Example : 1

Find all the tangents to the curve y = cos (x +Y), — 2rn < X < 2r that are parallel to the line x + 2y = 0.
Solution

Slope of tangent (x) = slope of line = —1/2

dy _ -1
dx ~ 2
Differentiating the given equation with respect to X,

=

& dy -sin(x+y) -1
N o = Sin(x+y) ( +dx] T l+sin(x+y) T 2
= 2sin(x+y)=1+sin(x+y)
= sin(x +y) =1
- _ _ -3t =©
- X +y=nn+ (-1)" /2, n € 1in the given interval, we have x +y = 2 ' 2

(because —(2n + 1) < x+y<2n+ 1)
Substituting the value of (x + y) in the given curve i.e. y = cos (X + ), we get
-3n

Y
=0 dx=——, =
y and X 2 >

) -3n T (-1
Hence the points of contact are | — 0 and an and the slope is | 5

. -1 3n -1 T
= Equations of tangentsarey —0= — [ X+— landy-0= — |X—5
2 2 2 2

= 2x+4y+3n=0and2x+4y—-n=0

Example : 2
m m

X
Find the equation of the tangent to a_m + b_m =1 at the point (x,, y,)

Solution
Differentiating wrt X,

mx™t  my™?! dy
T Tl
dy _ b" ﬁm_l
= x  a™ \y

dy} [b)m [onm !
= at the given point (x_, y.), slope of tangentis . =— | —
9 P ( 0 yO) P g dx (%01 Yo) a Yo

b Xo

m m-1
= the equation of tangentis y -y, =— (gj [y—J (X =x,)
0

anyy,mt—amy"=-b"xx, "+ b"x"
anyy,"t+bmxx ™t =amy ™+ b"x "
using the equation of given curve, the right side can be replaced by am™b™
am yyom—l + b™ x Xom—l =am pm
= the equation of tangent is

m-1 m-1
X (x )Y (Yo,
ala " b b -

Note : The result of this example can be very useful and you must try remember it
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Example : 3
Find the equation of tangent to the curve x*® + y?# = a*? at (x, — y,). Hence prove that the length of the
portion of tangent intercepted between the axes is constant.

Solution
Method 1 :
-1 -1
2 -~ 2 5 dy
—x3 +- Y — =0
3 3 X
1
dy ATRE

= dx i

(X0 Yo) Xo

. Yo 3
= equationisy -y, =— o~ (X=X,
0

= X01/3 y — yo X01/3 - _ Xy01/3 + Xo y01/3
= X y01/3 + yxol/3 =X, y01/3 +Y, X01/3

1/3 1/3
= Yo + Yo =x 234 y 213

1/3,,1/3 1/3,,1/13 —
Xo Yo Xo Yo 0 0
X y
= equation of tangentis: _u3 + _1u3 =a*®
Xo Yo

Length intercepted between the axes :

length = \/(x intercept)? + (y intercept)?

= \/(x%,’3a2’3)2 N (y%)/saz/s)2

- \/xg/sazua + y3/3a4/3

— o3 [,213 213
=a Xo 1Yo

= ai.e. constant
Method 2
Express the equation in parametric form
X = a sin?, y = a cos®t
Equation of tangent is :

—3acos?tsint

- X — a sin®t
3asin®tcost ( )

y —acos’t =

= y sin—asintcos® =—xcost—asin’tcost
= Xxcost+ysint=asintcost
X y
= - + —a
sint ~ cost

in terms of (x,, y,) equation is :

X y
(Xo/a)"® * (yo/a)3

=a

Length of tangent intercepted between axes = \/(x;,,)% + (Yig)? = Va2sin?t+a?cos?t =a

Note :
1. The parametric form is very useful in these type of problems
2. Equation of tangent can also be obtained by substituting b = a and m = 2/3 in the result of

example 2
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Example : 4
For the curve xy = c?, prove that

® the intercept between the axes on the tangent at any point is bisected at the point of contact.
(i) the tangent at any point makes with the co-ordinate axes a triangle of constant area.
Solution

Let the equation of the curve in parametric form by x = ct, y = c/t
Let the point of contact be (ct, c/t)
Equation of tangent is :

2

y—clt= (x —ct)
= ty —ct=—-x+ct
= X+ty=2c¢ct e ()
® Let the tangent cut the x and y axes at A and B respectively
Writing th ti L X + A 1

riting the equations as : - = + 5 o0 =
= Xintercept =2 Ct’ yintercept: 2clt

2c

= A=(2ct=0,andB= O’T

. ) 2ct+0 0+2c/t
mid point of AB = , = (ct, clt)

2 2
Hence, the point of contact bisects AB
. . - . 1 (2c)
(i) If O is the origin, Area of triangle AOAB = 1/2 (OA) (OB) = > (2ct) BN =2c?
i.e. constant for all tangents because it is independent of t.
Example : 5
Find the abscissa of the point on the curve ay? = x3 , the normal at which cuts of equal intercept from the
axes.
Solution

The given curve isay? = x® ... 0]

Differentiate to get :

d
2ay % =3x2

dy  3x°
= dx ~ 2ay
1 2ay
The slope of normal = __dl =_ y
dx

since the normal makes equal intercepts on the axes, its inclination to axis of x is either 45° or 135°.
So two normal are possible with slopes 1 and — 1

2ay

-5 =1

= 3x?
On squaring 4a%y? = 9x*
Using (i), we get : 4a x® = 9x*
= X = 4al9
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Example : 6
Show that two tangents can be drawn from the point A(2a, 3a) to the parabola y? = 4ax. Find the equations
of these tangents.
Solution
The parametric form for y? = 4ax is x = at? , y = 2at
Let the point P(at?, 2at) on the parabola be the point of contact for the tangents drawn form A

. 2a X

ie. y—2at=ﬁ(x—at)

= ty — 2 at? = x — at?

= X—ty+at?=0 ... 0]
it passes through A(2a, 3a)

= 2a—-3at+at?=0

= 2-3t+2=0

= t=1,2

Hence there are two points of contact P, and P, corresponding to t, = 1 and t, = 2 on the parabola. This
means that two tangents can be drawn.
Using (i), the equations of tangents are :
Xx—-y+a=0 and X—2y+4a=0

Example : 7

Find the equation of the tangents drawn to the curve y? — 2x® — 4y + 8 = 0 from the point (1, 2)
Solution

Let tangent drawn from (1, 2) to the curve

y? — 2x® — 4y + 8 = 0 meets the curve in point (h, k)

Equation of tangents at (h, k)

Slope of tangent at (h, k)

dy:| 3X2:| 3h2
T ng T Y20y k-2

2

Equation of tangentisy — k = 2 (x—nh)
. 3h?
As tangent passes through (1, 2), we can obtain 2 — k = 2 (1-h)
= 3h*-3h?2-k2+4k-4=0 ... @)
As (h, k) lies on the given curve, we can make
k?-2h®*-4k+8=0 ... (i)

Adding (i) and (ii), we get h®*-3h?2+4 =0
= (h+1)(h-2)2=0

= h=-—1landh=2

For h=-1, kis imaginary

So consider only h = 2.

Using (i) and h = 2, we getk = 212\/5.

(2,2+2+3)=and (2,2)-2+3)

Equation of tangents at these points are :
y-(2+243)=243 (x-2)
and  y-(2-+3)=-2+3 (x-2)
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Example : 8
Find the equation of the tangent to x® = ay? at the point A (at?, at®). Find also the point where this tangent
meets the curve again.

Solution
Equation of tangentto : x = at? , y = at® is

3

y—at®= (x —at?)

2at
= 2y — 2at® = 3tx — 3at®

ie. tx—2y—at*=0

Let B (at,?, at,®) be the point where it again meets the curve.
3at?  a(t’-t7)

slope of tangent at A = slope of AB =
= p g p 2at a(t3 _t]2-)

3t tPt? 4ty

= 27ty

= 3243t =202+ 2t7+2tt,
=  2t2-tt—-£=0

> G-HEL+H=0

=  t=t or t=-12

The relevant value is t, = —t/2

-ty (-t)}| [at® -at®
Hence the meeting point B is = | & ) » & > =178

Example : 9
2 y2
Find the condition that the line x cos a. + y sin oo = P may touch the curve 2 + el 1
Solution

Let (x,, y,) be the point of contact

dy
= the equation of tangentisy —y, [&)( ) (x=x)
X1 Y1
~-b?x,

= y-— yl - azyl (X - Xl)
= a’yy, —a’y?=-b*xx +b*x?
= b>xx +a’yy =b*x?+a’y,?

. . XXy WY, .
Using the equation of the curve : a_2 + b_2 =1 is the tangent

If this tangent and the given line coincide, then the ratio of the coefficients of x and y and the constant
terms must be same

XYY

Comparing x cos o. +y sin o = P and 2t C 1
coso sina P
we get xJa? = yib? = 1
X i
= Px, :azcosoc,Pylzbzsinocandalsowehavea—2 +b—2 =1
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From these three equations, we eliminate x,, y, to get the required condition.

2 2 2.0 2
i a“cosa i b sina _
P U B I

= a? cos?o + b? sin%o = P2

Example : 10
Find the condition that the curves ; ax? + by? = 1 a’x? + b’y? = 1 may cut each other orthogonally (at right
angles)

Solution

Condition for orthogonality implies that the tangents to the curves at the point of intersection are perpen-
dicular. If (x,, y,) is the point of intersection, and m,, m, are slopes of the tangents to the two curves at this
point, the m, m, = - 1.

Let us find the point of intersection. Solving the equations simultaneously,

ax?+by?-1=0

axt+b'y?2-1=0

x2 oyt 1
- -b+b’  -—a+a’ ab’-ab
= the point of intersection (x, —y,) is given by
2 — b,;b dv2= La,
%= ab—ab %Yo T ap_ab

The slope of tangent to the curve ax? + by? =1 is

’

dy _aXO oo . i —a XO
m=x - by, and the slope of tangent to the curve @’ x> + b’ y*=1ism, = b'y,
f th lit _ & ﬁ =
or orthogonality, m;m, = ¢~ y2 ° T
Using the values of x, and y,, we get
aa@ p'-b _
= bb a-a' ~
b'-b a'-a
= bb’ = aa'
ro1.1 i'th ired diti
= b " b - a _ a 'stherequired condition
Example : 11
The equation of two curves are y? = 2x and x2 = 16y
(a) Find the angle of intersection of two curves
(b) Find the equation of common tangents to these curves.
Solution
€) First of all solve the equation of two curves to get their points of intersection.
The two curves are y2 =2x  .......... ()
andx2=16y ... (i)
On solving (i) and (ii) two points of intersection are (0, 0) and (8, 4)
At (0, 0)

The two tangents to curve y? = 2x and x?> = 16y are x = 0 and y = 0 respectively.
So angle between curve = angle between tangents = /2
At (8, 4)

_ dy 1
Slope of tangent to y? = 2xis m = 4o o = ;
at (8,
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= m, = 1/4
Similarly slope of tangent to x* = 16y ism, = 1
Acute angle between the two curve at (8, 4)

tan_l w
1+ mym,
(b) Let common tangent meets y? = 2x in point P whose coordinates are (2t?, 2t)

1
Equation of tangentat Pisy — 2t = ot (x—2t%)

= 2ty — x = 2t

On solving equation of second curve and tangent (i), we get :

2t (x?/16) — x = 2t?

= tx2 — 8x = 16t?

This quadratic equation in x should have equal roots because tangent (i)
is also tangent to second curve and hence only one point of intersection.

= D=0 = 64 +64t3=0

= t=-1

So equation of common tangent can be obtained by substituting t = -1 in (i) i.e.
—2y—-x=2 = 2y+x+2=0

Example : 12

. : 3 L . .
Find the intervals where y = EX4 — 3x2 + lis increasing or decreasing

Solution
dy/dx =6x3—6x =6x (x —1) (x + 1)
This sign of dy/dx is positive in the interval :
(-1, 0) U (1, ~) and negative in the interval : (—~, —1) U (0, 1)
Hence the function is increasing in [-1, 0] U [1, «) and decreasing (—, —1] U [0, 1]

Example : 13

Find the intervals where y = cos x is increasing or decreasing
Solution

dy

—— =-—sinXx
dx

Hence function is increasing in the intervals where sin x is negative and decreasing where sin x is positive

d_y<0 if 2nt<x<(2n+1
dx i nt<x<(2n+1)r

d
and %>Oif(2n+1)n<x<(2n+2)n

where n is an integer
Hence the function is increasing in [(2n + 1) ©, (2n + 2)x]
and decreasing in [2nTt, (2n + 1) 7]

Example : 14
Show that sin x < x < tan x for 0 < x < 1t/2.
Solution
We have to prove two inequalities; x > sin x and tan x > Xx.
Let f(X) = x — sin x
f(x) =1 - cos x =2 sin? x/2
= f(x) is positive
= f(x) is increasing
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By definition, x > 0
= f(x) > f(0)

= X—=sinx>0-sin0

= X—=sinx>0

= X>sinX e ()

Now, let g(x) =tan x — x

g’(x) = sec? x — 1 = tanx which is positive
= g(x) is increasing

By definition, x > 0 = g(x) > g(0)

= tanx—-x>tan0-0

= tanx—-x>0

= tanx>x (i)

Combining (i) and (ii), we get sin x < x < tan X

Example : 15
Show that x / (1 + x) <log (1 + x) < x for x > 0.
Solution

Let f(x) = log (1 + X) — ﬁ

o1 (1+x)—x
f(X)"m_ (1+x)?

X

f(x) = (1+ x)2 .0forx>0

= f(x) is increasing

Hence x>0 = f(x) > f(0) by the definition of the increasing function.
log (L + X_ S log (1+0)— ——

= w2 lee (0= 75,
log (1 + %) — —— >0

= g 1+x
log (1 +X) > —— (i)

= g Tox e

Now let g(x) = x —log (1 + X)

7 — 1 —_— _X
gx)=1- Tox - Lix >0forx>0
= g(x) is increasing

Hence x>0 = g(x) > g(0)

= x—log(1+x)>0-log (1+0)

= Xx—log(1+x)>0

= x>log(l+x) (i)
Combining (i) and (ii), we get

X
— < 1+X)<
1+x og ( X) <x

Page # 8.



Example : 16
3
X . b
Show that : x — ry <sinxfor0<x< Py
Solution
3

X
Letf(x) =sinx —x + Y

2
f(x)=cosx—1+ X?

f’(X) = —sin x + X

X
f”’(x)=—cosx+1:25in25>0

= f’(x) is increasing

Hence x>0 = f’(x) > f/(0)

= —sinx+x>-sin0+0

= —sinx+x>0

= f’(x) >0

= f(x) is increasing

Hence x>0 = f(x) > f'(0)

= cosx—1+x%2>cos0-1+0/2

= cosx—1+x32>2

= f(x)>0

= f(x) is increasing

Hence x>0 = f(x) > f(0)

= Sin X —Xx+x3/6 >sin0—-0 + 0/6

= sinx—x+x%6>0

= sin x > x — x%/6
Example ; 17

Show that x > log (1 + x) for all x € (=1, «)
Solution

Let f(x) =x—log (1 + X)
Differentiate f(x) w.r.t. X to get,
1 X

fx)=1—- —— = —
) 1+x 1+x

Note that x = 0 is a critical point of f'(x) in (=1, ).
So divide the interval about x = 0 and make two cases

Case — | xe (-1, 0)

In this interval, f'(x) <0

= f(x) is a decreasing function

Therefore, -1<x<0 = f(x) =f(0) =0
Hencex—log (1 +x)>0forallxe (-1,0) ... ®
Case — Il X € [0, «)

In this interval, f (x) >0

= f(x) is an increasing function.

Therefore, 0 <X < = f(x) =f(0) =0
Hencex—log (1 +x)>0forallxe [0,e) ... (ii)

Combining (i) and (ii), x 2 log (1 + x) for all x € (-1, )
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Example : 18

x-1
Find the intervals of monotonicity of the function f(x) = | 2 |

Solution
The given function f(x) can be written as :

1-x |

f() |X—1| X—2 ’ X<1,X¢0

X) = 2 = .

X X 21 ; x>1
X

Consider x <1 (x) =2, 1 _x2

onsider x X)= —3 + — =

x3  x? x3
. . X-2

For increasing, f(x) >0 = N >0
= X(x—=2)>0 (- x*is always positive)
= X € (—o0, 0) U (2, )
Combining with x < 1, we get f(x) is increasing in x < 0 and decreasinginx e (0,1) ... ()
Consider x> 1
00 -1 N 2 2-X

x = —F - =

x2 X3 x3

For increasing f'(x) > 0
= 2-x)>0 (v x%is positive)
= x-2)<0
= X<2
combining with x > 1, f(x) is increasing in x € (1, 2) and decreasingin xe (2,«) ... (i)

Combining (i) and (ii), we get
f(x) is strictly increasing on x € (—, 0) U (1, 2) and strictly decreasing on x € (0, 1) U (2, =)

Example : 19
Provethat (@a+b)"<a"+b",a>0,b>0and0<n<1
Solution

n n
We want to prove that (a + b)"<a" + b" i.e. [%Jrlj < [Ej +1
i.e. (x+1)"<1+x"where x=a/band x>0,
since a and b both are positive.
To prove above inequality, consider
fX)=(x+1)"—x"-1
Differentiate to get,

1 1
4 - — 1\n-1 _ -l = | ————————— i
f(x) =n(x=1) nx [ x+ 15" Xl_n:l ......... 0]
consider X+1>x
= (X + 1)+ > xin ((-1-n>0)
1 1
=

(x+DM" 0

Combining (i) and (ii), we can say f'(x) <0

= f(x) is a decreasing function V x > 0
Consider x>0

f(x) < f(0) f(x) is a decreasing function
= fx)<0

= x+1)"—x"-1<0

= (x + 1)< x" + 1 Hence proved
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Example : 20
Find the local maximum and local minimum values of the function y = x*.

Solution
Letf(x) =y =x*
= logy = x log x
ld—y— l+|
= y dx —xx 0g x
Y 1+
= dx =x*( 0g X)
f(x)=0 = x*(1+logx)=0
= logx=-1 = x=el=1le
Method — |

f(x) = x* (1 + logx)

f(x) = x* log ex

x<lle ex<1l = f(x) <0

x>1lle ex>1 = f(x)>0

The sign of f(x) changes from —ve to +ve around x = 1/e. In other words f(x) changes from decreasing to
increasing at x = 1/e

Hence x = 1/e is a point of local maximum

Local minimum value = (1/e)¥e = eV,

Method — Il

d 1
f’(x) = (1 + log x) ax X<+ XX (;j =x* (1 + log x)? + x*!

7 (1/e) =0 + (e) Ve > 0.

Hence x = 1/e is a point of local minimum

Local minimum value is (1/e)¥e = e7Ve ,

Note ; We will apply the second derivative test in most of the problems.

Example : 21
Let f(x) = sin®x + A sin?x where — /2 < x < /2. Find the interval in which A should lie in order that f(x) has
exactly one minimum and exactly one maximum.
Solution
f(x) = sin®x + A sinx.
f(X) = 3 sin?x cos X + 2 SiN X COS X X A

. 26
f(x)=0 = 3 sin x cos x [smx+?) =0

. . -2\
= sinx=0 or cosx=0 or smx=T

cos x = 0 is not possible in the given interval.

= x =0 and x = sin~! (-2\/3) are two possible values of x.
These represent two distinct values of x if :

() A # 0 because otherwise x = 0 will be the only value

(i) -1<-2M3<1 = 3/2> A >-3/2

for exactly one maximum and only one minimum these conditions must be satisfied by A

AN

Since f(x) is continuous and differentiable function, these can not be two consecutive points of local
maximum or local minimum. These should be alternate.
Hence f'(x) = 0 at two distinct points will mean that one is local maximum and the other is local minimum.
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Example : 23
A windows is in the form of a rectangle surmounted by a semi-circle. The total area of window is fixed.
What should be the ratio of the areas of the semi-circular part and the rectangular part so that the total
perimeter is minimum?
Solution
Let A be the total area of the window. If 2x be the width of the rectangle and y be the height.
Let 2x be the width of the rectangle and y be the height. Let the radius of circle be x.
= A =2xy + /2 x?
Perimeter (P) = 2x + 2y + T X
A is fixed and P is to be minimised
Eliminating v,

2
1 X
P(X) = 2x + mx + — (A—TJ

P'(X)=2+rn—A/X>—m/2

D) = 0 | 2A
()= = *“\n+4a
P”(x) = 2A/x®* > 0
) . 2A
= Perimeter is minimum for x = 4/———
n+4

for minimum perimeter,

. __I_n(ZA)_nA
area of semicircle = (+4)2 = nid

f rectanale = A A 4A
area of rectangle =A— ——— =
= ratio of the areas of two parts = %

Example : 23
A box of constant volume C is to be twice as long as it is wide. The cost per unit area of the material on the
top and four sides faces is three times the cost for bottom. What are the most economical dimensions of
the box?
Solution
Let 2x be the length, x be the width and y be the height of the box.
Volume = C = 2x?y.
Let then cost of bottom = Rs. k per sgm.
Total cost = cost of bottom + cost of other faces
= k(2x?) + 3x (4xy + 2xy + 2x?) = 2k
= 2k (4x% + 9xy)
Eliminating y using C = 2x2y,
Total cost = 2k (4x? + 9C/2x)
Total cost is to be minimised.

2 9C
Let total cost = f(x) = 2k [4x +§j
’ [8)( — 9_C]
f'(x) = 2k ox2

f(x)=0 = 8- ——> =0

[QCJUS
= X=|T=
16 Page # 12.



9C
/(x) = 2k (8 +X—3j >0

o oc\"® c ¢ (16V® (320}
hence the cost is minimum for x = | 7= andy=—> = E =

16 22 9C 81
. . . E 1/3 % 1/3 32C 1/3
The dimensions are : 2 16 ' 16 , _81
Example : 34

Show that the semi-vertical angle of a cone of given total surface and maximum volume is sin-* 1/3.
Solution

Let r and h be the radius and height of the cone and ¢ be the slant height of the cone.

Total surface area=S=mnr/ + w2 L. ()

Volume =V = 1/3r? h is to be maximised

Using, ?=r>+h?and S =t r/ + mr?

T
e

2
_r2
Tir

. EE
= —3I' 71:2I’2 T

r
3

We will maximise V?

(S 2 S e o
o " 2 g —f(r)—g(Sr—an)

nr
= fn=0= 2Sr—nrr=0

= F= N2 e (i)

S
(=35 (2S-24n1)

\/E s
" | Varn | = 5 (25-68)<0

) , / S
Hence the volume is maximum for r = 4—n

To find the semi-vertical angle, eliminate S between (i) and (ii), to get :
4mr? = mrl + mr?

Let V2 =1(r) =

= 0=3r
sine=r/t=1/3
= 6 = sin™* (1/3) for maximum volume.
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Example : 25

Find the maximum surface area of a cylinder that can be inscribed in a given sphere of radius R.
Solution

Let r be the radius and h be the height of cylinder. Consider the right triangle shown in the figure.

2r=2Rcos® and h=2Rsin6

Surface area of the cylinder = 2r rh + 2pr?

= S(0) = 4n R% sin 0 cos 6 + 21 R? cos?0

= S(0) = 2n R? sin 20 + 21t R? c0s?0

= S’(0) = 4 R? cos 26 — 21 R? sin 20

S'(6)=0 = 2c0s20—-sin20=0

= tan 20 = 2 = 0=0,=1/2tan"2

S”(0) = — 8n R% sin 20 — 41t R? cos 26

2 1
SR EY IS

Hence surface area is maximum for 6 = 6, = 1/2 tan—12

(2 ) 1+1/+5
= Smax=27tR JE +2n R 2

S S, =R (1445)

Example : 26
Find the semi-vertical angle of the cone of maximum curved surface area that can be inscribed in a given
sphere of radius R.
Solution
Let h be the height of come and r be the radius of the cone. Consider the right AOMC where O is the
centre of sphere and AM is perpendicular to the base BC of cone.
OM=h-R,OC=R,MC=r
RZ=(h-R)2+r2 ... @)
and rr+hz=¢2 .. (i)
where / is the slant height of cone.
Curved surface area=C=mr/
Using (i) and (ii), express C in terms of h only.

C=mnryr?+h?
= C=7m J2nR-h? +2hR

We will maximise C2,

Let C2 = f(h) = 2r? hR (2hR - h?)

= f(h) = 27?R (4hR - 3h?)
f(h)y=0 = 4hR -3h?=0
= h = 4R/3.

f’(h) = 2n°R (4R — 6h)

4R
|5 ) =2nR? (4R - 8R) <0

) ) 4R
Hence curved surface area is maximum for h = —

3
o 8R?
Using (i), we get rP=2hR-h?= 5
242
= r= T R

Semi-vertical angle = 6 tan r/h = tan"* 1/,/2
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Example : 27
A cone is circumscribed about a sphere of radius R. Show that the volume of the cone is minimum if its
height is 4R.
Solution
Let r be the radius, h be the height, and be the slant height of cone.
If O be the centre of sphere,

AAON — AACM
h-R ¢ .
= TROT T 0]
h-R _ yr?+h?
= _ =
R r
Squaring and simplifying we get ;
hR?
rPr=——— ii
h-2R ®

Now volume of cone = 1/3 nr? h

1 hR? h
= V37T h-R

V= 1 nR?
= -3
h h?

1 ZRJ

For volume to be minimum, the denominator should be maximum. Hence we will maximise :

=~ - R
( )_ h - h2
) 1 4R
F=-12 + 15
f(h) = 0 = h = 4R
5 2 12R  2h-12R
=i - = 2
oaR) < 8R-12R .
(4R) = gerd <

Hence f(h) is maximum and volume is minimum for h = 4R.

Example : 28
The lower corner of a page in a book is folded over so as to reach the inner edge of the page. Show that
the fraction of the width folded over when the area of the folded part is minimum is 2/3.
Solution
The corner Aiis folded to reach A,.
The length of the folded part = AB =A B = x
Let total width = 1 unit
= Length of the unfolded part = OB = 1 — x.
If CM || OA, AA, CM ~ ABA O

AC _ %

= cM ~ AO
BA;
= A C=y=CM A0
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x4 1

T Ao T 4(2 1)

x3 x4

For area to be minimum, denominator in R.H.S. must be maximum.

f(x)=0 = —-6x+4=0 = x=2/3

Hence f(x) is maximum and area is minimum if x = 2/3
ie. 2/3 rd of the width

Example : 29

2 2
Prove that the minimum intercept made by axes on the tangent to the ellipse a_2 + b_2 =lisa+b.Also

find the ratio in which the point of contact divides this intercept.
Solution
Intercept made by the axes on the tangent is the length of the portion of the tangent intercepted between
the axes. Consider a point P on the ellipse whose coordinates are x = a cost, y = b sin t
(where t is the parameter)
The equation of the tangent is :

b sin t = ost )
y-bsint=—- " (x—acost)
X y .
= — cost + - sint=1
a b

a b
= OA=——,0B=——
cost sint
L th of int t=¢=AB a’ + b*
ength of intercept =/ = AB = {———+———
9 P cos?t sin?t

We will minimise /2 .

Let ¢2 = f(t) = a? sec?t + cosec?t

= f(t) - 2a% sec? tan t — 2b? cosec?t cos t
f(t)=0 = a? sin‘t = b? cos*t

/b
= t=tan? 4/—
a
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f’(t) = 2a? (sec*t + 2 tan? sec?t) + 2b? (cosec*t + 2 cosec? cot?)
which is positive

Hence f(t) is minimum for tant = \/p/a

= (.= Ja’(l+b/a)+b’(1+alb)

= (¢ =a+b Ll ()
a \ . a®sin*t . _ b
PA2 = |acCost———| +p?sin?t= ———— +b?sin’t = (a tan’t b?) sin’ = (ab + b?) = b?
cost cos°t a+b

= PA=b
Using (i), PB =a
Hence % = E

PB  a
= P divides AB intheratiob : a

Example : 30

Find the area of the greatest isosceles triangle that can be inscribed in a given ellipse having its vertex
coincident with one end of the major axis.

Solution
Let the coordinates of B be (a cos t, b sin t)
= The coordinates of C are : (a cost, — b sin t)

because BC is a vertical line and BM = MC
Area of triangle = 1/2 (BC) (AM)

= A=1/2 (2bsint) (a—acost)

= A(t)=ab (sint—sintcost)

A’(t) = ab (cos t — cos 2t)

A’(t) = ab (cos t — cos 2t)

A)=0 = cost—cos2t=0
= cost+1—-2cos?t=0
= cost=1,-1/2

A’(t)=ab (-sint+2sin2t) =ab sint(4 cost—1)

A"(r/3)=ab V3/2 (2-1)<0

Hence area is maximum for t = ?
. 2n

Maximum area = A ?

= ab (sin 2n/3 — sin 2n/3 cos 2n/3)

=ab (@WLEEJ = ﬂ ab

2 2 4
Example : 31
Find the point on the curve y = x2 which is closest to the point A (0, a)
Solution

Using the parametric representation, consider an arbitrary point P (t, t?) on the curve.
Distance of P from A = PA

PA= |Jt? + (t? —a)?

We have to find t so that this distance is minimum.
We will minimise PA?2

Let PAZ =f(t) = t2 + (2 — @)

f(t)=2t+ 4t (2—a)
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f(t) = 2t [222 — 2a + 1]

1
f(t) = 0 - t=Q¢,b—E

f't)=2—-4a+121¢

we have to consider two possibilities.
Case—1: a<1/2

In this case, t = 0 is the only value.
f7(0)=2-4a=4(1/2-a)>0

Hence the closest point correspondstot=0
= (O, 0) is the closest point

Case —I: a>1/2

1
In this case t =0, * a_E

1
V@)=2—4a=4[§—a]<0

= local maximum att =0

1 1
1 5y8" 5| =2-4a+12a-6=8 a-2 />0
. L / 1
Hence the distance is minimum for t = + a_E
. a—l 2a-1 3 a—l 2a-1
So the closest points are ]{ 2’ 2 and 2" 9

Example : 32
Find the shortest distance between the line y — x = 1 and the curve x = y?
Solution

| -t? +t-1|
Let P (t?, t) be any point on the curve x = y2. The distance of P from the given lineis= = 1 ——
1) yp y g 2 12

2 —t+1
= T because t? —t + 1 is a positive expression. We have to find minimum value of this expression.

Let f)=t—t+1

fy=2t-1

ft)=0 = t=1/2
f’'t)=2>0

= distance is minimum for t = +1/2

1 1
tz—t+l ——-—41 342
Shortest distance = [—«/E } =4 2 _ i
t=1/2 V2 8
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Example : 33
Find the point on the curve 4x? + a%y? = 4a? ; 4 < a? < 8 that is farthest from the point (0, —-2).

Solution
x? y2

The given curve is an ellipse a_2 yT =1

Consider a point (a cost, 2 sin t) lying on this ellipse.

The distance of P from (0, —2) = \/az cos?t+(2+ 2sint)?
This distance is to be maximised.
Let f(t) = a? cos?t + 4(1 + sin t)?
f(t)=—2a?sintcost+8 (1 +sint) (cost)
f(t)=(8—-2a? sintcost+8cost

4
a’-4

ft)=0 = cost=0 or sint=

4
= =gin?!
= t=mn/2 ort=sin (az _4j

(t = 3m/2 is rejected because it makes the distance zero)

4
Let us first discuss the possibility of t = sin! (az B 4]

We are give that 4 <a?< 8
= O0<a?-4<4

0<1<
- a’-4

as is greatest than 1,
a2_4 Y

4
t=sin? is not possible.
aZ_4 p

Hence t = /2 is the only value.

Now, f’(t) = (8 —2a?) cos 2t - 8 sin t

f’(n/2) =2a?-8-8=2(a2-8)<0

= The farthest point corresponds to t = ©/2 and its
Coordinates are = (a cos n/2, 2 sin n/2) = (0, 2)

Example : 34

Ifa+ b+ c =0, then show that the quadratic equation 3ax? + 2bx + ¢ = 0, has at least one root in 0 and 1.
Solution

Consider the polynomial f(x) = ax® + bx? + cx. We have f(0) =0 and f(1) =a + b + ¢ = 0 (Given)

= f(0) = f(2)

Also f(x) is continuous and differentiable in [0, 1], it means Rolle's theorem is applicable.

Using the Rolle's Theorem there exists a root of f'(x) =0

ie. 3ax? + 2bx + ¢ = 0 between 0 and 1

Hence proved.
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Example : 35
LetA(x,, y,) and B(x,, y,) be any two points on the parabola y = ax* + bx + ¢ and let C (x,, y,) be the point
on the arc AB where the tangent is parallel to the chord AB. Show that x, = (x, + X,)/2.
Solution
Clearly f(x) = ax* + bx + ¢ is a continuous and differentiable function for all values of x € [x,, X,].
On applying Langurange's Mean value theorem on f(x) in (x,, X,) we get

f(x2) —f(Xq)
f(x,) = ﬁ [ X, € (X, X))

On differentiating f(x), we get :

f(x)=2ax+b = f'(x,) = 2ax,+b

On substituting x, and x, in the quadratic polynomial, we get
f(x)=ax?+bx +c and f(x)=ax?+bx,+cC

On substituting the values of f(x,), f(x,) and f'(x,) in (i), we get :

ax22 +bx, +c - (ax12 +bx,; +c)

2ax,+ b=
X2 =X
= ax, = a(x, +Xx,)
= X, = T' Hence Proved
Example : 36

Find the condition so that the line ax + by = 1 may be a normal to the curve a*'y = x".
Solution

Let (x,, y,) be the point of intersection of line ax + by = 1 and curve a™'y = x".

= ax, +by, =1 ... 0]

and avty, =x" (ii)

The given curve is : a™ly = x"

dy X,

= de(bel) TN T VT x [using (ii)]

Equation of normal to (x,, y,) is :

normalisy -y, = n_yl (x=x,)

= XX, +nyy =ny?+x?* (iii)
But the normal is the linexa+yb=1 ... (iv)
Comparing (iii) and (iv), we get

Xp _ Ny _onyi+x§

a b 1
i . Xy ny; nyf +xf
Let each of these quantities by K, i.e. 2 b C 1 =K
= x, =aK, ny, =bK, ny >+ x> =K
On substituting the values of x, and y, from first two equations into third equation, we get
b?K?
n +a?K?=K
K n an q b
= X, = an =T 5
= b?+na®’ "t~ b?+na’ Y17 92 1 na?
Replacing the values of x, and y, in (i), we get :
b an " _ .
amt b inal - 02+’ as the required condition.
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Example : 37
Find the vertical angle of right circular cone of minimum curved surface that circumscribes in a given
sphere.
Solution
When cone is circumscribed over a sphere
we have : AAMC ~ AAPO

AC AO ¢ r-R

= MC - op = T = TR e ®
In cone, we can definer2+h2=/2 ... (i)
Eliminating ¢ in (i) and (ii), we get
hR?
k= ————, iii
h-2R (i)
Let curved surface area of cone = C — mr/
r(h—R
= C=mr % [using (i)]
nhR(h-R) S
= C= W [using (iii)]
As C is expressed in terms on one variable only i.e. h, we can maximise C by use of derivatives
dC nR ,
an = —(h— IR)? [(h-2R) (2h—-R)—-(h?-hR)]=0
= h2—4Rh+2R?2=0
= h=2+.J2)R (iv)
2
It can be shown that — > 0 for this value of h.
dh 5
2 +1)R

Substituting h = (2 + /2 ) R in (i), we get (V2 +)R? + 2(J2 +1)? R?

r=(4J2 +1)R?

Let semi-vartical angle = 6

2

= sin?Q = r?/(? =
r? +h?
Using (iv) and (v), we get :

. 2 1
sin“0 = = 3+2«/§
= sin0=3-242 = (42 —1)2
= sin 0 = \/E -1

Example : 38

max[f(t)] 0<t<x 0<x<1

Letf(x)=X3—X2+X+1and9(x)={ 3_x . 1<x<2

Discuss the continuity and differentiability of f(x) in (0, 2)
Solution

Itis giventhat f(x) =x®—x2+x+ 1

fx)=3x2—-2x+1

f(x) > 0 for all x

(- coeff. of x2 > 0 and Discriminant < 0)

Hence f(x) is always increasing function.

Consider 0 <t <x
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= f(0) < f(t) < f(x) (- f(t) is an in creasing function)
= 1 <A(t) <1f(x)
= Maximum [f(t)] = f(x) =x*—x2+x + 1
x2-x?+x+x+1 , 0<x<1
= 909 = 3-x . 1<x<2

As g(x) is polynomial in [0, 1] and (1, 2], it is continuous and differentiable in these intervals.

Atx=1

LHL=2, RHL=2and f(1) = 2

= g(x) is continuous at x = 1

LHD=2and RHD=-1

= g(x) is non-differentiable at x = 1
Example : 39

Two considers of width a and b meet at right angles show that the length of the longest pipe that can be
passes round the corner horizontally is (a2 + b?3)3?2

Solution
Consider a segment AB touching the corner at P. AB = a cosec 6 + b sec 6
Letf(0) =acosec®6+bseco6O ... (M
f(6) =—acosec 6 cot® + b sec 6 tan 6
I —acos® bsin® —acos®0+Dbsin®0
/ = + =
= ©)="gn20 * coso sin?6cos? 0
() =0 = tan®0 = a/b

= tan 6 = (a/b)¥®
Using first derivative test, see yourself that f(8) possesses local minimum at 6 = tan™ (a/b)* .
Using (i), the minimum length of segment AB is :

b
f = (a2 + b23)2 for 6 = tan-* %E

This is the minimum length of all the line segments that can be drawn through corner P. If the pipe passes
through this segment, it will not get blocked in any other position. Hence the minimum length of segment
APB gives the maximum length of pipe that can be passed.

Example : 40

Find the equation of the normal to the curve y = (1 + x)¥ + sin’! (sin?x) at x = 0.
Solution

We have

y = (1 + X)Y + sin™! (sin?X)

Let A=(1+x) and B= sin! sin?x

= y=A+B .. 0]

Consider A

Taking log and differentiating, we get
MA=y/n(1l+X)

1 dA dy y
A dx Cdx " (14 + [1+x]

dA dy y dy y

— =A|=—MA+X)+—| = — 1+ X)+— ii
or ™ _A{dx (1+x) 1+X}—(1+x)y{dx (1+x) x| e (ii)
Consider B
B = sin™ (sin?x) = sin B = sinx

Differentiating wrt x, we get

dB )
cos B — =2 sin x cos x
dx
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dB 1 ) 2sinxcosx 2sinxcosx
(2 sinx cos x) =

dx ~ cosB A-sin?B)¥2 = (1-sin* x)2
Now since y=A+B
dy dA dB dy y } 2sinxcosx
— = —— 4 — = —/n (1+x)+
we have ax ~dx Tax CEH {dx @+ 1+x| T (1-sin?x)¥2
_ 2sinxcosx
1+ x)y ey 2020
o dy _ yi+x) (1-sin* x)*/2
dx 1-(1-x)Y n (L+ )

Using the equation of given curve, we can find f(0).
Put x = 0 in the given curve.
y=(1+0)+sin?t(sin?0) = 1

_ 2sin0cos0
1+0) Tty SRR
1(1+0) (1—sin® 0)Y/2 dy 1

dx 1-(1-0)L¢n(1+0) dx

1
The slope of the normal is m = — W =-1

Thus, the required equation of the normal isy — 1 = (-1) (x — 0)
ie. y+x—-1=0

Example : 41
Tangent at a point P, (other than (0, 0) on the curve y = x* meets the curve again at P,. The tangent at P,
meets the curve at P, and so on. Show that the abscissaof P, P,, P, ...... P, froma GP. Also find the ratio
[area (AP, P,P,)] / [area (AP, P, P))].

Solution
Let the chosen point on the curve y = x* be P, (t, t*). The slope of the tangent to the curve at (t, t*) is

. dy o .
givenas o = 3x*=3t2 0]

The equation of the tangent at (t, t°) is
y—t8=3t2 (x-t)

y-3t2x+2t=0 . (i)
Now to get the points where the tangent meets the curve again, solve their equations
ie. x¥-3tx+2t=0 (iii)

One of the roots of this equation must be the sbscissa of P, i.e. t. Hence, equation (iii) can be factorised as
x—t (x*+tx—2t2) =0

or xX=t(x-t)(x+2t)=0

or xX=t)(x-t)(x+2t)=0

Hence, the abscissaof P,=-2t ... (iv)

Let coordinates of point P, are (t,, t,°)

Equation of tangentat P, is:y —3t*x+2t3=0
[this is written by replacing t by t, in (ii)]

On solving tangent at P, and the given curve we get the coordinates of the point where tangent at P

meets the curve again i.e.

coordinates of P, are (=2t,, —t,)

Using (iv), abscissa of P, = -2 (-2) t

= abscissa of P, = 4t

So the abscissa of P, P, and P, are t, (-2) t, (-2) (-2) t respectively, that is, each differing from the

preceding one by a factor of (-2).

Hence, we conclude that the abscissae of P, P,, P, ....... , P, from a GP with common ratio of — 2.

2
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t 3 1 1 1 1

Example : 42

1 4 _
Now area (AP, P,P)= - -2t —8t° 1 =t? 2 -8 1
4 643 1 4 64 1
-2t -8t 1 J1 1
1 3 16t
area(AP2P3P4)=E 4t 64t 1| = > -2 -8 1
-8t (-2°t° 1 4 64 1
area(AP; P, P3) t4 1
Hence area (AP, P; P,) © 16t* ~ 16
3_ K2 _
_ _X3+w , 0SX<1
Let f(X) = (b2 +3b+2)
2x-3 , 1<x<3

Find all possible real values of b such that f(x) has the smallest value at x = 1

Solution

The value of function f(x) atx=1isf(x) =2x-3=2(1)-3=-1
The function f(x) = 2x — 3 is an increasing function on [1, 3]. hence, f(1)=— 1 is the smallest value of f(x) at
x =1

(b3 -b2+b-1)
(b% +3b+2)
is a decreasing function on [0, 1] for fixed values of b. So its smallest value will occur at the right end of the
interval.
= Minimum [(f(X) in [0, 1]) > -1
= f1)=2-1

Now f(x)=—x3+

(b®-b%+b-1)

i L

(b +3b+2)

, , b®-b*+b-1
In order that this value is not less than — 1, we musthave ———(————— >
b +3b+2

(b® +1)(b-1) (b-1)

o 2 = T ovkon 20

(b+2)b+1) (b+2)(b+1)

The sign of b is positive for b € (-2, —=1) U [1, o)
Hence, the possible real values of b such that f(x) has the smallest value at x = 1 are (-2, —1) U [1, )

Example : 43

Find the locus of a point that divides a chord of slope 2 of the parabola y? = 4x internally in the ratio 1 : 2.

Solution

Let P=(t?, 2t), Q = (t,% 2t)) be the end points of chord AB. Also let M = (x,, y,) be a point which divides
AB internally in ratio 1 : 2.
It is given that slope of PQ = 2,

2t, -2t
= slope (PQ)= "2 "2 =2
2 1
= t+t, =12 L 0)
As M divides PQ in 1 : 2 ratio, we get
2t2 + 13
= X, = % ............. (ii)
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2t, + 4t
and y, = % ............. (iii)

We have to eliminate two variables t, and t, between (i), (ii) and (iii).

From (i), putt, = 1 —t, in (iii) to get :

3y, =2(t-t)+4t,=2(1+t)

= t,=38y-2)/2 and t, =-3y,/2

On substituting the values of t, and t, in (i), we get : 4x, =9y > — 16y, + 8
Replacing x, by x and y, by y, we get the required locus as : 4x = 9y* — 16y + 8

Example : 44
Determine the points of maxima and minima of the function f(x) = 1/8 /n x — bx + x® + x2 , x > 0, where
b >0 is a constant.
Solution
Consider f(x) =1/8 /n x —bx + x2
= fx)=1/8x-b+2x=0
= 16x2-8bx+1=0

_btyb®-1

= X= ————
4
ForO<b<1 f(x)>0forall x
= f(x) is an increasing function
= No local maximum or local minimum
Forb>1 f(x)=0atx, = b-vb"-1 and X, = b+vb" -1
4 4

Check yourself that x, is a point of local maximum and x, is a point of local minimum.
Forb=1
f(x)=16x2—8x2+1=(4x—-1)?2=0
= x=1/4

f’'(x) =2 (4x = 1) (4)

= f’(1/14) =0

f(x) = 32 = f7(1/14) #0

= 1/4 is a point of inflexion

i.e. no local maxima or minima

So points of local maximum and minimum are :
0<b<1: No local maximum or minimum

2
b>1 : Local maximum at x = b-vb"-1

Local minimum at x —

b+vb% -1
4

Example : 45

xe® , X<0

X +ax? —x°3 , x>0

Let f(x) = {

Where a is a positive constant. Find the interval in which f'(x) is increasing
Solution

Considerx <0

f(x) = e (1 + xa)

f’'(x)=ae* (1 +xa)+eX*a

= f’(x) = e™ (2a + xa?) >0
= X>-—2la (- e is always + ve)
So f(x) inincreasing in —2/a<x<0 ... @

Consider x>0
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f(x) =1+ 2ax— 3x?

f’'(x) =2a—-6x>0 = X < al3

= f(x)isincreasing in0<x<al3 ... (i)
From (i) and (ii), we can conclude that :

f'(x) is increasing in x € (—2/a, 0) U (0, a/3)

Example : 46
What normal to the curve y = x2 forms the shortest chord?
Solution
Let (t, t?) be any point P on the parabola y = x?
Equation of normalat Ptoy = x?is :
y—t2==1/2t (x —t)
Now assume that normal at P meets the curve again at Q whose coordinates are (t, t,?).

= The point Q(t,, t,?) should satisfy equation of the normal
= 22—t —1/2t(t, - 1)
= t,+t=-1/2t = t,=—t—1/2t ... 0

PQ*=(t—t)*+ (t?—t?)?> =(t—r)* [1+(t +1)7]
On substituting the value of t, from (i), we get ;

2 3
1 1 1
2= | 2t+— I+— | z4pe | 1+—
= PQ ( ZJ ( 4t2] 4t( 4t2j

Let PQ? = f(t)

1) 1) (-2
“(f) = 1+ — 2 |1+ — —
= f'(f) 8t( 4t2j + 12t ( 4t2j [4t3]

1) 1) 3
= f’(t):2(1+ﬁj {4{“?)_?}

f(t)=0 = 2t—1t=0
= t2=1/2 = t=+1/42
Itis easy to see f’(t) > 0 for t=+1/42

equation of PQ :
for t=1x/§Ex/§x+2y—2=O and
for  t=-1+42 =42x-2y+2=0
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