Example : 1
Evaluate the following integrals

Hint : Express Integrals in terms of standard results :

) -1
Q) Isec (2-3x) dx = 3 tan (2-3x)+C

J'—sin(2—3x) Isec(z 3x) tan (2-3x) dx = 1

(2) cos2(2—3x) dx = =5 sec 2-3x)+C
2x-3 = 1 X~

(3) je dX—2e23+C

1
(4)  [sec(2-30dx = = log Jsec(2 - 3x) + tan (2- 3x)| + C

1
(5) I - =4 (2@ )

4X +

]

J‘ dx 1 -1
(6) 1—2x° -~ 2 l20-2¢2) * €

Example : 2
Evaluate the following integrals
Hint : Express numerator in terms of denominator

Xx-1 IX+1_2

1) — dx= dx=I[1 2 ]dx—IdX Zj—_x 2log [x + 1|+ C
X+1 X+1 X+1

2 2
X -1 X +1 2dx
2 dx = dx — =x—-2tantx+C
@ J‘x2+1 J‘x2+1 -[x2+1

—
X
N

J~2x+1 1 1J- 1J~ dx
(2x +1)? (2x+1) ~ 2 J (2x+1?

1 1 [1( -1
- =1 2X+1|| - = | =
=2 (2 oglax 'j 2 HZHJ}*C

®3)

2x+1?2

| =

4

4
X" +1 x -1 2 2 dx
4 I dx=I dx + ( =x¥3-x+2tantx+C
“) x? +1 x? +1 x?+1 J. 211
7 7 6 5 4 3 2
dx - - -
(5) X dx:IX +1 _J‘ _ (X+D(X° =X+ X" =X +x°—x+1 —log [x + 1]
x+1 X+1 x+1 X+1
7 6 5 4 2
X X X X X X
= - — + — — — + — — — +x—| +1|+C
7 "6 "5 T4 T3 g trlegktdl

Page # 1.



J-L _Iﬂ IL_ X% —x+1 J‘d_x
©) (x +1)2 o = (x +1)2 dx — x+1? ) (x+1) dx - (x+1)2

X+1

x? 2x+3lo |x+1|+i+c
2 ¢ Xx+1

@ J'ax+b dx=% J«

cx+d cd+d
bc
a a (d‘) ax (ad-bc
:_Idx__—adx=_— 2 log |cx +d|+C
¢ ¢ ex+d ¢ c
Example : 3
Evaluate the following integrals
. f(x)]m—l
Hint: Use |[f(X)]" F(x dx:—[ +C
[icor #9 i
(sin"tx)® 1
1 T, dx = —(sin’x)*+C
@ V1-x? 5 )
4
(2) Isec“xtanx dx = J‘sec3 x(secx tanx) dx = S€C X L ¢
n n+1
@ [ =X o
X n+1
S S N N 1 (1)
(4) ‘[(X2+1)3 dX—E '[(X2+1)3 2XdX—E _—2+C
5 sin® x
(5) Ism xcosx dx = +C
Example : 4

Evaluate the following integrals

’

Hint: Use ﬂdx—|o [f(x)| + C
' fx) X719

3 3
X 1 4x 1
1 j dx=—J.— dx=—log|1+x*+C
@ 1+ x4 4 J14x4 4 gl !

IX2+X dx + J.% dx—J.‘(Xixl)z = |x dx - 2| J.i—ii dx + I%—

J

dx
(x +1)?
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()

®3)

(4)

(5)

(6)

()

(8)

9)

(10)

(11)

(12)

(13)

X —X

e’ —e o
J.—_X dx=log |ex+ e +C

X

e” +e
1 x/2 1 —x/2
[Ert g =[S ca (2% 2% pigpen
X = = J— = og |e*° —
X x/2 -x/2
e” -1 e —e /2_e—x/2

3

1 1 1
= 2 .
-[x 1 dx — I(x +1)2 dx = Iog [x2 + 1] 5 (x2+1

J'x d—J-X3+XdJ.XdX _dej'x
o2+ P2 Tl Tl YT e

)
+C

e—X/Zl +C

)2 dx

I = :I ?ﬂ( dx—lfidx=—§loglae'x+b|+c

a+be*

tanx+1 SinX + COS X )
I —I.— dx =log |sin x — cos x| + C
tanx -1 sSinX — cosS X
sec X
log(sec x + tanx) dx =log | log (sec x +tan x) | + C

d
Note that —— log (sec x + tan x) = sec X

dx
1
I—Xz_ldj X 4 Ziog | X+ 2| s c
= |+
X(x? +1) X x+£ x =109 X
X

-[x+«/_ J.\/_ (Vx +1) J‘(—)dx-2|09|«/;+1l+C

2X
I—X 1 a+x* 1
Z dx=—= |—=— dx = - log |tant x?| + C
(x* +1) tan "t x? 2 Jiantx > 109 | |

1

_Xlogx_ dx =log [log log x| + C

I o
xlogx loglogx ~ log log x

J- sin2x dx = loa 11+ sin? c
—_— = + +
Lisinzx X Tlog[L+sin™|

e+ X 1 re” +ex 1 .
I— dng J.ﬁ dx=g|og|eX+x|+C
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Example : 5
Evaluate

1) Isin2 X dx ) Isin3 X dx 3) Isin4 X dx (4) Isin4 x cos? x dx

Hint : Reduce the degree of integral and to one by transforming it into multiple angles of sine and cosine.
Solution

" _[l-cos2x 1 | _sin2x
(1) Ism xdx_J.TdX_E{ > |+C

inx — si Cc0Ss 3x
(2) Isin3xdx = J‘w dx=% U3sinx dx—Jsian dx]dx :% [—3COSX+ 3 } +C

1
= — + — +
2 COS X 12 cos3x+C

2
4 _ [[1-cos2x 1 B 1 2
(3) Ism X dx = J.(—z dx = " _[(1 2c0S2x) dx + " I(cos 2x dx)

=X % sin 2x + % I(1+cos4x) dx

4
X 1.2+1+sin4x
=271 sin 2x 8 32
4 4 1 4 4
(4) ISIH xcos” x dx = 16 ISIH 2x, Now proceed on the pattern of ISIn X dx
Example : 6
Evaluate :
1 J~ dx : J~ dx
(1) 1+sinx (2) 1+cosx
Solution
dx 1-sinx 2
(1) I b = J. > dx = Isec X dx — Isecxtanxdx —tanx—secx + C
1+sinx COS” X

Alternative Method

x_X
= —tan ) +C

J‘ dx _ J'l—cosx

(2) = — = Icoseczx dx — Icosec X cotx dX = — cot x + cosec X + C
1+ cosx Sin“ X
Alternative Method
J- dx _J' dx —ijseczidx— ltanX/2+C—tan§+C
1+cosx ~ J2cos’x/2 ~ 2 2 "7 2 12 T2
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Example : 7
Evaluate :

1) Isin 2X sin3x dx ) Isin 2x sin4x cos5x dx 3) J‘sin2 x cos?x dx

Hint :  Apply trigonometric formulas to convert product form of the integrand into sum of sines and cosines of

multiple angle
Solution

(1) IsiansinSx dx = % IZsin2xsin3x dx = % J(cosx—cosSx) dx = % sin X — % sin5x + C

(2) Isin 2Xx cos4x cos5xdx = % j(ZSin 2X €0S4X) cos 5x dx

% I(sinGx—sian) cos 5x dx = % IZsinBXCOSSX dx — % IZsin2xc035x dx

1 . . 1 . .
2 I(S|n11x+smx) dx — " _[(sm?x—sm3x) dx

1 coslix 1 1 cos7x 1 cos3x
=—— — — COSX+ — —

4 11 4 4 7 4 3

L2 2 _1 _[ . 2 21 J‘l—cos4x 1 (X_sin4x
(3) Ism XCOS“ X dX = 2 sin“2x dx = ) dx = 8 2 +C

Example : 8
dx
Evaluate : J.—
asinx +bcosx
Solution
dX 1 dX
Iasinx+bcosx T Ja?ip? T % sinx+7b coSX
va? +b? a%+b?
1 dx
= \/ 2 .2 _[ . . where o = tan™ (b/x)
a‘+b SiNXcosa + cos Xsina

_r q
= m Icosec(x+a) X

1

= /r b2 log | cosec (X + a) —cot (X + a)] + C where o = tan™ (b/a)

Example: 9
Evaluate Iex(x+1)cos(xex) dx

Solution
The given integral is in terms of the variable x, we can simplify the integral by connecting it in the terms of

another variable t using substitution

Here let us put x ex=t

and hence xexdx + e* dx = dt
= e*(x+1)dx=dt
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The given integral = JCOS(XGX)[GX(X+1) dx] = ICOSt dt =sint+C=sin(xe) +C

Note that the final result of the problem must be in terms of x.

Example : 10
Evaluate :
X2 dx X2 d
1 I 2 3 J- X
1) G 2 T 3 N
Solution
(1) Let x® =t = 3x2dx =dt
J-xzdx = 1J~3x2dx = 1J- ® 1 tan?tt+C= 1tan-lx3+C
= 1ex®  3Jd7.x6 3J1+t2 73 -3
(2 3/x indicates that we should try x =t
= dx = 3t2 dt
I J-3t2dt J'tdt 3 J'tht a2+ 11 + C =
= == +1|+C=
- x+3x Tt ?+1 2 J2+1 2 og| |
3) Letl+x=t? = dx = 2t dt
(t* -1° t4 412t
dx = 2tdt= | —— 2tdt
= J.«/1+x I J.
t° 4¢3 2 4
=2 — +2t— — +C= 7 (1+x)?+2J1l+x — 5 (1 +x)*?+C
5 3 5 3
Example : 11
ax+tan‘1ax : 5 X
1 I— dx 2 I sin® cos” 6 do 3
o [ @ [ SIS e
Solution
aXthan‘lax
Q) The given integral can be written as : J.w dx
Lettan™ ax =
= maxlogadx=dt
'[atanlaxax loga dx a' dt
= ! loga (1+a*) loga
1 a
= = loga loga €
atan’la"
= 7 (oga)?
(2) Letsino=t* = cos 6 do = 2t dt

=

J\/sin@ cos®0do = J«/sin&) (1 —sin?0) cos 6 d6

Iog [x?# + 1|+ C

Page # 6.



jJF(l—wzunzzjﬂz—ﬁ)m

2t 2tf 2 2
- _ = 4 - — i 32 _ H 2 4
3 - C 3 (sin 0) - (sin Q) C

Jx dx
(3) The given integral is I = I 13
V1-x

J/x appears in the derivative of x*?

hence, let x¥? =t = 3/2 Jx dx =dt

2 %VXdX 2 I dt 2 2
- = = = = — gin~! = — gjn-! %32
= I 3 I o 3 12 3 °sn t+C sin™t x** + C

3

Example : 12
Evaluate the following integrals

1) Itanzx dx = I(seczx—l) dX =tanx—x + C

tan® x

) Itansx dx = Itanx (sec®x—1) dx = Itanx sec?x dx — Itanx dx = —log |sec x| + C

3) Itan“ X dx = Itanz x (sec?x—1) dx = Jtanz x (sec? x dx) — Jtanz x dx

3 3
= tan” x — Iseczxdx + J.dX=tan X —tanx+x+C
(4) Isec“xdx = Iseczxseczx dx = I(1+tan2 X) sec2x dx
tan® x
:I(1+t2) di=t+t)3+C=tanx= +C

Example : 13
Evaluate :
1) Isin3 x cos® x dx ) Isins x dx
Solution
1) J‘sin3 x cos* x dx = J‘sin2 x cos* x (sinx dx)
=_ I(l— t2) t* dt where t = cos x
_t £+C_c037x cos5x+C
"7 5 -7 5
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2) Isins xdx = sin*x sin x dx = — _[(1— cos®x)? (=sin x dx)

=- J(l—tz)z dt where t = cos x
> 2t
—_ @t -2t dt _t— L + 2 4
X ) =+ S
- o cossx+gC it C
=-cosx- — 3 C0S’X
Example : 14
T J‘ dx
YPE - ) ax? bx+c
dx dx J‘ dx
@) Iz 1°d ., 1. 3. 1° 2 (fBY
XT XA X2 42X+ 4= wil] 4| V3
4 2 2

[ 2 ()

dx 1 dx 1
@) Il_4x_2x -[1/2 x2+2x) 2 J«/s/ f - (x+2y
1 1 V3/2 +x+1
=% 243/2 99 | ar2—(x+1)
V3 +42
2«/_ 0 | 3 - Vax - x/_

J- dx _J- dx _J‘ dx 1 |x+3 2«/_|
3) x24+6x+1 I x2+6x+9-8 ° (x+3)? —(2\/_)2 2«/_ log |x+3+2\/_| *C

Example : 15

dx
Type: J-\/axz +bhx+c
dx
SIS vepaes

Treatl—-x—x?as1l—-(X+x?)=1—-(x2+x+1/4) + 1/4 =5/4 — (x + 1/2)?

J‘ dx [x+1/2j L [2x+1j
= I= ——sm J_/Z sin —JE +C
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dx
LetI= I 2 .~ -
2X° +6X+2

2
6x 9 9 3] .3
Now 2x? + 6x +2 =2 (X2 + 3x + 1) =2 (X2+7+Z__+1j =2 [(’”E] _Z]

This is in the form x? — a2.

R B 3
= 155 ) fx+3i22 -5/4 T 2 19

+C

x+%+\/(x+3/2)2 ~-5/4

Example : 16

Type : IVaXZ +bx+cC dx

Lett = [Vax?+5x+1 dx= J.\/(x+5/2)2—21/4 dx
x+5/2 21 '
= X2 el g log x+5/2+\/(x+5/2)2—21/4‘ i C
2X+5 21
== ,x2+5x+1—§|09 X+5/2+Vx?+5x+1| +C
Example : 17
J. 3x+1
Evaluate dx
VX2 +4x+1
Solution

The linear expression in the numerator can be expressed as 3x + 1 = ¢ d/dx (x* + 4x + 1) + m
= x+1=/(2x+4)+m
comparing the coefficients of x and x°,

3=2 and 1=4/+m
= (=32 and m=-5
. J' 3x+1 J-3/2(2X+4)_5 g 3J' 2x+4 J. dx
= = | 777————7—— =z | —F/——————— dx = — —
VX2 +4x+1 Ix2 4 ax +1 2 " AUx%+4x+1 VX% +4x+1

3 J‘ 2x+4 3 dt
Let I =— == I— wheret=x?>+4x+1
1T 2 T2 rax+1 2 YAt ( )

=3Vt +C=3 x244x+1 +C

- dx -5_[ dx
2T I v ax+1 \/(x+2)2—3

Let +C

= 5log ‘x+2+\/(x+2)2—3

+C
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Example : 18

X% —x+1
Evaluate : J. dx

2% + X+ 2
Solution

Express numerator in terms of denominator and its derivative
Letx?—x+1=/(2x*+x+2)+m(@4x+1)+n

= 1=2(-1=/¢+4m 1=2/+m+n
J‘xz—x+1 IUZ(ZX +X+2)-3/8(4x+1)+3/8 i
= = |l—
2x% +x+2 2x% +x+2
1 q J' 4x +1 N J~
= — X — — —_ .
2 ! 8 Jox?+x+2 8 Jox?+x+2
=X —log[2x?+x + 2 +§I Wherel-'[d—x
=7 g logl I+ gL 1) ox2 i x42
1 J‘ dx 1 J‘ dx
= — + —
2 Ix?+1/2x+1/16-1/16+1 2 7 (x+1/4)* +15/16
1 1 . x+1/4 . 4x +1
—E x/15/4 tan E/4 /—tan x/_ +C
x 3 , 3 . 4x+1
—E—8I09|2x+x+2|+4ﬁtan JE +C
Example : 20
J‘ dx
3sin? x + 4cos? x
Solution
j‘ dx J~ sec? x j‘ dt A
3sin?x+4cos’x  J3tan?x+4 J3t2+4 where t =tan x

_lj _1
T3 2421432 T 3

1 t
-1
2/£tan [2/\/5}4-(:

2 V3
= = -1 | —tanx
2«/5 tan { > ] +C
Example : 21
Evaluate :
1 Id—x 2 Id—x h b>0
(1) 4 +5sinXx @) a+bcosx where a,
Solution
dx
(1) I= J.4+53inx
X
Put tan E =t = X =2 tan't
1-t2 2t 2dt
= cosx—1+t2, smx—1+t2 X1+t2
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2dt

1+ 12 2dt 1 dt
> 1= - [— N
2t 4t° +10t+ 4 2 Jt°+5/2t+1
4+5 >
1+t
1 I dt 1 1 t+5/4-3/4
=5 Jt+5/42-9/16 = 2 2x3/4 %9 |t+5/4+3/4|*C
X
1 | At+2 . 1 | 2tan5+1 .
= =~ log =—log|——— |+
3 at+8 3 2tan§+4
2
2 Id—x h b>0
(2) a+bcosx where a,
Lettan x/2 =t
2dt
I_J dx _J‘ 1+t2 J’ 2dt
= a+bcosx 1-t2 = (a+b)+(a-b)t?
a+b 5
1+t
Case -1 Leta=b
_JZdt B 2t B ) X i
= “Ja+b " a+b a+b %
Case -2 Leta>b
_ 1 I 2dt .
= I—E a+b 2— tan a+b +C
a-— b

2
= ﬁ tan™t [ta

Case -3 Leta<b

J‘ 2dt J~
= “la-p-a “ba Jbra_,
b-a

1 \/b+a+x/b—atan§

= log +C
\/bz a’ Jb+a-— b—atang
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Example : 22

Evaluate : J

Solution

2sinx +3cosx
sinX + 4cos x

Express numerator as the sum of denominator and its derivative
Let 2 sin x + 3 cos X =/ (sin X + 4 cos X) + m (cos X — 4 sin x)
comparing coefficients of sin x and cos x

2=/—4m, 3=4/+m

= ¢ =14/17 =-5/17
J-Zsinx+3cosx
= = |l—
sSinX + 4cos X
| = 14 sinx +4cosx 5 Icosx—4sinx
= =17 dsinx+4cosx 7 17 Jsinx+ 4cosx
I=—x iIo [sinx+4 cosx)+C
= 17 X717 %
Example : 23
Evaluate
2 2
X< +1 xc-1
1 I dx 2 I dx
@ x4 +1 @ x4 +1
Solution
1 1
1) Letl J.2+ld T, [ e dx= [
etl = X = X = |7 — 2  dx
( ) 1 x4+1 I 2 1 1 2 t2+2
X"+ — X——| +2
X X

()

2 2 -~

LetIz=I 7 =_[ X dx=-[ X2 dx
1 X2 + ( 1)
X2 x+; -2

dt 1 2 t—+2

LetIz=J-t2_2 Wheret=x+;=mlog m +C
1 X2 —x4/2 +1

22 log X2 +x4/2 +1 +C
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Example : 24

J‘ x? -1
Evaluate : dx
(x? +)Vx* +1

Solution
The given integral is

1- = 1-—=
I J. L d _[ X d I x h L t
= 5 2 X = X = 2 where x + — =
x4 +1 [x*+1 (x+lj\/x2+l tVt° -2 X
X X2 X x2
1 t 1 x% +1
= = -1 | = = = L T
= I «/E sec «/E +C ﬁ sec x«/i +C
Example : 25
Evaluate : Ixcosx dx
Solution
J- X  cos dx d [f 4 ]
I= partl part2 ~ X .[COSX X _J cosx ax| dx
= I=xsinx—ISinXdX=xsinx+cosx+C
Example : 26
Study the following examples carefully
1) Ixseczx dx =X Iseczx dx — Itanx dx = x tan x — log |sec x| + C

2X
1-x

2 dx

1
sin dx = sin-t | x—=——=dx _ iy, L
2) I sin™ [dx _[ L2 xsinx - - _[
, 1 [dt
:xsm—1x+5 Iﬁ where I —x? =t

1
=xsinx + 5 24t +C=xsintx+ Vi-x? +C

(3) Itan‘lx dx =tan? [dx — J dx

X
1+x2

1
:xtan-lx—z log |1+ x3+C

(4) Ixexdx ZXIeXdX—JeXdX =xer—e*+C

1
(5) Ilogxdx :Iongdx—Jx;dx=xlogx—x+C
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(6) Ixz sinx dx =x2 Isinx dx — I(—cosx) 2x dx
=—x2CcoS X+ 2 | xcos x dx

=—X2coS X+ 2 [xjcosx dx—Isinx dx J

=—x?cosx+2xsinx+2cosx+C

Example : 27

Evaluate : IX sin"tdx

Solution
- X2x 2 1 f1-x2-1
IX sin~dx =sin™x IX dx — .[—2 = —sintx+ - )T 5 dx
2V1-x 2 2 1-x
2 dx
:X—sin—1x+1J.\/1—x2dx_1J. -
2 2 2 1-x
2 X 1. -
=X sint x + 1 {—\ll—xz +=sintx| _ 1 sinlx +C
2 2 |2 2 2
Example : 28
Evaluate : e* sin x dx
Solution

Let] = Iex sinx dx

N I= Isinx e*dx = sin x Iex dx — Iex [cosx dX]
N [ =e*sin x — Icosxex dx
= [=e*sinx—[cosx [ e dx— [ & (—sinxdx]
= I=e*(sinx—cosx)— [ e sinxdx
= I=ex(sinx—cosx)—1
= I+1=ex(sin X —cos x)
= [=e¥Y2 (sinx—-cosx)+C
Example : 29

Evaluate : ISGCS x dx

Solution

Let] = Isecs X dx = Isecx sec® x dx = sec x Isecz X—Itanx (sec xtanx) dx

= I =sec xtan x — JSGCX(SeCZX—l) dx = sec x tan X — JSGC3X dx+_[secx dx
= I=secxtan x—1+log |sec x + tan X|
= I=1/2 [sec x tan x + log| sec x + tan x| + C
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Example : 30

«| 2+sin2x xe*
Evaluate : (1) Je 1+ cos2x | 9% @ I(1+ x)? dx
eX(x? +1) 1
(3) IW dx 4 J[Iog (log) + Iogx} o
Solution

J‘ex 2 +sin2x
@) I= 1+ cos2x dx

J‘ex 2 . sin2x "
i I= 1+cos2x 1+cos2x

2 2sinxcos X
[=¢ +

= ex 2 4
5c0S? x c0S x } dx I [sec? + tan x] dx

N I= Iex [tanx + sec? x] dx = e* tanx + C
J- xe* 1+x-1
@ 1=z "5 @e0? |
_IeXL_; (2
= I= 1+Xx  (1+x)? dx=e* |77 +C
eX(x? +1) x? -1 2
e - +
®) I‘I (x +1)2 O'X‘I[(xu)2 (x+1? | &
x-1 2
_ e ——
= I'I {x+1+(x+1)2}dx

(x—lj _ (x+D-(x=1) 2

x+1) 7 (x+1)? T (x+1)?

We now se that —
dx

Xx-1
= | =ex +C

X+1

1
@ 1= j Pog (Iogx)+@} dx

Substitute log x = 1 = x=e'and dx = e' dt
1

= = J. |09t+; etdt=etlogt+C

= = e log log x + C=xlog log x + C
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Example : 31

x? dx

Evaluate : m

Solution

_J' x2dx
Letl= | xTD2x+3)

The degree of numerator is not less than the degree of denominator. Hence we divide N by D.

1 3
x? dent remainder 1 Xt 1 1
——————— =quotient+ T o o = —+_ 2 2 == 4=
x-D)(2x+3) (x-D@x+3) ~ 2 " (x_p@Ex+3) 2 2
. 3_X . . .
We now split —(x—l)(2x+3) in two partial fractions.
3-X A B

Letil) = “D@x+3) =~ x-1 T 2x+3

Equating the numerators on both sides :
3—x=A2x+3)+B (x-1)
Now there are two ways to calculate A and B.

1. Comparing the coefficients of like terms
2. Substituting the appropriate values of x.
Method 1 :

Comparing the coefficients of x and x°, we get :
-1=2A+B and 3=3A-B

On solving we have a = 2/5 =-9/5
Method 2 :
IN3—-x=A2x+3)+B(x—-1),purx=1,-3/2
x=1 = 3-1=5A = A=2/5
X ==3/2 = 3+32=B(-32-1) = B =-9/5
Hence finally we have :
2 _39

-5 5

=37" 2x +3

2 9
x 1 ¢ 5 1 ¢ 5
I=—+—I—dx+—j
= 2 2 1% 2 Jox+3
x, 1 1 - 2 jog [2x + 3]+ C
= 2+ g loglx—1]~ 5 log [2x+3

(x-1(2x+3)

where A and B are constants.
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Example : 32

_ (x-1) dx
Evaluate : 2x+D(x—2)(x-3)
Solution
) = x-1 __A B C
L) = (ox s ) (x—2)(x-8) ~ 2x41 T x—2 | x-3

_ X_—l} __ 6
AZ x—2(x-3)|_17" " 35
2

x-1 1
= B= (x+)(x-3)|,_, " &

_x=1 2
= C=2x+Dx-2)|, , =7

) dx 1 dx 2 dx
fX - — - - " =
= I()dx 35 J2x+1 5J.x—2+7J.X—3

= iI 2x+ 1 1I 2+2I 3|+C
__35 OgIX |_509|X_| 7Og|X—|

Example : 33
J (cos6 +1)sin®
Evaluate : (cos6—1)(cos 6 —3)
Solution
Letcoso=x = —sin 6 d6 = dx

_ J- X+1
= Elacpix-s) &

_[ X+1 A B C
Leti0) = J X “2(x-3) = x-1 T (x-1% ¥ x_3
Equating numerator on both sides,
= X+1=A(X-1)(x-3)+B(Xx—3)+C(x—1)2
By takingx=1,wegetB=-1
By takingx =3, wegetC=1
Comparing the coefficient of x2 , we get,
0=A+C = 0=A+1 = A=-1

-1 1 1
- I=—If(X)dX=—{ X—_ldx+j(x_l)2dx+Ix_3dx}

1
I=log|x—1|—- —— -log|x-3|+C
= g x—1f— =7 —log |x—3|

x-1 1

= I=log |33 —x_l+C
cosf-1 1

= I=log —0059_3 ~ cos0-1 +C
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Example : 34

dx
Evaluate:'[ 3
X" +1
Solution
Let f(x) = NI =
() = 1 _ A Bx«C
= 7 ke xy T xa T oxed

= l=a(x®*-x+1)+Bx+C)(x+1)
Comparing the coefficients of x2 , x, x° :

0=A+B, 0=-A+B+C1=A+C
= A=1/3C=2/3 B=-1/3
1 X 2
3 . 3'3
- f(x)_X+1 x2 —x+1
Let L= . 1I +1]+C
o LEg )Tk de,
2
3 XT3
Let IZ:I x+1 "3 J.x —x+1
Express the numerator in terms of derivative of denominator.
I 1 J‘ 2x -4 q
=— =< |—5—— dx
- 2 6 Jx?-x+1

J. 2x -1 dx + 1 J' dx L ]2' L
= = — _
L=-% X% —x+1 2 x2—x+q+ )T =x+1)

dx

1\ 3
X—=| +=
-3)

1

2

I_ ll 2 +1+1J~

+C

1 2 X
= — — 2 _ — -1 2
= I 6 log |x x+1|+2£ tan ﬁ )
2
1 1 2x -1
= Izz—gIog|x2—x+1|+ﬁtan-1 T +C,

S O 1 I 1 (2x-1
= IX3+1=J(X) X—11+12=§Iog|x+1| 5 l0g Ix —x+1|+£tan— 73 +C

X+1

—

L
3 99

)
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Example : 35

x2dx
Evaluate : J. 7
X" -1
Solution
J‘ x2dx J‘ x? dx
x4 -1 (x*-D(x*+1)

x* A B Cx+D

= + +
X-Dx+D(x*>+1) ~ x-1 x+1 x%+1

As the function contains terms of x? only, substitute x? = t and then make partial fractions

t A B
(—D(+D) :t—1+t+1 = t=A(t+1)+B(t-1)
Putt=+1togetA=1/2, B=1/2
1 1
_t 2 2
= -D+D) T -1 41

Convert t = x? again before integrating

| I x2dx I1/2 ] J-1/2 g
= = +
= 022+  dx2-n KT &
R ) O R
=33 o9 |y 11 +2tan X +
Example : 36
J' dx
Evaluate (x+1) Sx+2
Solution
J- dx
Let = (X+DVx+2
Substitute : x+2 =12 = dx = 2t dt
J~ dx J- 2t dt J-dt 2 -
= x+1Vx+2) = (t2—1)\/t_2_2 21299 |t1
Example : 37
X
Evaluate : I(xz C3x+2)Wx-1 dx
Solution
Letx—1=t2 = dx = 2t dt
I‘I (t* +1) 2tdt e 41t
= "l 22322 V2 t4 4

+ C =log

VX+2-1
VX+2+1

+C
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J‘t2+1OI J'(Z_ijd dt
= =2 t2(t —1) =g ) dt=4 ) e 2

t-1 2

= I=—log |7 +T+C
x-1-1 2

= [=2log Ix-1+1 * Vx-1 te

Example : 38

dx
Evaluate : J.(xz 1) m

Solution

J- dx
Letl= (X2 +1)Vx2 +2

1 1
Substitute : x = 1 = dx = t_2 dt
1
J‘ - t2 J‘ —t dt
= I=) DL, a2
t—2+ t—2+2

Let 1+2t2=22 = Atdt=2z dz

_—_1 zdz

= I= 5 >
[1+ z 2_1}/2_2

dz
=J. > =—tantz+C
z°+1

2
= I[=—tan? /14 2t2 +C=—tan? ‘I1+x_2 +C

Example : 39

dx
(x+2) VX2 +6x+7

Evaluate : J.

Solution

dx
(x+2) VX2 +6x+7

Letl= I

dt
2
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t-1

dt
= I=J.m=—sin-l[fJ+c

X+1
=sin?t! | < —
= I=sin (x+2) > +C
Example : 40

dx
Evaluate : Im

Solution

J- dx J- dx
tet =+t = =l e v (x 272

The least common multiple of 2 and 3 is 6
So substitute x + 1 =t® = dx = 6t° dt

_ j6t5dt _ J‘t3dt
RS CEE SR BN

2 - L
= I=6J‘[t t+1 1+Jdt

2 2
= 1:6 E—?‘Ft—log(t‘f‘l) +C

On substituting t = (1 + x)¥¢ , we get

@+x)"? @+x)"3
= 3 2

+(L+x)Y6 - Iog((x +)YVE 4 1)J +C

Example : 41

Evaluate : IX13/2(1+ x>/ W2 gy

Solution

Let I= J‘X13/2(1+X5/2)1/2 dx

Comparing with integral of type 5.6, we can see that p = 1/2 which is not an integer.
So this integral does not belong to type 5.6 (i).
Check the sign of (m + 1)/n

13
—+1
m+1 2 15 . . . .
r— 5 = T - 3 = (m + 1)/nis an integer. So this integral belongs to type 5.6 (i)
2

To solve this integral, substitute 1 + x52 = t2
= 5/2 x32 dx = 2t dt

_2 2 1\2042\1/2
N 1_5j(t 12(t2)Y2 2t dt

_ 4 202 2
- 1_5jt(t D% gt

Page # 21.



— 1:% Jt6+t2—2t4 dt

!
L
I
(G EN

On substituting t = (1 + x52)¥2 | we get

4 (1+X5/2)7/2 (1+X5/2)3/2 2(1+X5/2)5/2
I= E + - +C

7 3 5
Example : 42
Evaluate : Q) Id—x (2 I x* +1 dx
: (2ax + x2)3/? N
Solution
J‘ dx I dx
(l) Let I= (2ax + x2)3/2 = I= [(X + a)2 _a2]3/2
Putx+a=aseco = dx =asin 6 tan 6 do
On substituting in I, we get
~ J- asec0tan0do ~ J-ZSecetanede
1= ) @®sec?0-a2)"2 =) Brano
= — J.sececot 0do = J. coso do
= a®Jsin’0
J-d (sme) c
= — = +
= sin®0 "~ a’sino
1 X+a
== 5 _  +
= ! a? yx? +2ax C
2
@  Let 1= j VX 4+1 dx
X
Put x tan 6 = dx = sec?0 do
On substituting x and dx in I, we get
J~x/tan29+1 % do Jsec3 0do
= | —— sec = |—F
@nte - tan* 0
J- coso J-d(sine)de . 1
= =\ = — +
= sin* 0 sin* 0 = 3sin®0

. . . . 1 (1+ X2)3/2
On substituting value of sin 0 in terms of x, we get I = — 3 .
X

Example : 43

Find the reduction formula for ISin" x dx
Solution

Letl, = Isin“xdx = jsin”’lx.sinx dx

Apply by parts taking sin™* x as first part and sin x as second part.

+C
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= [ =sin"tx.(—cosx)+ I(n —1)sin”’2 xcos? x dx

n

=—cosxsin"'x+(n-1) JSian xX(1— sin? X) dx

=—cos x sin™* x + (n — 1) jsin”‘2 x dx —(n-1) J‘sinn x dx

= [ =—cosxsin"™'x+n-1)1 —(n-1)1
= nl, =—cosx.sin"'x+(n-1)1

n-2"

cosxsin"tx n-1
I =— + I,
n n n n—.

Example : 44

Find the reduction formula for Jtan” xdx .

If1, = jtan“ x dx, to prove that (n — 1) (I + 1 ) = tan™* x.
Solution

Here I = Itan” x dx J-tan”‘2 x tan? x dx
= J‘tan"’2 x(sec? x —1) dx
= J‘tan"’2 xsec® x dx — Jtan”’2 X dx

= jtan”‘2 xsec?x -1, ,

= In+In—2:ﬁ

Hence (n—1) (I, +1_,) =tan™* x.

Example : 45

Find reduction formula for JSGC” X dx

Solution

Letl = Isec” X

-2
= I = Isec” x sec?x dx

Apply by parts taking sec™?2 x as the first part and sec?x as the second part

d _
. I =sec™x Isec3 X dx — J‘{&(sec“ 2 %) J.sec2 X dx} dx

= I =sec™ xtan x — I(n -2)sec"®x sec x tan x tan x dx
= I =sec™?xtanx—(n—2) J‘sec”’2 x (sec? x —1) dx

= In +(n-2) In =sec?xtan x + (n —2) Jsec”’z X dx

= (n-1)I =sec*?xtanx+(n-2)1 ,
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c"? xtanx
+
n-1

Hence Isec”xdx = S€ n-2
n-1

This is the required reduction formula for ISEC" X dx

Example : 46
Find the reduction formula for Ieax cos" x dx
Solution

Let I = e cos" x dx

J‘sec”’2 X dx

Apply by parts taking cos"x as the first part and e® the second part

=
eax 1 ax
n-; .
= I = cos"x — IHCOS X X (—sin x)
1 n n-1 .
= I, = e¥cos'x+ — I(COS Xsinx) e dx

I =cos™ Ieax dx — J[%(cos” X) J.eaxdx} dx

dx

Apply by parts again taking cos"? x sin x as first part and e® as second part

1 n ax n d n-1, i ax
= aax Ny 4 — 1y qi _ — ||—(cos™ " xsinx) | e™ dx | dx
2 © cosx+a(cos X sin x) Ie a J[dx( )J. }

= I =
1 n e®™ n o _ e®
. [ = = e cos"X + — cos™ X sin X — — — j[—(n—l) cos" 2 xsin? x+ cos" 1 x.cosx] — dx
n o a a a a
1 n _ n(n-1) 5 n
= I,= 7 e%cos™x+ —7 e¥cos™ xsinx+ — 3 Ieax €os"™* x (1-cos?) dx— — Ieax cos" x dx
a
1 n _ n(n-1) n?
= [ = — e*cos"x+ —7 e*cos"*xsinx+ 2 ,— 2 I
a a a n—. a n
2
I = 1+— 1 = i ax + : oy 4 n(n_l)
= 0= 2 h=z¢ (a cos x + n sin x) cos™™* x 2 o

ax acosXx +nsinx
Hence Ie cosxdx=e* | % 5
a“+n

This is the required reduction formula.

j cos™ x +

nn-1
—g 2) Ieaxcos”’zxdx
a%+n
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Example : 47
Find the reduction formula for ICOSm X sin nx dx

Solution

Let I .= J‘COSm X sin nx dx

Apply by parts taking cos™x as the first part and sin nx as the second part.

COS NX el cosnx
—_ m _—_— _ _ 1 _—
= I, ,=cos™ n Imcos (= sin x) n dx
m
cos’' xcosnx M 1 .
= [ = /= 2= Icosm X (sin x cos nx) dx
m,n n n
Now sin (n — 1) x = sin nx oS X —cos nx sin X  or €OS nx sin X = sin nx cos x — sin (h — 1) x
m
cos’ xcosnx m 1 _ .
= Imnz———F J‘COSm X [sin nx cos x — sin (n — 1) x] dx
' n
m
m . m 1
N I =- €os Xxcosnx m Jcosmxsmnx dx + — J‘cosm Lxsin(n—1)x dx
, n n n

m-1,n-1

m _cos™xcosnx = m
Ipp==———— + I

. m . cos™ xcosnx
m,n m+n m-1, n-1 m+n
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