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Example : 1
Evaluate the following integrals

Hint : Express Integrals in terms of standard results :

(1) ∫ − )x32(sec2  dx = 3
1−

 tan (2 – 3x) + C

(2) ∫ −
−

)x32(cos
)x32sin(

2  dx = ∫ −
=−−

3
1dx)x32(tan)x32sec(  sec (2 – 3x) + C

(3) ∫ − dxe 3x2  = 
2
1

 e2x–3  + C

(4) ∫ − dx)x32sec(  = 3
1
−

 log |sec(2 – 3x) + tan (2 - 3x)| + C

(5) ∫ +
dx

1x4
1

 = 4
1

 ( )1x42 +  + C

(6) ∫ − 3)x21(
dx

 = 
2

1
−

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

−

−
2)x21(2

1
 + C

Example : 2
Evaluate the following integrals

Hint : Express numerator in terms of denominator

(1) ∫ +
−

1x
1x

 dx = ∫ +
−+
1x

21x
 dx = ∫ ⎟

⎠

⎞
⎜
⎝

⎛
+

−
1x

21  dx = ∫ − 2dx  ∫ +1x
dx

 = x – 2 log |x + 1| + C

(2) ∫ +

−

1x
1x

2

2

 dx = ∫ +

+

1x
1x

2

2

 dx – ∫ +1x
dx2

2  = x – 2 tan–1 x + C

(3) ∫ + 2)1x2(
x

 dx = 
2
1

 ∫ +
−+

2)1x2(
11x2

 dx = 
2
1

 ∫ + )1x2(
dx

 – 
2
1

 ∫ + 2)1x2(
dx

= 
2
1

 ⎟
⎠

⎞
⎜
⎝

⎛ + |1x2|log
2
1

 – 
2
1

 ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠

⎞
⎜
⎝

⎛
+

−
1x2

1
2
1

 + C

(4) ∫ +

+

1x
1x

2

4

 dx = ∫ +

−

1x
1x

2

4

 dx + ∫ +1x
2

2  dx ∫ ∫ +
+−

1x
dx2dx)1x( 2

2  = x3/3 – x + 2 tan–1 x + C

(5) ∫ +1x
x7

 dx = ∫ +
+
1x
1x7

 dx – ∫ +1x
dx

 = ∫ +
+−+−+−+

1x
1xxxxxx)(1x( 23456

 dx – log |x + 1|

= 
7
x7

 – 
6
x6

 + 
5
x5

 – 
4
x4

 + 
3
x3

 – 
2
x2

 + x – log |x + 1| + C
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(6) ∫ + 2

3

)1x(
x

 dx = ∫ +

+
2

3

)1x(
1x

 dx – ∫ + 2)1x(
dx

 = ∫ +
+−
)1x(

1xx2

 dx – ∫ + 2)1x(
dx

= ∫ +
+
1x
xx2

 dx + ∫ +
−

1x
x21

 dx – ∫ + 2)1x(
dx

 = |x dx – 2| ∫ +
+

1x
1x

 dx + ∫ +1x
dx3

 – ∫ + 2)1x(
dx

= 
2
x2

 – 2x + 3 log |x + 1| + 
1x

1
+

 + C

(7) ∫ +
+

dcx
bax

 dx = c
a

 ∫ +

⎟
⎠
⎞

⎜
⎝
⎛ −−+

dcd
a
bcd)dcx(

 dx

= c
a

 ∫dx  – c
a

 
dcx
a
bcd

+

⎟
⎠
⎞

⎜
⎝
⎛ −

 dx = c
ax

 – ⎟
⎠

⎞
⎜
⎝

⎛ −
2c
bcad

 log |cx  + d| + C

Example : 3
Evaluate the following integrals

Hint : Use ∫ n)]x(f[  f′(x) dx = 
1n

)]x(f[ 1n

+

+

 + C

(1) ∫
−

−

2

31

x1

)x(sin
 dx = 

4
1

 (sin–1x)4 + C

(2) ∫ dxxtanxsec4  = ∫ dx)xtanx(secxsec3  = 
4

xsec4
 + C

(3) ∫ x
xlogn

 dx = 
1n

xlog 1n

+

+

 + C

(4) ∫ + 32 )1x(
x

 dx = 
2
1

 ∫ + 32 )1x(
1

 2x dx = 
2
1

 
2

)1x( 22

−
+ −

 + C

(5) ∫ dxxcosxsin5  = 
6

xsin6

 + C

Example : 4
Evaluate the following integrals

Hint : Use ∫
′

)x(f
)x(f

 dx = log |f(x)| + C

(1) ∫ + 4

3

x1
x

 dx = 
4
1

 ∫ + 4

3

x1
x4

 dx = 
4
1

 log |1 + x4| + C
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(2) ∫ −

−

+

−
xx

xx

ee
ee

 dx = log |ex + e–x| + C

(3) ∫ −

+

1e
1e

x

x

 dx  = ∫ −

−

−

+
2/x2/x

2/x2/x

ee
ee

 = 2 ∫ −

−

−

+

2/x2/x

2/x2/x

ee

e
2
1e

2
1

 = 2 log |ex/2 – e–x/2| + C

(4) ∫ + )1x(
x
2

3

 dx = ∫ +

+
22

3

)1x(
xx

dx – ∫ + 22 )1x(
dxx

 = ∫ +1x
x

2  dx – ∫ + 22 )1x(
x

 dx

= 
2
1

 ∫ −1x
x2

2  dx – 
2
1

 ∫ + 22 )1x(
x2

 dx = 
2
1

 log |x2 + 1| – 
2
1

 ⎟
⎠

⎞
⎜
⎝

⎛
+

−

1x
1

2  + C

(5) ∫ + xbea
dx

 = ∫ +−

−

bae
e

x

x

 dx – a
1
∫ +

−
−

−

bae
ae

x

x

 dx = – a
1

 log |ae–x + b| + C

(6) ∫ −
+

1xtan
1xtan

 dx = ∫ −
+

xcosxsin
xcosxsin

 dx = log |sin x – cos x| + C

(7) ∫ + )xtanxlog(sec
xsec

 dx = log | log (sec x + tan x) | + C

Note that dx
d

 log (sec x + tan x) = sec x

(8) ∫ +

−

)1x(x
1x

2

2

 dx ∫
+

−

x
1x

x
11 2

 dx  = log x
1x +  + C

(9) ∫ + xx
dx

 = ( )∫ +1xx
dx

 = 2  ( )∫ +1x
x2

1

 dx  = 2 log | x  + 1| + C

(10) ∫ −+ 214 xtan)1x(
x

 dx = 
2
1

 ∫ −
+

xtan
x1
x2

1

4
 dx  = 

2
1

 log |tan–1 x2| + C

(11) ∫ xloglogxlogx
dx

 = ∫ xloglog
xlogx

1

 dx = log |log log x| + C

(12) ∫ + xsin1
x2sin
2  dx = log |1 + sin2x| + C

(13) ∫ +

+ −−

ex

1e1x

xe
xe

 dx = e
1

 ∫ +

+ −

ex

1ex

xe
exe

 dx = e
1

 log |ex + xe| + C
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Example : 5
Evaluate

(1) ∫ dxxsin2 (2) ∫ dxxsin3 (3) ∫ dxxsin4 (4) ∫ dxxcosxsin 44

Hint : Reduce the degree of integral and to one by transforming it into multiple angles of sine and cosine.
Solution

(1) ∫ dxxsin2  = ∫
−

2
x2cos1

 dx = 
2
1

 ⎥⎦

⎤
⎢⎣

⎡ −
2

x2sinx  + C

(2) ∫ dxxsin3  = ∫
−
4

x3sinxsin3
 dx = 

4
1

 [ ]dxdxx2sindxxsin3∫ ∫−  = 
4
1

 ⎥⎦

⎤
⎢⎣

⎡ +−
3

x3cosxcos3  + C

= 
4
3−

 cos x + 
12
1

 cos 3x + C

(3) ∫ dxxsin4  = ∫ ⎟
⎠

⎞
⎜
⎝

⎛ − 2

2
x2cos1

 dx = 
4
1

 ∫ − )x2cos21(  dx + 
4
1

 ∫ )dxx2(cos2

= 
4
x

 – 
4
1

 sin 2x + 8
1

 ∫ + dx)x4cos1(

= 
4
x

 – 
4
1

 sin 2x + 8
x

 + 32
x4sin

 + C

(4) ∫ dxxcosxsin 44  = 16
1

 ∫ x2sin4 . Now proceed on the pattern of ∫ dxxsin4

Example : 6
Evaluate :

(1) ∫ + xsin1
dx

(2) ∫ + xcos1
dx

Solution

(1) ∫ + xsin1
dx

 =  ∫
−

xcos
xsin1

2  dx = ∫ dxxsec2  – ∫ dxxtanxsec  = tan x – sec x + C

Alternative Method

∫ + xsin1
dx

 = ∫
⎟
⎠
⎞

⎜
⎝
⎛ −
π

+ x
2

cos1

dx
 = ∫

⎟
⎠
⎞

⎜
⎝
⎛ −
π

2
x

4
cos2

dx
2

 = 
2
1 ∫ ⎟

⎠

⎞
⎜
⎝

⎛ π
−

π
24

sec2
 dx = 

2
1

 2/1
2
x

4
tan

−

⎟
⎠
⎞

⎜
⎝
⎛ −
π

 + C

= – tan ⎟
⎠

⎞
⎜
⎝

⎛ −
2
x

4
x

 + C

(2) ∫ + xcos1
dx

 = ∫
−

xsin
xcos1

2  = ∫ dxxeccos 2  – ∫ dxxcotxeccos  = – cot x + cosec x + C

Alternative Method

∫ + xcos1
dx

 = ∫ 2/xcos2
dx

2  = 
2
1

 ∫ 2
xsec2  dx =

2
1

 
2/1

2/xtan
 + C = tan

2
x

 + C
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Example : 7
Evaluate :

(1) ∫ dxx3sinx2sin (2) ∫ dxx5cosx4sinx2sin (3) ∫ dxxcosxsin 22

Hint : Apply trigonometric formulas to convert product form of the integrand into sum of sines and cosines of
multiple angle

Solution

(1) ∫ dxx3sinx2sin  = 
2
1 ∫ dxx3sinx2sin2  =  

2
1

 ∫ − )x5cosx(cos  dx = 
2
1

 sin x – 10
1

 sin 5x + C

(2) ∫ dxx5cosx4cosx2sin  = 
2
1 ∫ )x4cosx2sin2(  cos 5x dx

= 
2
1

 ∫ − )x2sinx6(sin  cos 5x dx = 
4
1

 ∫ dxx5cosx6sin2  – 
4
1

 ∫ dxx5cosx2sin2

= 
4
1

 ∫ + dx)xsinx11(sin  – 
4
1

 ∫ − dx)x3sinx7(sin

= – 
4
1

 
11

x11cos
 – 

4
1

 cos x + 
4
1

 
7

x7cos
 – 

4
1

 3
x3cos

(3) ∫ dxxcosxsin 22  = 
4
1

 dxx2sin2∫  = 
4
1

 ∫
−

2
x4cos1

 dx = 8
1

 ⎟
⎠

⎞
⎜
⎝

⎛ −
4

x4sinx  + C

Example : 8

Evaluate : ∫ + xcosbxsina
dx

Solution

∫ + xcosbxsina
dx

 = 22 ba

1

+
 ∫

+
+

+
xcos

ba

bxsin
ba

a
dx

2222

= 22 ba

1

+
 ∫ α+α sinxcoscosxsin

dx
where α = tan–1 (b/x)

= 22 ba

1

+
 ∫ α+ dx)x(eccos

= 22 ba

1

+
 log | cosec (x + α) – cot (x + α)| + C where α = tan–1 (b/a)

Example : 9

Evaluate ∫ + dx)xecos()1x(e xx

Solution
The given integral is in terms of the variable x, we can simplify the integral by connecting it in the terms of
another variable t using substitution
Here let us put x ex = t
and hence xex dx + ex dx = dt

⇒ ex (x + 1) dx = dt
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The given integral = ∫ + ]dx)1x(e)[xecos( xx  = ∫ dttcos  = sin t + C = sin (x ex) + C

Note that the final result of the problem must be in terms of x.

Example : 10
Evaluate :

(1) ∫ + 6

2

x1
x

 dx (2) 3 xx
dx
+

(3) ∫ + x1
x2

 dx

Solution
(1) Let x3 = t ⇒ 3x2 dx = dt

⇒ ∫ + 6

2

x1
dxx

 = 3
1
∫ + 6

2

x1
dxx3

 = 3
1 ∫ + 2t1

dt
 = 3

1
 tan–1 t + C = 3

1
tan–1 x3 + C

(2) 3 x  indicates that we should try x = t3

⇒ dx = 3t2 dt

⇒ ∫ + 3 xx
dx

 = ∫ + tt
dtt3

3

2

 = 3 ∫ +1t
dtt

2  = 
2
3

 ∫ +1t
dtt2

2  = 
2
3

 log |t2 + 1| + C = 
2
3

 log |x2/3 + 1| + C

(3) Let 1 + x = t2 ⇒ dx = 2t dt

⇒ ∫ + x1
x2

 dx = ∫
−

2

22

t

)1t(
 2t dt = ∫

−+
t

t21t 24

 2t dt

= 2 
5
t5

 + 2t – 
3
t4 3

 + C = 5
2

 (1 + x)5/2 + 2 x1+  – 3
4

 (1 + x)3/2 + C

Example : 11

(1) ∫ +

−+

1a
a

x2

atanx x1

 dx (2) ∫ θθθ dcossin 3 (3) ∫ − 3x1
x

 dx

Solution

(1) The given integral can be written as  : ∫ +

−+

1a
a

x2

atanx x1

 dx

Let tan–1 ax = t

⇒ x2a1
1

+
 ax log a dx = dt

⇒ Ι = ∫ +

−

)a1(alog
dxalogaa

x2

xatan x1

 = ∫ alog
dtat

⇒ Ι = alog
1

 alog
at

 + C

⇒ Ι = 2

atan

)a(log
a

x1−

 + C

(2) Let sin θ = t2 ⇒ cos θ dθ = 2t dt

⇒ ∫ θθθ dcossin 3  = ∫ θsin  (1 – sin2θ) cos θ dθ



Page # 7.

= ∫ 2t  (1 – t4) 2t dt = 2 ∫ − )tt( 62  dt

= 
3
t2 3

 – 
7
t2 7

 + C = 3
2

 (sin θ)3/2 – 
7
2

 (sin q)7/2 + C

(3) The given integral is Ι = ∫
− 3x1

dxx

x  appears in the derivative of x3/2

hence, let x3/2 = t ⇒ 3/2 x  dx = dt

⇒ Ι = 3
2

 ∫
− 3x1

dxx
2
3

 = 3
2

 ∫
− 2t1

dt
 = 3

2
 sin–1 t + C = 3

2
 sin–1 x3/2 + C

Example : 12
Evaluate the following integrals

(1) ∫ dxxtan2  = ∫ − dx)1x(sec2  = tan x – x + C

(2) ∫ dxxtan3  = ∫ − )1x(secxtan 2  dx = ∫ dxxsecxtan 2  – ∫ dxxtan  = 
2

xtan2
 – log |sec x| + C

(3) ∫ dxxtan4  = ∫ − )1x(secxtan 22  dx = ∫ )dxx(secxtan 22  – ∫ dxxtan2

= 
3

xtan3

 – ∫ dxxsec2  + ∫ =
3

xtandx
3

 – tan x + x + C

(4) ∫ dxxsec4  = ∫ dxxsecxsec 22  = ∫ + )xtan1( 2  sec2x dx

= ∫ + )t1( 2  dt = t + t3/3 + C = tan x = 
3

xtan3

 + C

Example : 13
Evaluate  :

(1) ∫ dxxcosxsin 43 (2) ∫ dxxsin5

Solution

(1) ∫ dxxcosxsin 43  = )dxx(sinxcosxsin 42∫
= – ∫ − dtt)t1( 42 where t = cos x

= 
7
t7

 – 
5
t5

 + C = 
7

x7cos
 – 

5
xcos5

 + C
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(2) ∫ dxxsin5  = sin4 x sin x dx = – ∫ − 22 )xcos1(  (–sin x dx)

= – ∫ − dt)t1( 22 where t = cos x

= – ∫ −+ dt)t2t1( 24  – t – 
5
t5

 + 
3
t2 3

 + C

= – cos x – 
5

xcos5

 + 3
2

 cos3 x + C

Example : 14

Type : ∫ ++ cbxax
dx

2

(1) ∫ ++ 1xx
dx

2  = ∫
+++

4
1

4
3x

2
12x

dx
2

 = ∫
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛ +

22

2
3

2
1x

dx

= 2/3
1

 tan–1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +

2/3
2/1x

 + = 3
2

 tan–1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +

3
1x2

 + C

(2) ∫ −− 2x2x41
dx

 = 
2
1

 ∫ +− )x2x(2/1
dx

2  = 
2
1

 ( )∫
+− 22

)1x(2/3

dx

= 
2
1

 2/32
1

 log  )1x(2/3
1x2/3

+−

++
 + C

= 62
1

 log 2x23
2x23

−−

++
 + C

(3) ∫ ++ 1x6x
dx

2  = ∫ −++ 89x6x
dx

2  = ( )∫
−+

22 22)3x(

dx
 = ( )222

1
 log 223x

223x
++

−+
 + C

Example : 15

Type : ∫
++ cbxax

dx
2

(1) Let Ι = ∫
++ cbxax

dx
2

Treat 1 – x – x2 as 1 – (x + x2) = 1 – (x2 + x + 1/4) + 1/4 = 5/4 – (x + 1/2)2

⇒ Ι = ∫
⎟
⎠
⎞

⎜
⎝
⎛ +−

2

2
1x

4
5

dx
 = sin–1 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +

2/5
2/1x

 = sin–1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +

5
1x2

 + C
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Let Ι = ∫
++ 2x6x2

dx
2

Now 2x2 + 6x + 2 = 2 (x2 + 3x + 1) = 2 ⎟
⎠

⎞
⎜
⎝

⎛ +−++ 1
4
9

4
9

2
x6x2  = 2 ⎥

⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎟

⎠

⎞
⎜
⎝

⎛ +
4
5

2
3x

2

This is in the form x2 – a2.

⇒ Ι = 2
1

 ∫ −+ 4/5)2/3x(

dx
2  = 2

1
 log 4/5)2/3x(

2
3x 2 −+++  + C

Example : 16

Type : ∫ ++ cbxax2  dx

Let Ι = ∫ ++ 1x5ax2  dx = ∫ −+ 4/21)2/5x( 2  dx

= 
2

2/5x +
 1x5x2 ++  – 8

21
 log 4/21)2/5x(2/5x 2 −+++  + C

= 
4

5x2 +
 1x5x2 ++  – 8

21
 log 1x5x2/5x 2 ++++  + C

Example : 17

Evaluate ∫
++

+

1x4x

1x3
2  dx

Solution
The linear expression in the numerator can be expressed as 3x + 1 = l d/dx (x2 + 4x + 1) + m
⇒ 3x + 1 = l (2x + 4) + m
comparing the coefficients of x and x0,

3 = 2l and 1 = 4 l + m
⇒ l = 3/2 and m = – 5

⇒ Ι = ∫
++

+

1x4x

1x3
2  = ∫

++

−+

1x4x

5)4x2(2/3
2

 dx  = 
2
3

 ∫
++

+

1x4x

4x2
2  – 5 ∫

++ 1x4x

dx
2

Let Ι1 = 
2
3

 ∫
++

+

1x4x

4x2
2  = 

2
3

 ∫ t
dt

(where t = x2 + 4x + 1)

= t3  + C = 3 1x4x2 ++  + C

Let Ι2 = 5 
1x4x

dx
2 ++

 = 5 ∫
−+ 3)2x(

dx
2

 =  5 log 3)2x(2x 2 −+++  + C

⇒ Ι = Ι1 – Ι2 = 3 1x4x2 ++  – 5 log 1x4x2x 2 ++++  + C
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Example : 18

Evaluate : ∫ ++

+−

2xx2
1xx

2

2

 dx

Solution
Express numerator in terms of denominator and its derivative
Let x2 – x + 1 = l (2x2 + x + 2) + m (4x + 1) + n
⇒ 1 = 2l – 1 = l + 4m 1 = 2l + m + n

⇒ 1 = ∫ ++

+−

2xx2
1xx

2

2

 dx  = ∫ ++

++−++

2xx2
8/3)1x4(8/3)2xx2(2/1

2

2

 dx

= 
2
1

 ∫  dx – 8
3

 ∫ ++

+

2xx2
1x4

2  dx + 8
3

 ∫ ++ 2xx2
dx

2

= 
2
x

 – 8
3

 log |2x2 + x + 2| + 8
3

 Ι1 where Ι1 = ∫ ++ 2xx2
dx

2

= 
2
1

 ∫ +−++ 116/116/1x2/1x
dx

2  + 
2
1

 ∫ ++ 16/15)4/1x(
dx
2

= 
2
1

 4/15
1

 tan–1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +

4/15
4/1x

 + C = 15
2

 tan–1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +

15
1x4

 + C

= 
2
x

 – 8
3

 log |2x2 + x + 2| + 154
3

 tan–1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +

15
1x4

 + C

Example : 20

∫ + xcos4xsin3
dx

22

Solution

∫ + xcos4xsin3
dx

22  = ∫ + 4xtan3
xsec

2

2

 dx = ∫ + 4t3
dt
2 where t = tan x

= 3
1

 ∫ + 22 )3/2(t
dt

 = 3
1

 3/2
1

 tan–1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

3/2
t

 + C

= 32
2

 tan–1 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
xtan

2
3

 + C

Example : 21
Evaluate :

(1) ∫ + xsin54
dx

(2) ∫ + xcosba
dx

where a, b > 0

Solution

(1) Ι = ∫ + xsin54
dx

Put tan 
2
x

 = t ⇒ x = 2 tan–1t

⇒ cos x = 2

2

t1
t1

+

−
; sin x = 2t1

t2
+

; dx 2t1
dt2
+
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⇒ Ι = ∫
⎟
⎠
⎞

⎜
⎝
⎛

+
+

+

2

2

t1
t254

t1
dt2

 = ∫ ++ 4t10t4
dt2

2  = 
2
1

 ∫ ++ 1t2/5t
dt

2

= 
2
1

 ∫ −+ 16/9)4/5t(
dt

2  = 
2
1

 4/32
1

×
 log 4/34/5t

4/34/5t
++
−+

 + C

= 3
1

 log 8t4
2t4

+
+

 + C = 3
1

 log 
4

2
xtan2

1
2
xtan2

+

+
 + C

(2) ∫ + xcosba
dx

 where a, b > 0

Let tan x/2 = t

⇒ Ι = ∫ + xcosba
dx

 = ∫
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
−+

+

2

2

2

t1
t1ba

t1
dt2

⇒ ∫ −++ 2t)ba()ba(
dt2

Case – 1 Let a = b

⇒ Ι = ∫ + ba
dt2

 = ba
t2
+

 = ba
2
+

 tan 
2
x

 + C

Case – 2 Let a > b

⇒ Ι = ba
1
−

 ∫
+

−
+ 2t

ba
ba
dt2

= ba
2
−

 ba
ba

+
−

 tan–1 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
−

ba
bat  + C

= 22 ba

2

−
 tan–1 ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
−

ba
ba

2
xtan  + C

Case – 3 Let a < b

⇒ Ι = ∫ −−+ 2t)ab()ba(
dt2

 = ab
2
−

 ∫
−

−
+ 2t

ab
ab
dt

= ab
2
−

 
ab
ab

+

−
 log 

t
ab
ab

t
ab
ab

−
−
+

+
−
+

 + C

= 22 ab

1

−
 log 

2
xtanabab

2
xtanabab

−−+

−++
 + C
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Example : 22

Evaluate : ∫ +
+

xcos4xsin
xcos3xsin2

 dx

Solution
Express numerator as the sum of denominator and its derivative
Let 2 sin x + 3 cos x = l (sin x + 4 cos x) + m (cos x – 4 sin x)
comparing coefficients of sin x and cos x

2 = l – 4m, 3 = 4 l + m
⇒ l = 14/17 m = –5/17

⇒ Ι = ∫ +
+

xcos4xsin
xcos3xsin2

 dx

⇒ I = 
17
14

 ∫ +
+

xcos4xsin
xcos4xsin

 dx – 
17
5

 ∫ +
−

xcos4xsin
xsin4xcos

 dx

⇒ Ι = 
17
14

 x – 
17
5

 log  |sin x + 4 cos x) + C

Example : 23
Evaluate

(1) ∫ +

+

1x
1x

4

2

 dx (2) ∫ +

−

1x
1x

4

2

 dx

Solution

(1) Let Ι1 = ∫ +

+

1x
1x

4

2

 dx = ∫
+

+

2
2

2

x
1x

x
11

 dx  = ∫
+⎟

⎠
⎞

⎜
⎝
⎛ −

+

2
x
1x

x
11

2

2
 dx = ∫ + 2t

dt
2

where t = x – 
x
1

 = 2
1

 tan–1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

2
t

 + C = 2
1

 tan–1 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −

2x
1x2

 + C

(2) Let Ι2 = ∫ +

−

1x
1x

4

2

 dx = ∫
+

−

2
2

2

x
1x

x
11

 dx  = ∫
−⎟

⎠
⎞

⎜
⎝
⎛ +

−

2
x
1x

x
11

2

2
 dx

Let Ι2 = ∫ − 2t
dt

2 where t = x + 
x
1

 = 22
2

 log 2t
2t

+

−
 + C

= 22
1

 log 12xx
12xx

2

2

++

+−
 + C
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Example : 24

Evaluate : ∫
++

−

1x)1x(

1x
42

2

 dx

Solution
The given integral is

Ι = ∫
++

−

2

42

2

x
1x

x
1x

x
11

 dx = ∫
+⎟

⎠
⎞

⎜
⎝
⎛ +

−

2
2

2

x
1x

x
1x

x
11

 dx = ∫
− 2tt

dt
2 where x + 

x
1

 = t

⇒ Ι = 2
1

 sec–1 2
t

 + C = 2
1

 sec–1 2x
1x2 +

 + C

Example : 25

Evaluate : ∫ dxxcosx

Solution

Ι = ∫ 1part
x

 2part
dxcos

 = x ∫ dxxcos  – [ ]∫ ∫ dxxcos  dx

⇒ Ι = x sin x – ∫ dxxsin  = x sin x + cos x + C

Example : 26
Study the following examples carefully

(1) ∫ dxxsecx 2 = x ∫ dxxsec2  – ∫ dxxtan = x tan x – log |sec x| + C

(2) ∫ − dxsin 1 = sin–1 dx∫  – dx
x1

1x
2∫

−
 = x sin–1x – 

2
1

 ∫
− 2x1

x2
 dx

= x sin–1x + 
2
1

 ∫ t
dt

where Ι – x2 = t

= x sin–1 x + 
2
1

 2 t  + C = x sin–1 x + 2x1−  + C

(3) ∫ − dxxtan 1 = tan–1 dx∫  – ∫ + 2x1
x

 dx

= x tan–1 x – 
2
1

 log |1 + x2| + C

(4) ∫ dxex x = x ∫ dxex  – ∫ dxex  = x ex – ex + C

(5) ∫ dxxlog = log x ∫ dx  – ∫ x  
x
1

 dx = x log x – x + C
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(6) ∫ dxxsinx2 = x2 ∫ dxxsin  – ∫ − dxx2)xcos(

= – x2 cos x + 2 ∫  x cos x dx

= – x2 cos x + 2 [ ]∫ ∫− dxxsindxxcosx

= – x2 cos x + 2 x sin x + 2 cos x + C

Example : 27

Evaluate :  ∫ − dxsinx 1

Solution

∫ − dxsinx 1 = sin–1 x ∫ dxx  – ∫
− 2

2

x12

dxx
 = 

2
x2

 sin–1 x + 
2
1

 ∫
−

−−
2

2

x1

1x1
 dx

= 
2
x2

 sin–1 x + 
2
1

 ∫ − dxx1 2  – 
2
1

 ∫
− 2x1

dx

= 
2
x2

 sin–1 x + 
2
1

 ⎥⎦

⎤
⎢⎣

⎡ +− − xsin
2
1x1

2
x 12

 – 
2
1

 sin–1 x + C

Example : 28
Evaluate : ex sin x dx

Solution

Let Ι = ∫ dxxsinex

⇒ Ι = ∫ dxexsin x  = sin x ∫ dxex  – ∫ ]dxx[cosex

⇒ Ι = ex sin x – ∫ dxexcos x

⇒ Ι = ex sin x – [cos x ∫  ex dx – ∫  ex  (– sin x dx]

⇒ Ι = ex (sin x – cos x) – ∫  ex sin x dx
⇒ Ι = ex (sin x – cos x) – Ι
⇒ Ι + Ι = ex (sin x – cos x)
⇒ Ι = ex/2 (sin x – cos x) + C

Example : 29

Evaluate : ∫ dxxsec3

Solution

Let Ι = ∫ dxxsec3  = ∫ dxxsecxsec 2  = sec x ∫ ∫− dx)xtanx(secxtanxsec2

⇒ Ι = sec x tan x – ∫ − )1x(secxsec 2  dx = sec x tan x – ∫ ∫+ dxxsecdxxsec3

⇒ Ι = sec x tan x – Ι + log |sec x + tan x|
⇒ Ι = 1/2 [sec x tan x + log| sec x + tan x| + C
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Example : 30

Evaluate : (1) ∫ ⎥⎦

⎤
⎢⎣

⎡
+
+

x2cos1
x2sin2ex

 dx (2) ∫ + 2

x

)x1(
xe

 dx

(3) ∫ +

+
2

2x

)1x(
)1x(e

 dx (4) dx
xlog

1)x(loglog∫ ⎥
⎦

⎤
⎢
⎣

⎡
+

Solution

(1) Ι = ∫ ⎥⎦

⎤
⎢⎣

⎡
+
+

x2cos1
x2sin2ex

 dx

⇒ Ι = ∫ ⎥⎦

⎤
⎢⎣

⎡
+

+
+

dx
x2cos1

x2sin
x2cos1

2ex

⇒ Ι = ex ⎥⎦

⎤
⎢⎣

⎡ +
xcos2

xcosxsin2
xcos2

2
22  dx = ∫ xe  [sec2 + tan x] dx

⇒ Ι = ∫ +=+ Cxtanedx]xsecx[tane x2x

(2) Ι = ∫ + 2

x

)x1(
xe

 dx = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+

−+
2)x1(
1x1

 dx

⇒ Ι = ∫ ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
−

+ 2
x

)x1(
1

x1
1e  dx = ex ⎟

⎠

⎞
⎜
⎝

⎛
+ x1
1

 + C

(3) Ι = ∫ +

+
2

2x

)1x(
)1x(e

 dx = ∫ ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
+

+

−
22

2

)1x(
2

)1x(
1x

 dx

⇒ Ι = ∫ ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
+

+
−

2
x

)1x(
2

1x
1xe  dx

We now se that dx
d

 ⎟
⎠

⎞
⎜
⎝

⎛
+
−

1x
1x

 = 2)1x(
)1x()1x(

+
−−+

 = 2)1x(
2
+

⇒ I = ex ⎥⎦

⎤
⎢⎣

⎡
+
−

1x
1x

 + C

(4) Ι = ∫ ⎥
⎦

⎤
⎢
⎣

⎡
+ dx

xlog
1)x(loglog

Substitute log x = 1 ⇒ x = et and dx = et dt

⇒ = ∫ ⎟
⎠

⎞
⎜
⎝

⎛ +
t
1tlog  et dt = et log t + C

⇒ = elogx log log x + C = x log log x + C
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Example : 31

Evaluate : ∫ +− )3x2()1x(
dxx2

Solution

Let Ι = ∫ +− )3x2)(1x(
dxx2

The degree of numerator is not less than the degree of denominator. Hence we divide N by D.

)3x2)(1x(
x2

+−
 = quotient + )3x2)(1x(

remainder
+−  = 

2
1

 + 
)3x2)(1x(

2
3x

2
1

+−

+−
 = 

2
1

 + 
2
1

 )3x2)(1x(
x3
+−

−

We now split )3x2)(1x(
x3
+−

−
 in two partial fractions.

Let f(x) = )3x2)(1x(
x3
+−

−
 = 

1x
A
−

 + 3x2
B
+

where A and B are constants.

Equating the numerators on both sides :
3 – x = A (2x + 3) + B (x – 1)

Now there are two ways to calculate A and B.
1. Comparing the coefficients of like terms
2. Substituting the appropriate values of x.
Method 1 :
Comparing the coefficients of x and x0, we get :

– 1 = 2A + B and 3 = 3A – B
On solving we have a = 2/5 B = –9/5
Method 2 :
In 3 – x = A(2x + 3) + B (x – 1), pur x = 1, – 3/2
x = 1 ⇒ 3 – 1 = 5A ⇒ A = 2/5
x = –3/2 ⇒ 3 + 3/2 = B (–3/2 – 1) ⇒ B = –9/5
Hence finally we have :

f(x) = 1x
5
2

−
 + 

3x2
5
9

+

−

⇒ Ι = ∫ ⎥⎦

⎤
⎢⎣

⎡ + dx)x(f
2
1

2
1

⇒ Ι = 
2
x

 + 
2
1

 ∫ −1x
5
2

 dx + 
2
1

 ∫ +

−

3x2
5
9

 dx

⇒
2
x

 + 5
1

 log |x – 1| – 20
9

 log |2x + 3| + C
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Example : 32

Evaluate : ∫ −−+
−

)3x)(2x)(1x2(
dx)1x(

Solution

Let f(x) = )3x)(2x)(1x2(
1x

−−+
−

 = 
1x2

A
+

 + 
2x

B
−

 + 3x
C
−

⇒ A = 
2
1x)3x)(2x(

1x

−=
⎥
⎦

⎤
−−

−
 = – 35

6

⇒ B = 
2x)3x)(1x2(

1x

=
⎥
⎦

⎤
−+

−
 = – 5

1

⇒ C = 
3x)2x)(1x2(

1x

=
⎥
⎦

⎤
−+

−
 = 

7
2

⇒ ∫ )x(f  dx = 35
6−

 ∫ +1x2
dx

 – 5
1

 ∫ − 2x
dx

 + 
7
2

 ∫ − 3x
dx

= – 35
3

 log |2x + 1| – 5
1

 log |x – 2| + 
7
2

 log |x – 3| + C

Example : 33

Evaluate : 
( )

( )∫ −θ−θ

θ+θ

)3(cos1cos
sin1cos

2

Solution
Let cos θ = x ⇒ – sin θ dθ = dx

⇒ Ι = – ∫ −−
+

)3x()1x(
1x

2  dx

Let f(x) = ∫ −−
+

)3x()1x(
1x

2  = 
1x

A
−

 + 2)1x(
B
−  + 3x

C
−

Equating numerator on both sides,
⇒ x + 1 = A (x – 1) (x – 3) + B (x – 3) + C(x – 1)2

By taking x = 1, we get B = – 1
By taking x = 3, we get C = 1
Comparing the coefficient of x2 , we get,

0 = A + C ⇒ 0 = A + 1 ⇒ A = – 1

⇒ Ι = – ∫ dx)x(f = – 
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
+

−

−
+

−
−

∫ ∫ ∫ dx
3x

1dx
)1x(

1dx
1x

1
2

⇒ Ι = log |x – 1| – 
1x

1
−

 – log |x – 3| + C

⇒ Ι = log 3x
1x

−
−

 – 
1x

1
−

 + C

⇒ Ι = log 3cos
1cos

−θ
−θ

 – 1cos
1
−θ

 + C
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Example : 34

Evaluate : ∫ +1x
dx
3

Solution

Let f(x) = 
1x

1
3 +

 = 

)1xx)(1x(
1
2 +−+

⇒ f(x) = )1xx)(1x(
1
2 +−+  = 

1x
A
+

 + 
1xx

CBx
2 +−

+

⇒ 1 = a (x2 – x + 1) + (Bx + C) (x + 1)
Comparing the coefficients of x2 , x, x0 :

0 = A + B, 0 = – A + B + C 1 = A + C
⇒ A = 1/3C = 2/3 B = –1/3

⇒ f(x) = 1x
3
1

+  + 
1xx

3
2

3
x

2 +−

+−

Let Ι1 = 3
1

 ∫ +1x
dx

 = 3
1

 log |x + 1| + C1

Let Ι2 = ∫ +−

+−

1xx
3
2x

3
1

2  dx = 3
1

 ∫ +−
−

1xx
x2

2  dx

Express the numerator in terms of derivative of denominator.

⇒ Ι2  = – 6
1

 ∫ +−
−

1xx
4x2

2  dx

⇒ Ι2  = – 6
1

 ∫ +−

−

1xx
1x2

2  dx  + 
2
1

 ∫ +− 1xx
dx

2

⇒ Ι2 = – 6
1

 log |x2 – x + 1| + 
2
1

 ∫
+⎟

⎠
⎞

⎜
⎝
⎛ −

4
3

2
1x

dx
2

⇒ Ι2 = – 6
1

 log |x2 – x + 1| + 32
2

 tan–1 
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛
−

2
3
2
1x

 + C2

⇒ Ι2 = – 6
1

 log |x2 – x + 1| + 3
1

 tan–1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −

3
1x2

 + C2

⇒ ∫ +1x
dx
3  = ∫ Ι+Ι= 21dx)x(f  = 3

1
 log |x + 1| – 6

1
 log |x2 – x + 1| + 3

1
 tan–1 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −

3
1x2

 + C

3
1

 log 
1xx

1x
2 +−

+
 + 3

1
 tan–1 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −

3
1x2

 + C
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Example : 35

Evaluate : ∫ −1x
dxx

4

2

Solution

∫ −1x
dxx

4

2

 = ∫ +− )1x)(1x(
dxx

22

2

)1x)(1x)(1x(
x

2

2

++−
 = 

1x
A
−

 + 
1x

B
+

 + 
1x
DCx

2 +
+

As the function contains terms of x2 only, substitute x2 = t and then make partial fractions

)1t)(1t(
t
+−  = 1t

A
−

 + 1t
B
+

⇒ t = A (t + 1) + B (t – 1)

Put t = ± 1 to get A = 1/2, B = 1/2

⇒ )1t)(1t(
t
+−  = 

1t
2
1

−
 + 

1t
2
1

+

Convert t = x2 again before integrating

⇒ Ι = ∫ +− )1x)(1x(
dxx

22

2

 = ∫ − )1x(
2/1

2  dx + ∫ +1x
2/1

2  dx

= 
2
1

2
1

 log 1x
1x

+
−

 + 
2
1

 tan–1 x + C

Example : 36

Evaluate ∫ ++ 2x)1x(
dx

Solution

Let Ι = ∫ ++ 2x)1x(
dx

Substitute : x + 2 = t2 ⇒ dx = 2t dt

⇒ ( )∫ ++ 2x1x
dx

 = ∫
− 22 t)1t(

dtt2
 = 2 ∫ −1t

dt
2  = 

2
2

 log 1t
1t

+
−

 + C = log 12x
12x

++

−+
 + C

Example : 37

Evaluate : ∫ −+− 1x)2x3x(
x

2  dx

Solution
Let x – 1 = t2 ⇒ dx = 2t dt

⇒ Ι = ∫ ++−+

+

2)1t(3)1t(
)1t(
222

2

 2t

dtt2
 = 2 ∫ −

+
44

2

tt
dt)1t(
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⇒ Ι = 2 ∫ −

+

)1t(t
1t

22

2

 dt = ∫ ⎟
⎠

⎞
⎜
⎝

⎛ −
− 22 t

1
1t

2
 dt = 4 ∫ −1t

dt
2  – 2 ∫ 2t

dt

⇒ Ι = 
2
4

 log 1t
1t

+
−

 + t
2

 + C

⇒ Ι = 2 log 11x
11x

+−

−−
 + 1x

2
−

 + C

Example : 38

Evaluate : ∫
++ 2x)1x(

dx
22

Solution

Let I = ∫
++ 2x)1x(

dx
22

Substitute : x = t
1

⇒ dx = 2t
1

 dt

⇒ Ι = ∫
+⎟

⎠
⎞

⎜
⎝
⎛ +

−

2
t
11

t
1

dt
t
1

22

2

 = ∫
++

−
22 t21)t1(

dtt

Let 1 + 2 t2 = z2 ⇒ 4t dt = 2z dz

⇒ Ι = 
2
1−

 ∫
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −+ 2
2

z
2

1z1

dzz
 = ∫ +1z

dz
2  = – tan–1 z + C

⇒ Ι = – tan–1 2t21+  + C = – tan–1 2x
21+  + C

Example : 39

Evaluate : ∫
+++ 7x6x)2x(

dx
2

Solution

Let Ι = ∫
+++ 7x6x)2x(

dx
2

Substitute : x + 2 = t
1

⇒ dx = – 2t
1

⇒ x2 + 6x + 7 = 
2

2
t
1

⎟
⎠

⎞
⎜
⎝

⎛ −  + 6 ⎟
⎠

⎞
⎜
⎝

⎛ − 2
t
1

 + 7 = 2

2

t
tt21 −+
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⇒ Ι = ∫ −− 2)1t(2

dt
 = – sin–1 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −

2
1t

 + C

⇒ Ι = sin–1 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+

+

2)2x(
1x

 + C

Example : 40

Evaluate : ∫ +++ 1x1x
dx

3

Solution

Let Ι = ∫ +++ 1x1x
dx

3 ⇒ Ι = ∫ +++ 2/13/1 )1x()1x(
dx

The least common multiple of 2 and 3 is 6
So substitute x + 1 = t6 ⇒ dx = 6t5 dt

⇒ Ι = ∫ + 32

5

tt
dtt6

 = 6 ∫ + t1
dtt3

⇒ Ι = 6 ∫ ⎟
⎠

⎞
⎜
⎝

⎛
+

−+−
t1

11tt2
 dt

⇒ Ι = 6 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+−+− )1tlog(t

2
t

3
t 23

 + C

On substituting t = (1 + x)1/6 , we get

Ι = 6 ( )⎟⎟
⎠

⎞
⎜
⎜
⎝

⎛
++−++

+
−

+ 1)1x(log)x1(
2

)x1(
3

)x1( 6/16/1
3/12/1

 + C

Example : 41

Evaluate : ∫ + 2/12/52/13 )x1(x  dx

Solution

Let Ι = ∫ + 2/12/52/13 )x1(x  dx

Comparing with integral of type 5.6, we can see that p = 1/2 which is not an integer.
So this integral does not belong to type 5.6 (i).
Check the sign of (m + 1)/n

n
1m +

 = 
2
5

1
2

13
+

 = 5
15

 = 3 ⇒ (m + 1)/n is an integer. So this integral belongs to type 5.6 (ii)

To solve this integral, substitute 1 + x5/2 = t2

⇒ 5/2 x3/2 dx = 2t dt

⇒ Ι = 5
2

 ∫ − dtt2)t()1t( 2/1222

⇒ Ι = 5
4

 ∫ − 222 )1t(t  dt
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⇒ Ι = 5
4

 ∫ −+ dtt2tt 426

⇒ Ι = 5
4

 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−+

5
t2

3
t

7
t 537

 + C

On substituting t = (1 + x5/2)1/2 , we get

Ι = 5
4

 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +
−

+
+

+
5

)x1(2
3

)x1(
7

)x1( 2/52/52/32/52/72/5

 + C

Example : 42

Evaluate : (1) ∫ + 2/32 )xax2(
dx

(2) ∫
+

4

2

x
1x

 dx

Solution

(1) Let Ι = ∫ + 2/32 )xax2(
dx

⇒ Ι = ∫ −+ 2/322 ]a)ax[(
dx

Put x + a = a sec θ ⇒ dx = a sin θ tan θ dθ
On substituting in Ι, we get

Ι = ∫ −θ
θθθ

2/3222 )aseca(
dtanseca

 = ∫ θ

θθθ
33 tana

dtansec2

⇒ Ι = 2a
1

 ∫ ∫ θ
θ

θ
=θθθ d

sin
cos

a
1dcotsec 22

2

⇒ Ι = 2a
1

 ∫ θ

θ
2sin

)(sind
 dθ = – 

θsina
1

2  + C

⇒ Ι = – 2a
1

 
ax2x

ax
2 +

+
 + C

(2) Let Ι = ∫
+

4

2

x
1x

 dx

Put x  tan θ ⇒ dx = sec2θ dθ
On substituting x and dx in Ι, we get

Ι = ∫ θ

+θ
4

2

tan
1tan

 sec2θ  dθ = ∫ θ

θθ
4

3

tan
dsec

⇒ Ι = ∫ θ

θ
4sin

cos
 dθ = ∫ θ

θθ
4sin

d)(sind
⇒ Ι = – 

θ3sin3
1

 + C

On substituting value of sin θ in terms of x, we get Ι = – 3
1

 3

2/32

x
)x1( +

 + C

Example : 43

Find the reduction formula for ∫ dxxsinn

Solution

Let Ι0 = ∫ dxxsinn  = ∫ − dxxsin.xsin 1n

Apply by parts taking sinn–1 x as first part and sin x as second part.
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⇒ Ιn  = sinn–1 x . (– cos x) + ∫ −− dxxcosxsin)1n( 22n

= – cos x sinn–1 x + (n - 1) ∫ −− dx)xsin1(xsin 22n

= – cos x sinn–1 x + (n – 1) ∫ ∫−−− dxxsin)1n(dxxsin n2n

⇒ Ιn = – cos x sinn–1x + (n – 1) Ιn–2 – (n – 1) Ιn
⇒ nΙn = – cos x . sinn–1 x + (n – 1) Ιn–2 ;

Ιn = – 
n

xsinxcos 1n−
 + 

n
1n −

 Ιn–2

Example : 44

Find the reduction formula for ∫ dxxtann .

If Ιn = dxxtann∫ , to prove that (n – 1) (Ιn + Ιn–2) = tann–1 x.

Solution

Here Ιn  = ∫ dxxtann  ∫ − dxxtanxtan 22n

= ∫ −− dx)1x(secxtan 22n

= ∫ − dxxsecxtan 22n  – ∫ − dxxtan 2n

= ∫ −
− Ι− 2n

22n xsecxtan

⇒ Ιn + Ιn–2 = 
1n

xtan 1n

−

−

Hence (n – 1) (Ιn + Ιn–2) = tann–1 x.

Example : 45

Find reduction formula for ∫ dxxsecn

Solution

Let Ιn = ∫ xsecn

⇒ Ιn  = ∫ −2nsec x sec2x dx

Apply by parts taking secn–2 x as the first part and sec2x as the second part

⇒ Ιn = secn–2 x ∫ xsec3  dx – ∫ ∫ ⎥⎦

⎤
⎢⎣

⎡ − dxxsec)x(sec
dx
d 22n

 dx

⇒ Ιn = secn–2 x tan x – ∫ −− xsec)2n( 3n  sec x tan x tan x dx

⇒ Ιn = secn–2 x tan x – (n – 2) ∫ −− dx)1x(secxsec 22n

⇒ Ιn + (n – 2) Ιn = secn–2 x tan x + (n – 2) ∫ − dxxsec 2n

⇒ (n – 1) Ιn = secn–2 x tan x + (n – 2) Ιn–2
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Hence ∫ dxxsecn  = 
1n

xtanxsec 2n

−

−

 + 
1n
2n

−
−

 ∫ − dxxsec 2n

This is the required reduction formula for ∫ dxxsecn

Example : 46

Find the reduction formula for ∫ dxxcose nax

Solution

Let Ιn  = ∫ dxxcose nax

Apply by parts taking cosnx as the first part and eax the second part

⇒ Ιn  = cosnx ∫ dxeax  – ∫ ∫ ⎥⎦

⎤
⎢⎣

⎡ dxdxe)x(cos
dx
d axn

⇒ Ιn = 
a

eax

 cosn x  – ∫ − xcosn 1n  x (– sin x) 
a

eax

 dx

⇒ Ιn = a
1

 eax cosn x + a
n

 ∫ − )xsinx(cos 1n  eax dx

Apply by parts again taking cosn–1 x sin x as first part and eax as second part

⇒ Ιn = a
1

 eax cosnx + a
n

 (cosn–1 x sin x) ∫ axe  – a
n

 dxdxe)xsinx(cos
dx
d ax1n∫ ∫ ⎥⎦

⎤
⎢⎣

⎡ −

⇒ Ιn = a
1

 eax cosnx + a
n

 cosn–1 x sin x 
a

eax

 – a
n

 ∫ −− +−− ]xcos.xcosxsinxcos)1n([ 1n22n  
a

eax

 dx

⇒ Ιn = a
1

 eax cosn x + 2a
n

 eax cosn–1 x sin x + 2a
)1n(n −
 ∫ −2nax cose x (1 – cos2x) dx – 2a

n  ∫ dxxcose nax

⇒ Ιn = a
1

 eax cosnx + 2a
n

 eax cosn–1 x sin x + 2a
)1n(n −

 Ιn–2 – 2

2

a
n

 Ιn

⇒ Ιn = ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+ 2

2

a
n1  Ιn = 2a

1
 eax (a cos x + n sin x) cosn–1 x + 2a

)1n(n −
 Ιn–2

Hence ∫ axe  cosnx dx = eax ⎟
⎠

⎞
⎜
⎝

⎛
+

+
22 na

xsinnxcosa
 cosn–1 x + 22 na

)1n(n
+

−
 ∫ − dxxcose 2nax

This is the required reduction formula.
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Example : 47

Find the reduction formula for ∫ xcosm  sin nx dx

Solution

Let Ιm, n = ∫ xcosm  sin nx dx

Apply by parts taking cosmx as the first part and sin nx as the second part.

⇒ Ιm, n = cosmx ⎟
⎠

⎞
⎜
⎝

⎛−
n

nxcos
 – ∫ −1mcosm  (– sin x) ⎟

⎠

⎞
⎜
⎝

⎛−
n

nxcos
 dx

⇒ Ιm,n = – 
n

nxcosxcosm
 – 

n
m

 ∫ −1mcos  x (sin x cos nx) dx

Now sin (n – 1) x = sin nx cos x – cos nx sin x or cos nx sin x = sin nx cos x – sin (n – 1) x

⇒ Ιm,n = – 
n

nxcosxcosm
 – 

n
m

 ∫ − xcos 1m  [sin nx cos x – sin (n – 1) x] dx

⇒ Ιm,n = – 
n

nxcosxcosm
 – 

n
m

 ∫ dxnxsinxcosm  + 
n
m

 ∫ −− dxx)1nsin(xcos 1m

⇒ ⎥⎦

⎤
⎢⎣

⎡ +
n
m1  Ιm,n = – 

n
nxcosxcosm

 + 
n
m

 Ιm–1,n–1

⇒ Ιm,n = 
nm

m
+

 Ιm–1, n–1 – 
nm

nxcosxcosm

+


