
2 2
[usinglimﬁzlj
>0 0O
Hence f'(x) = cos x
Example : 13
Differentiate a* wrt x from first principles
Solution
Let f(x) = a*
i f(X+h)—f(x
Using the definition of derivatives f'(x) = r!lgg) %
. x+h X . h . .a
y= im & —& o gim & -1 _ using lim
= f(x)_h_>o T_a'h—w h =a‘log a gt—>0

Hence f(x) = a*log a

Example : 14

Differentiate sin (log x) wrt x from first principles
Solution

Let f(x) = sin (log x)

Using the definition of derivatives

f(x +h) - f(x)

=COS X

log(x +h) —logx

f(x) = Jim -
Zcos(log(x +h)+ Iogstin (
Fx) = Jim sin log(x +h) —sinlogx _ i, 2
h—0 h h—0 h
Sin(mmg)—'OQXJ
i log(x + h) + log x .
- m 2 cos [P0 h
sin mmg)—mxj
[ . log(x +h) —logx
=2 coslogx 1 logtrrhylogx i I
2
i log(l+h/x) oy SING
= lim SE\TTTA) ; _
=2coslogx.1. 0 oh { el)l—%_e 1
- lim log@+h/x) 1 _ coslogx i 109040
=coslogx. ' e v . !m t

|
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Example : 15

Differentiate x? tan x wrt x from first principles
Solution

Let f(x) = x? tan x

Using the definition of derivative,

im fx+Hh) = f(x)

oo = im =

von _ lim (x+h)?tan(x+h)-x*tanx _ i, X°tan(x +h)-x? tanx + (h* + 2hx)tan(x + h)
f(x) = h—0 h ~ h-0 h

_ o, lim tan(x+h)-tanx L lim h(h+ 2)tan(x + h)
=X h—0 h haO h

sin(x +h-x)
2 lim I|m
X hs0 hcosxcos(x +h) + 5o (h+2x) tan (x + h)

2
X2 + 2% tan X {usmgthI—ge—l}

cos“ x
Example : 16
Differentiate sin-*x from first principles
Solution
Lety=sinx = X=siny
From first principles
X im fy+h)-f(y) L %y sin(y+h)-siny
dy h—0 h dy h—0 h
2cos 2y +h smD
_ lim 2 2_d_X_ lim SII’]E_
~ hoo h = dy ~OSY hoo e =cosy

As (dy/dx) x (dx/dy) = 1, we get

1 1 1
dx T cosy T xqfl-sin?y T 1y1-x2 (- x=siny)

But the principal value of y sin~x lies between —n/2 and n/2 and for these values of y, cos y is positive.
(- cosine of an angle in the first or fourth quadrant is positive)

1
Therefore rejecting the negative sign, we have Y 2
dx 1-x
Example : 17
Differentiate /tan+/x from first principles.
Solution
Let f(x) = y/tan/x
From first principles,
2 lim \/tan«/x+ —\/tan
) = no0
Rationalise to get,
tan+/ h -t
an+/ X + an«/; SII’]('\/F \/—)

(ORRU h(\/tan\/XJrh +\/tan\/;) - P = 2\/tan«/_ b hcos+/x +h cosv/x
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1 . sin(Vx+h—&X«/x+h—«/§)
N — lim
= re) = 2\/tan«/;coszx/; * h0 («/x+h—\/;)h

! fim X=X (usin lim Si”t—l)
= Fe) = 2\/tan«/;coszx/; * 050 hivx+h+/x S8 T

1 1
= re9 = 2ytanvx cos?x  2vx

Example : 18
. , 1+x dy .
If y = f (sin?) and f'(x) = %’ then show that ax - 2 tan x (1 + sin?x)
Solution
Let u sin?x
Usi hain rule : L2 =f au
sing chain rule : ax (u) dx
dy _1lu d o Lesintxo = o tan x (1 + sin?
= i - 1-u dx (sinx) = 1 sin’x (2 sin x cos x) = 2 tan x (1 + sin®x)
Example : 19

A function f: R — R satisfy the equation f(x +y) = f(x) f(y) for all X, y in R and f(x) # 0 for any x in R. Let the

function be differentiable at x = 0 and '(0) = 2. Show that f'(x) = 2f(x) for all x in R. Hence determine f(x).
Solution

In f(x +y) = f(x) f(y) substitute y = 0

= f(x + 0) = f(x) f(0)

= f(x) = f(x) f(0)

=  f0)=1 (o) £0) e, 0

Consider f(0) = 'LILTE) —f(0+hg_f(0)

= 2=]m %‘1 ............ (i)

Consider £ = im f(x+hg—f(x) _ im f(x)f(hg—f(x) ~ fpo Im f(hi)1—1
=1(x) (2) [using (2)]

= f(x) = 2f(x)
)

DA

d _d
= o Hog il = (2x)

= log f(x) = 2x = f(x) = e*
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Example : 20
(Logarithmic differentiation) Find dy/dx for the functions.

. [1+ 1)* X1+% ) (2x +1)°v1-x?
= = + =T o
(I) y X (”) y (Sx_z)z 2X
Solution
1 X 1+=
(i) Letu= 1+; and v=X X
= y=u+v
dy _du dv .
= ax - dx T ax e 0]

_(2x+ 1)3V1-x?

(M) y=" g o

1 X
Now u= [1+—j

X
1

= log u = x log (1+;j =xlog (x + 1) — x log x
1 du
= = _ _ | —+logx

= u dx 1+|09(X+1) (X gj

|gx_+1_i
= =u x il e (ii)

considerv= x *

1
= log v = (1+ ;j log x

L G = (3) 2 voax -3
- = |1+=| = -
= v dx ( x X+Iogx 2

O
= X - X2 (x+1-logx) . (iii)

Substituting from (ii) and (iii) into (i)

1
dy 1) x+1 1 S
dx [+xj [g x  x+1) 773 X (x+1-logx)

(i) Taking log on both sides :
logy=3log (2x+ 1)+ 1/2log (1 —x?) —2log (3x—2) — x log 2
1dy 302 —2X 2(3)

Differentiating with respect to x, YV oax - 21t 20-x2) i

dy  (2x+1)°V1-x2 6 X 6
a _ % —log2

dx ~ (3x-2)%2* 2x+1 1-x2 3x-2

(iii) y = log, (log x)




(iii) y = log, (log x)

= log log x using log, b = log,, b
log x log,, a
11 1
logx| —— = |- (loglogx)—
dy gx(logx xj (log QX)X
= dx ~ (logx)?
dy 1
= dx ~ x(logx)?2 (1 —log log x)

Example : 21
- : , , dy o :
(Implicit function) Find the expression for ax for the following implicit function.
(a) Xsiny = ysinx (b) x3 + y3 _ 3Xy = 1
Solution
(a) Xsiny = ysinx
= sinylog x =sin x log y

Differentiating with respect to x :

vl dy _ o Ldy
siny o 0g xcosy o =sinx y dx 0g y COS X
dy sinx siny
=2 |logxcosy - ——| = >
= ax [ y J cos x logy »
dy  xycosxlogy-ysiny )
= dx = xylogxcosy—xsinx  +tX
1-x2
(b) X+y—-3xy=1
Differentiating with respect to X;
dy dy
—= _3|XxX—+Vy,1| =
3x? + 3y? ax 3{ dx Yy } 0
dy _y-x*
= dx ~ y?-x
Example : 22
. , _oody
(Inverse circular functions) Find ax if
. ( acos—bsinx . X
(1) y =1~} cosx + asinx (2) y=tan 141 x2
) - 4x t L 2+3x 4 Cea 2%
) y=lanT g iexe T 3Tk “) y= S xe Teee
Solution
. acosx—bsinx . a/b-tanx
(@) y =1 | cosx + asinx = y =t | 1 a/btanx
=tan (a/b) — tan™! tan x = tan~! (a/b) — x
= (=5
- — — |tan " ——-X|=0_-1=—
= dx " dx b 0-1 1
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)

®3)

(4)

X
=tan? |7 1
y (1+ 1-x? J

Substitute x=sin®  ............ 0]
sin®
=tan
y 1++1-sin?0

y = tan sinod
1+cos0

. (25in6/20056/2]
y=tan 2cos?0/2

0
y =tan™tan 06/2 = 5
o 1
using (i), y = > sin~t x

d_y_ 1

= dx ~ 2V1-x2

4x t _12+3x
145x2 A 3Tk

y =tan™?

5X — X 3

—_— —1 I
1+5xx T t@n 1_3)( 14 x2
3

1-x?
y =tan 5x — tan™! x + tan~! 2/3 + tanx
y =tan? 5x + tan! 2/3

y = tan!

dy 5
= dx ~ 1+25x?
y =sin™ 5 +sec?
Substitute x=tan 6 ... 0]

( 2tan0 j 1+tan’ 0

—coin-l | —mm— -1 | ——

Y=SIN {11tan?e) T3¢ |1-tan20
y =sin sin 20 + cos™ cos 26
y=26+20
y =40 = 4 tanx (using (i))

dy 4
- dx — 1+x?
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Example : 23

. . COSX +4sinx
Show that =1 if y = CcOoS —Jﬁ
Solution
We can write
_ 1 4
cosx+4sinx =17 J—COSX+J—75'”X = V17 cos (x — tan4)
\/_cos(x tan~!
Hence y =cos? = y=x-tan?t4
dy
= ax - 1
Example : 24
dy _ [1-y®
_x? 1-vy? = _ =2 - =X
If x/l X<+ \/ y® =a(x-y), Show that dx 2
Solution
Substitute x =sinocandy =sinf} ... ()
= Ji-sin2o * 41-sin?p =a(sin a—sin B)
= cos o+ cos B =a (sin o —sin B)
2cos| % +Bcos 4P
2 2 a
= =
_ d
Zcos(aﬂjjsin(aﬁj &y
2 2 dx
a-p
= cot| =, | =a
= oa—B=2cotta
= sin"t x —sinty =2 cot? a, [using ()]
differentiating with respect to x.
1 1 dy _
\/1_)(2 \/1—y2 dx
dy _ -y
- dx — V1-x2
Example : 25
If x=a(cost+logtan t/2), y = a sin t find d?y/dx? at t = n/4
Solution
d_y = t
gt - acos

. 1 sec?t/2
d_X:a —sint+ -a _sint+ ——
dt tant/2 2 sint

dx  acos®t
d ~  sint

Page # 12.



dy dy/dt _ acost dy

=tant

dx ~ dx/dt _ acos?t/sint dx
d
—(dy/dx
@y d (d_y] @Y
Now dx2 ~ dx \dx) "~ dx
dt
d?y sec?t sint
dx? ~ acos®t/sint  acos’t
ﬂ} __sinn/4 22
dx* |, ~ acos*n/4 ~ a
Example : 25
If x=a(cost+log tan t/2), y = a sin t find d?y/dx? at t = n/4.
Solution
d—y = t
4t~ acos

dt

ant/2 2

. 1 sec?t/2
ax :a(—smwt Jza(—SinH -1 ]

sint

= dt sint
dy _dy/dt  acost @
dx ~ dx/dt ~ acos®t/sint ax an
d
—(dy/dx)
dy d (dy) d
Now 2 " ax ldx) ~ d7x
dt
dy  sec’t  sint
dx?> ~ acos?®t/sint  acos’t
ﬂ} __sinn/4 242
dx® |, " acos*z/4 T a
Example : 26
If x ./ +v 41+X =0. th h thtd—y— =
X J1+y +Yy = 0, then shown tha ax - (1+x)2
Solution
X 1+y =-y '\Il"t‘x

Squaring, we get :

teue

X2 (1+y)=y*(1+x)
X2+ Py —y?—xy? =0
-y +xy(x-y)=0
(x-—y)(x+y+xy)=0
y=xorx+y+xy=0
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Since y = x does not satisfy the give function, we reject it.

X+y+xy=0
X
= Y= 1%
dy (1+x)-x,1 -1
= dx ~ (@+x)? T (1+x)?
Example : 27
B Va2 +x2 +y/a? —x? dy  2a° {“ a® J
Ify = 212 , then show that X 3 o
Solution

On rationalising the denominator, we get :

(x/az +x% 422 —x? )2

y =
2x?
yo 2a® + 2¢/a* - x*
2x?
_a? Jat-x*
A

3
dy  _2a2 x2 =B [at (2x)
= — = 3 + 2\/84—X4

dx X 2

- a3 T 3t o
dy _-2a® g, a’
= dx ~ 3 \/34 x4
Example : 28
PR © dy
— aX 3 —
Ify=a , then find dx
Solution
y=a“  canbewrittenasy= a*
= logy =xlog a
= loglogy =y log x + log log a

differentiating with respect to x;

L Lldy 1oy
logy y dx 7Y x 99 dx
dy y
=2 —logx | = 2
= dx [ylogy J X
2
dy y“logy
= — =

dx  x(1-ylogxlogy)
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Example : 29

a+bcosx dy +b%-a’

, b > a, then show that — =

If y = cos™ =
y b +acosx dx b +acosXx

Solution
Differentiating y with respect to x

dy -1 (b +acosx)(-bsinx) —(a+bcosx)(—asinx)
dx ~ a4+ bcosx 2 (b+acosx)?
[ et dal
[b+acosxj
~ —(b+acosx) -b?sinx +a’sinx (b? —a®)sinx
- \/(bz _a%)—(b? —a%)cos® x (b+acosx)2 b2 —a?+y1-cos? x(b+acosx)

d_y ~ [bZ_aZ

- dx ~ b+acosx
Example : 30
If siny = x sin (a +y), then show that :
_ dy sin*(a+y) ) dy sina
M dx = sina () dx  1+x%-2xcosx
Solution
. dy : . siny . - :
0] As ax should not contain x, we write m = x and differentiating with respect to x;
sin(a+y)cosy —sinycos(a+y) | dy
sin?(a+Y) dx
sin@+y-y) dy ., dy  sin*(a+y)
= sin(a+y) dx - dx = sina
, dy : I
(i) As ax should not contain y, we try to express y explicitly in terms of x.

siny=x(sinacosy + cos asiny)

xsina ) xsina
= tany = 1-xcosa = y=tan™ |77 cosa
Now differentiate with respect x;
dy 1 (1-xcosa)sina— xsina(—cosa) sina
dx ~ 1 x?sina (1-xcosa)? ~ (1-xcosa)? + x%sin’a
(1- xcosa)?
dy sina

dx ~ 1+x%-2xcosa
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Example : 31

2

d d
If y = e™ (ax + b), where a, b, m are constants, show that : ﬁ —-2m % +m2y =0
Solution
y=e™(ax+b) ()
d_y —_ mx + + b mx
dx—(a)e m (ax + b) e
o dy "
using (i), ax - ae™+my e (i)
Again differentiating with respect to x;
Y emam W
ol ame m o
Substituting for a e™ from (ii), we get
d?y dy dy
-7 _ — —m =7
dxz_m(dx y +mdx
d?y dy
—_— 7 2 -
= 02 2m ax Tmy 0
Example : 32
fy=xlog —— the show that : ¢ 2 '(Xd_y‘yjz
y=xlog 77—~ the show that : x el
Solution
y=xlogx—-xlog(@a+bx) ... @
dy 1
= ax - X ;+Iogx—a+bx—log(a+bx)
o I I + bx)] +
= ax  logx—log (@+Dbx)+ 270
dy _y a o
= dx ~ x  a+bx [using ()]
dy X .
Xax YT arbx e (ii)
Again differentiating with respect to x, we get ;
2
IV, &) dy _ (@rbxja-axb
dx® dx ) dx (a+bx)?
d2y ~ a2
= X 4x2 (a+bx)?
, d2y ~ a2X2
= ¥ ax? T (a+bx)?
3d2y_ Xd—y—y2 ing (ii) in R,H.S
= X a2 - dx [using (ii) in RH.S)
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Example : 33

d7y

If x =sintandy = cos pt, show that : (1 — xz)ﬁ -

Solution

dy _ dy/dt  —psinpt
dx ~ dx/dt = cost

As the equation to be derived does no contain t, we eliminate t using expressions for x and y.

dy  —Pyl-y?

dx — y1-x2

dy
= 1-x% g =P A1-y?

As the equation to be derived does not contain any square root, we square and then differentiate.

dy 2
(1-x) [&j =p*(1-vy?)

2

dy d? dy ( dy]
o Y9y oS 2 [ —2y=t
Q-x)2 dx2+(zx)[x p Yax

2
d7y dy R

— 2 X — =_
= 1-x3 02 X i p%y
d’y dy
w2y — _ =2 2\ =
= (1 X)dx2 X i +p2y=0
Example : 34
If x = at®, y = bt? (t a parameter), find
. dy ) &*x
0 3 (M 4
Solution
i = at? B gap
() x=at® = gt - oA
=bt? = L = 2bt
y dt ~
dy dy/dt _ 2bt _2b
= dx _ dx/dt _ 3at? _ 3at
d?y _2b d (2] _ 2 -
= dx? 3a dx \t)  3a’ 2

Again differentiating both sides w.r.t. x,

oy _d [dy) dt _ z_bg[i]

dx3 ~dt (dx?) dx ~ 9a? dt (t*
(i) X =at®,y = bt?

dx dy

— —=12392: — =
at 3a'dt 2bt

d_x ~ dx/dt ~ 3at? ~ ﬁ
= dt ~ dy/dt T 2pt ~ 2b

dt

_&:

dr _
dx ~ 9a® " t°

-2b 1 -2b

3at’ " 3at® ~ 9a’t*

-2 -4 1 8
“3at® ~ 27a%t’
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d>x 3al2b 3a 1 3a

= dy? T dyldt T 2b " 2bt | 4blt
Sr f(e) s gl L s 1)(1) =
= dy® ~ dy (4b%) " 4p? " dt \t) " dy/dt ~ ap? | t2) (2bt) ~ gp3
Example : 35
Ify=f &’ t fd—y ddz—y
y = f(x), express 2 dy? in terms o ax an ol
Solution
d_x - i d_y¢0
dy ~ dy dx
dx
dx d (1) da (1) d 1 d(dy] &
= dy? ~ dy (dy/dx ~dx \dy/dx ) dy T dy 2 dx ldx) " dy
&)
d?y
__ _dx? dx _1
dls dy = dy
dx dx
Example : 36
dy
Change the independent variable x to 6 in the eq&ion & + —2* A f
ange the independent variable x to 6 in the equation — + —— =0, by means o
g p q dx2 14 x2 (1+x2)2 y
the transformation x = tan 6
Solution
=tan 0 o 20
X =tan = 40 = sec
dy _dy/de  dy d’y _ de dy .. d’y de
dx_dx/de_cose'de = ax2 ——2cose.sme.dx.d9+ Ose'dez'dx
=—2c0s0.sin0.cos%0. d_y + cos?0 . d2y C0s?0
- ' : de de? -
=—-2sin0.cos%0. d_y + c0s0 . i
B ‘ do do?
Putting th [ f dy d d’y th ti d’y 2X + . 0
aeo,—an— e given e on, — + —— =
utting the values of x v in giv quation Ve 1o x2 (1+ x%)?
t—2sin0O 36d—y+ 46d2y+ 2tan9 Zed—y++ 0
we get — 2 sin 6 cos 40 cos 462 1+ @an?o cos (1+tan 9)
— 2 sin 6 cos®0 d_y + c0s*0 d2_y + 2 sin 6 cos®0 d_y +ycos0=0
de 462 do Y -
d2
i.e # +y=0
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Example : 37

Differentiate x* (x > 0) from first principles.
Solution

Let f(x) = xx = ex/™

From first principles,

im fx+Hh) = f(x)

oo = im =

i (x+h) fn(x+h) x/nx i xfnx | 4 (x+h)¢n(x+h)—x/nx
f(x) = lim € —€ — lim e [e _1]
h—0 h h—0 h

im exén X [e(x+h)én(x+h)—xénx _ 1] lim (X n h)fn(x i h) — X/nX
b0 (x+h)n(x+h)—x¢nx ° h-0 h

h

e lim  (x+h)n(x +h) = xn(x +h) + Xn(x + h) — x/nx
=é * h—0 h

=1

using: lim
h—0

. {Iim nx+h)x+h-x] . xin(x+h)- an}
h—0 h h—0 h

x{ﬂn(mﬂ X
X X
T /n X+ lim Kn(1+ Ejh

lim ¢n(x +h)+ lim
h—0 h—0 X

= @xnx = @xinx

h—0

1
i - i t — —
=ex/nx.(nx+1) {usmg.!mfn(lﬂ) _Ene_ll
= f(xX)=x*(1 + ¢nx)

Example : 38
If y =log, |cos 4x| + |sin x|, where u = sec 2x, find dy/dx at x = —n/6
Solution
In the sufficiently closed neighbourhood of —rt/6 both cos 4x and sin x are negative. So for differentiating
y, we can take |cos 4x| = — cos 4x and |sin X| = — sin X.
Thus

y = log, (—cos 4x) + (=sin x) = log (—cos 4x) + (= sin x)

sec2x

log(—cos4x)

logsec2x —SNX

On differentiating wit respect to x, we get

(4sin4x)xlogsec 2x sec2x x tan2x
d —log(-cos4x)———————x
ay _ — COos4x sec 2x
dx (logsec 2x)?

2

—COS X

—4tan4x xlogsec 2x — 2tan 2x x log(—cos 4x(

- (logsec 2x)? —cosXx

Taking derivative at x = — 1/6, we get

{ﬂ} —4tan(-2n/3)xlogsec n/3 - 2tan(-n/3)xlog(-cos(-2n/3)) 3 3 6v3
dX oo e (log2)? T2 T 2 T log2
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Example : 39
Test the differentiability of the following function at x = 0.

eV gy L © x#0
f(x) = X

0 x=0
Solution

Checking differentiability at x = 0

-1

(0+h)? ( 1 j

e sin -0
. L ; f(O+h)-f(0 ; O+h

Right hand derivative = J]'_% % = L”}, h u

h—0 i_h—>0h1+i+l+
hehZ h2 h742|

sin(j . :
_ lim h _ a finite quantity -0
h—0 1 1 0+o0
h+ =+——+....
h h32

(because sin (1/h) is finite and oscillates between — 1 to + 1).

-1
e (-0’ sin(l) -0

o - f0-h)—f(0) | 0-h
- TW=)=10)

Left Hand Derivative = h'_rg ~h = hl_% -
(1 . (1)
sin| = sin| = o _

_ lim (h) _ lim h _ afinite quantity

~ h>0 iz ~ h-0 H1 1 1 = 0+ o0 =0
heh +h7+ﬁ+'.'.

(because sin (1/h) is finite and oscillates between — 1 to + 1)
As Left Hand Derivative = Right Hand Derivative, the function f(x) is differentiable at x = 0.

Example : 40
The function fis defined by y = f(x) where x = 2t — |t], y =t + {|t|, t € R. Draw the graph of f(x) for the interval
—1 <x < 1. Also discuss the continuity and differentiability at x = 0.

Solution
Itisgiventhat: x=x=2t—[t|and y = 2 + t|t].
Considert>0 x=2t-t=t ... 0]
and y=t@+txt=2t2 (i)
Eliminating t from (i) and (ii), we gety = 2x2
Soy = 2x? for x>0 (becauset>0 = x=0)
Consider t<0 x=2t+t=3t ... (iii)
and y=t+tx(-)=0 ... (iv)
Eliminating t from (iii) and (iv), we gety = 0
Soy=0forx<0 (becauset<0 = x<0)

In the closed interval — 1 < x < 1, the function f(x) is :

2x° 7 x20
=10 . x<o0

Checking differentiability at x = 0
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fO-h)~1(0) _ jim 0-0

_ i _
LHD_hIEE) —h T hs0  _p =0
2
i f(0+h)-f(0) i 20+h) -0 _ li _
o=, 1ON=IO) _ iy 204070y

As LHD = RHD, f(x) is continuous and differentiable at x = 0 (because if function is differential, it must be
continuous)

Example : 41

1-2x 2x — 4x3 4x3 —8x’ 1+ 2x
If x <1, prove that : 7 + >+ T g T o= —
1-X+X 1-x“+x 1-x"+X

Solution
A+x+x)(L-x+x)=(1+x)°-x>=1+x>+x*
A+x+x)(L-x+x)L-x+xH=A+x+xHQ-x+x)=(1+x})2-x*=1+x*+x8
Continuing the same way, we can obtain :

(T+x+x)(1=x+x)(1=x2+x) ce.een (1—x2"’l +x2") =1+x% +
Taking limit n — « , we get
QA+x+x)(QL-x+x) (L -=X2+ XY vrer.n. =1 (x<1)
Take log of both sides to get
log(l+x+x¥)+log(l-—x+x?)+log(1—x2+x)+...... =0

Differentiate both sides with respect to x :

1+2x —1+2x — 2% + 4x3
2 t 2 + 2 . o4
1+ X+ X 1-X+X 1-X“+Xx

1-2x 2x — 4x° 1+ 2x
= 5 + 57 F o S0 —————
1-x+X 1-x°+X 1+x;2x+1
Hence proved
Example : 42

Find the derivative with respect to x of the function:

2X
(log . sinx) (log_ . cos x)™? + sin? > | atx = n/4.
COS X sin x 1+ X

Solution

2X 2X
= i -1 inl| ——= = i -1 =qin-!
Lety = (log,, sin x) (log,,,, cos x)™ + sin (1+ 2 j ,u=(log_,, sinx) (log,  cos x)™*andv =sin (1+ 2 j

= y=u+v 0]
consider u
u = (log,,, sin x) (log,, cos x)™* = (log_, sin x) (log_  sin x) = (log_, sin x)?

du ) log, sinx ? logesinx | d | log,sinx
— =—-(og__sinx?’=——" |7 | =2|7in eol| 70 | 7oy e
dx dx cosx dx | log, cosx loge.cosx ) dx |log,cosx

log, cosx “2°* _log, sinx~ Sinx
. ° i ° cos X
=2 (log,,, Sin x) x >
(loge cosx)
) cot xlog, cosx + tanxlog, sinx
=2 (log_._. sinx) x 2
cos x (log, cosx)
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consider y

(55
v=sint | 777

putx=tano = v =sin™ ('sin 20) = 20 = 2 tan™'x

[for —m/2 <26 < n/2 = —m/l4<0<Tn/4<6<T/4 = -1<x<1
= we can use this definition for x = /4]
d_V — 2 i t -1 —_ 2

= ax -2 g antx= o2

Differentiating (i) with respect to x at x = /4, we get

{du} {dv}
= |7 + | 5
dx x=n/4 dx x=nl4

On substituting the val fd—u dd—V t
n substituting the values of .- and -, we ge

1x Iogi +1x Iogi
{d_y} | [LJ V2 2| 2 8 3
dx |0 = <%z |2 1 4 1092 T 16472
|Ogﬁ 1+ (j
Example : 43
Ify=e (xx/;) and z* + x?z = x%, find dy/dx in terms of x and z.
Solution
Consider z* + x?z — x®
Differentiating with respect to x, we get : dy
dz dz {dxl_n /4
478 — +x? — + 2xz = bx*
dx dx
dz  5x*-2xz .
= ax - —423 PVCR 0]
Consider y = e> sec™ (xﬁ)
Differentiating with respect to x, we get :
dy 1 d d
= =e* ax (x«/;) +sec! Xz x e ax (—x2)

NG e

1 [J_ 1 dz] ( dzj
—ex Z+X—F——| + e gec! X'\/; —Z—X—
|x|«/§(Vx22—1) 2z dx dx

On substituting the value of dz/dx from (i), we get

3 2(2y3
- [ 1 X XOXT=22) _ ;sectxyz —sec™ xﬁMJ

+
3 2 3 2
Ix[Vx22-1 2|x|zvx?z-1 42°+Xx 47" +x

Page # 22.



Example : 44

x x> x°
2
Find () if (o) = | - 2% 3
6X
Solution
d d d 2 3
&(X) &(Xz) &(Xa) dX dX2 dx3 X X X2
1 2X 3x
F)=| 1 2% 3x2 |+ [ —@0) —@Bx*)| +
e dx dx dx i(o) 1(2) i(6x)
0 2 6X 0 2 6Xx dx dx dx
1 2x 3x° x x% x3 x x% x3
=12x3x2+026x+12x3x2
0 2 ©6x 0 2 6x 0 O 6
x x% x3
2
—0+0+ |t 2 ¥ _goe—x)=6x
0 O 6
Example : 45

1-x2
Differentiate y = cos™? i x? with respect to z = tan=*x. Also discuss the differentiability of this function.
+ X

Solution

2

The given function is y = cos™ >
1+x

Substitute x = tan 6

= y = oS 1-@n?e = cos™ (cos 20)

= y =26 = 2tan~! x for 0<20<m
= 0<0<m/2
= 0<X<oo

and y=-26=-2tanx for -w<20<0
= -m/2<6<0
= —0<X<0

So the given function reduces to :

2tanix , x>0
—2tan'x , x<O

Differentiating with respect to tanx, we get

dy { 2 x>0
ditantx) ~ (-2 x<O0
Alternate Method
2
y=cost e

Differentiating with respect to x, we get
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dy -1 (1+x%)(-2x) - 2x(1-x%)  _4X 1

&_\/ {1_)(2}2 (1+x2)? T Vax? 142
1-

1+ x?

In the question, z = tan~ x. On differentiating with respect to x, we get
o1
T 1+ %2

On applying chain rule,

dy / dx 4x 4x 2 x>0
T dz/dx ~ Wax2 T 12x] T |-2 x<o0

Differentiability x =0
LHD = -2 and RHD =2
As LHD = RHD, f(x) is not differentiable at x =0

Example : 46

Find dy/dx at x= — 1 when sin ysn2 + g sect(2x)+2*tan[/n (x +2)] =0

Solution
. o V3
The given curve is : sin ysn™2 + > sec?t (2x) +2xtan[/n (x +2)] =0
o 3
Let A = sin ysn®2 : B = T3 sec™ (2x) and C = 2*tan [/n (x + 2)]
= A+B+C=0 e (i)
Consider A dy

Taking log and then differentiating A w.r.t. x, we gt

1 dA - ECosﬁ—xzn(siny)+sinn—xcotyd—y
A dx 2 2 2 dx
Atx=-1
cos
{d—A} = (sin y)™ {OJF(—J-)C(.)ﬂ(d—yJ } =_ _2y (d_y)
dx . 4 siny \dx ),__, sin“y \dx/,_,
Consider B
B= ﬁ sec™ 2x
2
] ) dB V3
Di tiati it t to X, - =
ifferentiating with respect to x, we get -~ 2|le
A . {dB} 1
tx=— - ==
dx x=-1 2
Consider C
C=2tan [/n (x + 2)]
Differentiating with respect to x, we get
dC 2
— = x w + 2¥¢n 2 tan [!én(x+2)]
dx X+2
A . {dc} 1
tx=— e ==
dx x=-1 2
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Differentiate (i) to get :
dA  dB dC _
dx dx = dx
On substituting the values of dA/dx, dB/dx and dC/dx at x = — 1, we get

{d_y} sin?y sin’y
dx|._,  cosy ~ i\/l—sinzy

Finding the value of siny
Consider the given curve and put x = =1 in it to get

(siny)?*+ g sect(-2)=0

2

. V3
= siny =— «/§sec‘1(—2) == [using sec™® (—2) = cos™ (-1/2) = p — cos™ (1/2) = 2n/3]

Substituting the value of siny in (2), we get :

Example : 47

1
If g is the inverse function of f and f'(x) = m prove that g’(x) = 1 + [g(X)]".

1

Solution o . . fl(%(lx)%
As g is inverse function of f(x), we can take : g(x) = (X
= flo()] = x

Differentiating with respect to x, we get : f[g(x)] g’(x) =1

i 1
= g'(x) = = 1
1+[g(x)]"
= g'(x) =1+ [gX)]"
Example : 48
2
Ify=1+ 21 + £2X + i then
V=2 x—er T x—e)(x—c5) T (x—ep)(x—p)(x—c3)
dy _y | &, C2 | Cs
Show that X - x Ll_x Cy—X Cs-X
Solution
X C,oX Cax?

Y= x—c; T (x—c)(x-c5) T (x—cy)(x-Cp)(X—Cg)

X(X—Cy)+CoX Ccax?
7 YT x-e)x-ca) T (x—c)(x—Cp)(x—C5)
x? Cax?
=

Y= (x=c(x-c5) T (x—cy)(x—C,)(X~Cg)
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X3

Y= (x—c(x—cp)(x-c5)

=

Take log on both sides and then differentiate to get
logy =3log x—log (x-c,)—log (x—c,) —log (x - c,)

dx X X-C; X-C, X-Cg X X—Cyq X-C, X—Csy

Example : 49
. d’p _ a’?

If p2 = a2 cos?0 + b? sin?0 , the prove that p + W = 03
Solution

p? = a* cos?0 + b? sin’0

= 2p?=a?+ b? + (a®> — b?) cos 26

= 2p?—a?-hb?=(@-b?cos20 ... (i)

Also 2pp, = a? (=sin 20) + b? (sin 20) (by taking p, = dp/de)

= 2pp, =(b*-a%)sin20 L (i)

Square (i) and (ii) and add,
= [2p- (at+ b+ 4p? p . (@2 - b?)?
= 4p* + (a2 + b?)? — (a2 — b?) + 4p? p12 = 4p? (a2 + b?)

= p4 + a2b2 + p2 p12 = p2 (a2 + b2)
a’b?
= p2+ p2 +p12:a2+b2

On differentiating w.r.t. 6, we get

2a°b? .
pp, — —p3 p,+2p,p,=0 (by taking p, = d*p/de?)
ap?
= +p, =
p+Dp, p3
Example : 50
If y¥m + y=tm = 2% then prove that (x? — 1) ﬂ + X L -m?y=0
' dx? dx
Solution
1 1
ym+y m=2x L 0]
ERE OGN A S &
Using {ym +y m] - {ym +y m] =4
1 1
weget ym +ym =2./2 1 (i)

1

= m
Adding (i) and (i), we get Y™ =x+ /x2 _q = y= (X+\/X2 —1j .......... (iii)
Differentiating wrt, we get
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m-1 X
y'=m (x+\/x2—1j [1+ - 1]
X —

m
= y' X2—1 :m(X+\/X2—1j

On squaring above and using (iii), we get (x2 — 1) y’?2 = m?y?
Differentiate again to get
2xy? + (- 1) 2y'y” =2m?y y’
= -1y’ +xy’'=m?y
Hence proved

Example : 51
. n_a* 0 . .
Evaluate )I(ILT;l a using LH rule (atype of indeter minate form]
Solution
X a _aX
LetL= lim =—— . ()

X—a XX _ aa

0
Note that the expression assumes ) type of indeterminate form at x = a.

As the expression satisfies all the conditions of LH rule, we can evaluate this limit by using LH rule.
Apply LH rule on (i) to get :

. ax"*-a¥.loga
L= lim ——————
x=a  x*(1+logx)-0

c
a®-a%loga 1-loga Iog(aj

= L= a®(l+loga) ~ l+loga ~ log(ae)
Example : 52
_ a tan;—:
Evaluate )'('_)”; [2—;) using LH rule (1~ type of indeterminate form)
Solution
. a tang
Lety = )'('L'}i (2—;) (1~ form)
Taking log of both sides, we get :
_ i ~x _a
logy =M tan [Za] log [2 ™ (o x O form)

Iog[z _a) 0
_lim __\ XJ [—formj
0

~ x->a (TEX j
cot| —
2a
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Applying LH rule, we get

)

S

L= lim

y = e—2/1[
Example : 54
H 2
Evaluate M % using LH rule
x>0 /ncos(2x” 1)
Solution
, sin3x2
LetL= M —————— (0/0 form)

x>0 /ncos(2x? - x)

Apply LH rule to get :

L= lim

X—>a a of X\ T - Y n)
2o pJeoset ) ) cmeoseet5 1]

T

[%type of indeterminate form]

2 2
—6XxC0S3x“ COS(2X” —X) __g lim 3x%cos(2x* =X) im X

x>0 (Ax-1)sin(2x>-x) = x>0 Ax—1 x=0 (2x2 —X)

The limit of the first factor is computed directly, the limit of the second one, which represents an

0
indeterminate form of the type ) is found with the aid of the L’"Hospital’s rule. Again consider,

2 2
L=—6 lim c0s3x“cos(2X” - X) |im +
x—0 4x -1 x=0 sin(2x° —x)
_ 11 jim :
= L=-6. _1 x>0 (4X—1)COS(2X2 —X)
1
L=-6 ——=-6
= -1.1
Example : 55

. log, x
Evaluate )!ﬂ]o S—E (k > 0) using LH rule

Solution

. log, X
LetL = )!ﬂ]o 3—? (eofeo fOrm)
Apply LH rule to get :

1Io e
L= lim 0%
X—>+00 kxkfl

= L=loge /M — =0

0 . .
(—type of indeterminate form]
o0
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Example : 56

Evaluate IM L using LH rule “ type of indeter minate form
x>l (/nx Xx-1 9 0
Solution
. 1 1
= lim | —-—
Let L="1 [fnx x—lj (00 — o form)

0
Let us reduce it to an indeterminate form of the type 0

lim X—1-/nx

L= "1 (X —1)/nx (0/0 form)
Apply LH rule to get :
_lim 1= Ux
x>l fnx+1-1/x
_lm _X=1
= L=o Xnx +x -1
Apply LH rule again
. 1 1
= lim - =
= L= mx+2 = 2
Example : 57 (e=° type of indeterminate form)

Evaluate M [ﬂn (+ 1sin? x)cot€n2(1+ x)J using LH ule.

Solution

LetL= lim [fn (+ 1sin? x)cot£n2(1+ x)J
. . . . . 0
We have an indeterminate form of the type 0 . «. Let us reduce it to an indeterminate form of the type o

/n(1+sin? x)

— lim
= L=""0 tan in2(1+ x) (0/0 form)
Apply LH rule to get :
—— 5 —sin2x
. 1+sin®x
x>0 2sec?[/n®(1+ x)}/n(A+X) . ——
1+x
Simplify to get :
lim _SinX

~ x50 n(1+x)

Apply LH rule again to get :

sinXx lim COSX
L= x—0 m = x—0 1 =1
1+x
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Example : 58

Evaluate : )l('[g (1/x)s"* using LH rule.

Solution
We have an indeterminate form of the type «°
Lety = (1x)snx;
Taking log on both sides, we get :
/ny =sin x (n (1/x)
lim
X—>+0

lim

= wsip NY = sin x /n (1/x)

o0
Let us transform it to — to apply LH rule.
o0

lim —/nx

lim
X—>+0 n Xx=>+0 1/sin X

y =
Apply LH rule to get :

_ : ~1/x : in?
lim /ny: lim o = lim sin_X
x40 © x>0 —(cosx)/sin“x x>0 xcosx
= x“—TO y= e=1
Example : 59

(oo type of indeterminate form)

(O, = form)

ae* —bcosx+ce™*

Find the values of a, b, ¢ so that )'('Ln

Solution

ae* —bcosx+ce™*
Xsinx

lim
x—0

LetL =

0 Xsinx

Here as x — 0, denominator approaches 0. So for L to be finite, the numerator must tend to O.

a—-b+c=0
Apply LH rule on (i) to get :

ae* +bsinx —ce™
SinX + XCos X

— lim
Xx—0

Here as x — 0, the denominator tends to 0 and numerator tends to a — c. For L to be finite,

a-c=0
Apply LH rule again on L to get :

ae* +bcosx+ce™*

— lim
x>0 2008 X —XSinX
a+b+c
T=2 = a+b+c=4

Solving equations (ii), (iii) and (iv), we geta=1,b=2,c=1
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Example : 60

lim ﬂ
Evaluate : ;%5 Yiog(1+x)
Solution
lim - S0SX_
LetL= "7 xl10g(1+ x) (0/0 form)

Using the expansions of cos x and log (1 + x), we get :

1—{1—’(2 o j x* x*
21 4 Tt
L= lim _ lim —2 A
x—0 X2 X3 x>0 5, X X
X X =+ — XDt s
2 3 2 3

1 x? 1
- im E—j ....... _ E+0—0+ ........ ) 1
x>0 1 X ﬁ_ 1+0-0+....... 2
ot g T

Example : 61

X i 2
lim € Sinx—x-Xx
Evaluate : 0 —x2

Solution
lim € sinx—x-x*

> (0/0 form)
X

LetL =

x—0

Using the expansions of sin x and e*, we get :

X
RS [E- NI (S S N S R ) NI
— lim 21 3 3 3 4 21,31 5
x—0 3
X
13 15
_ lim 3x 30x Forrieenen _ lim l—ix2+ ....... :1
x—0 3 x>0 \3 30 2
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