Example : 1

Find the domain and the range of the following functions

(@)

Solution

(@)

(b)

(©)

Example : 2

Y= J1-x2 (b) y=2sinx ()

Fordomain: 1-x*>0

= x2<1

= -1<x<1
Hence the domain is x set [-1, 1].
For range : As -1<x<1

= 0<x<1

= 0<1-x2<1

= 0< J1_x2 <1

= 0<y<1
Hence the range is set [0, 1]

y =2sinx

Fordomain: xe R ie. X (—oo, o)

For range : —1<sinx<1
—-2<2sinx<2
—2<y<2

Hence the range isy € [-2, 2]
As denominator cannot be zero, x can not be equal to 2
domain is xe R—-{2}

ie. X € (—o0, 2) (2, o)

Range : As y can never become zero, the range isy € R — {0}

ie. y € (=0, 0) (0, =)

Find the domain of the following functions :

(@)
Solution

(@)

(b)

(©)

Example : 3

1 1

J3—x isdefinedif3—x>0

= X<3 0]
1

log,o X isdefinedifx>0and x#1

= x>0-{1} ... (i)

Combining (i) and (ii), set of domain is :
xe (0,1)u (1, 3]

f(x) is defined if : x + [x| #0

= [X] # =X = x>0
Hence domain is x € (0, o)

f(x) is defined if

l1-log,x=20 and x>0

= log,x<1 and x>0
= x<10 and x>0
= domain is x € (0, 10]

(Using factorisation) Evaluate the following limits :

(@)

3 3 .3
X° —-2Xx-4 (b) lim X —a
x-a %2 _ax

lim
X2 y2 _3x 42

(©)

lim
x5 y3 _125

x* - 625

Page # 1.



Solution

@ Im Xo2x-4 iy (=20C42X42) iy kP4 2x+2
x52 ¥2_3y4p o2 (x=2)(x-1) 2 x_1
b im XX -2 i (x-a)(x*+ax+a®) i x2tax+a’ _
() x—>a w2 _gy | x-oa X(x —a) T x—>a f =3a
x4 _54
4 BV 3
(© 08 3 15 T xo5 x2_g3 T 352 - 3 lusingsection 2.2 (ix)]
x-5
Example : 4
(Using rationalisation) Evaluate the following limits :
_ _ 3
@ im V3X+7-4 o) im vat2x —3x © im 3x -1
X238 JYx+1-2 X—a 1/3a+x_2\/; x>l 42 _q
Solution
@ lim V3x+7-4
X238 x+1-2
Rationalising the numerator and denominator,
_lim 3x+7-16 | ¥x+1+2
T3 x11-4  (3x+7+4
_ lim 3(x-3) VX+1+2
T8 x-3 (J3x+7+4
i DOLeZ_ (202) s
U8 Bx+7+4 T \4+4) 7 2
(b) Rationalising numerator and denominator we get,
_lim @+2x-3x V3a+x +24x
T xoa 3a+x-4x (Ja+2x +43x
im =X [¥3a+x +24x 1 [2Ja+24a 2
T xsa 3@a-x) (Ja+r2x+43x )~ 3 (3a+43a) T 343
1 2 1
1 X3 —1| x3+x3+1
© lim x3-1 _ |im

x—1 X2—l x—1 2 1
(x2-1) x3 +x3 +1

lim (x-1
x—1

1
2 1 6
(x—l)(x+1)[x3 +x3 +1}
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Example : 5
(x — = type problems) Evaluate the following limits :

(b) lim 12+22+32+ ........ +n2 lim ﬂx2+3x+1+5x

3 2
@) lim X —-2X° +3x+1

c
x> By3 LI +2 n—o n® © X0 1+ 4x

Solution
In these type of problems, divide numerator and denominator by highest power of x.
€) Dividing numerator and denominator by x3

2 3 1
l1-——+—+—
. X X 1
- lim 7 2 f—
X2 B4 — 4+ — 5

(b) lim

lim nn+1)(2n+1)
= n—oo 6n3

lim (1+ 1] (2 +1j
n—oo n n

1 1
=< (1+0@+0)= 3

ok

6
(c) The highest power of x is 1. Hence divide the numerator and denominator by x.

lim VX% +3x+1+5x
X 1+4x

1+—+i2 +5
= lim x X _ V145 _ 3
= xom 1.4 0+4 2

X

Example : 6
(e0 — e form) Evaluate the following limits :

@) XITZ (secx—tanx) (b)) M (fx+2a)ex+a)-x2) (¢  fm (x—mj
Solution
lim lim sec?x—tan?x
@) Hg (sec x—tan x) = )Hg Tecxtanx
lim 1

T —_—
X5 secx+tanx

0 Im (jxr2a)@x+a) - x2)
Rationalising the expression, we get

(x +2a)(2x +a) — 2x°2

lmo (J(x +2a)(2x +a) + x\/E)
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5ax + 2a’

— lim
x>0 \Jox? 4 Bax + 222 + xy/2

Dividing numerator and denominator by x, we get

2a’®
5a + v 5a

— lim _
T Xxow® 2 - 2\/5
2+5—a+2i2+\/§

X X

© lim (X‘mj

X—>0

On rationalising the expression, we get

2 2
XS — (X +X . —X
( )=I|m

- lim —MmM=~ —
0 yplx24x % x+UxE+x
Divide by the highest power of x i.e. x!

. -1 _

_ lim = - 1__
X—00
- 1+\/ 141

1
1+=— 2
X

Example : 7

.. sinX
(usmg )['L%T = 1} Evaluate the following limits :

@ lim tanx —+/3 ) lim * sin(cos x)cos x
a T —— o 2DESA/EIS A
3 9x?-nx? X7 sinx —cosecx
© lim COSX-—cosa @ lim asm>2<—x23|na
x—a X—-a =8 gx© —ax
Solution
. . T
@ lim tanx —+/3 lim tanx—g
a T — =, 3
x—>3 9X2—TCZ x—>3 9)(2_71;2
Using tan A— tan B = —0cA—B) t
singtan A—tan B= ————= we get,
9 cosAcosB 9
sin| X T
lim 3 1 1 .. sin@ 2
X =3 = - usmg(ymoT:l =3
T — T
% cosxcos— (3x—m)(3X + 1) COS_COS _ (7 + 7)
3 3 3
b lim  sin(cos x)cosx _ lim  sin(cos x)
(b) X235 sinx—cosecx X2  cosx
lim 2 lim 2ysi . . sin®
o cos® X Sk cos*® xsinx using lim _1
2 sinx —cosecx 2 sin®x-1 -0 6

lim
=—X_,g (sinx)=-1
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) (x+aj . (x—a)
-2sin| —— |sin| ——
COSX—CO0Sa |im 2 2

lim
(C) X—a X—a X—a X—a
2%
2
. (x-a
sm(zj
. x+a) .~ ¢ J
—_ lim 4 lim - _ &
- xlea Sm( 2 j xlaa x-a =—Ssina
2
. asinx-—xsina
lim —/—— == —
(d) x> gx? —a?x
lim asinx —xsinx + xsinx — xsina lim (a—x)sinx + x(sinx —sina)
T x-a ax(x —a) T x-a ax(x —a)
. (x—a)
. . . _ 2cos(x+aj 5'”7
_ Jim (a—x)sinx im Sinx-sina _ sina 2 X a)
x>a  ax(x-a) = x»a  a(x-a) a? = xoa 2a 5
sina  cosa
=2 *
a a
Example : 8
ooak-
usmg)l(m =loga | Eyaluate the following limits :
) . Ix _ava
(a) lim 2" -2 (b) lim ﬂ
x>l oy _q X—a X—a
L 6% -2X -3 +1 . 3% _pX
© Jm = @
sin“ x X
Solution
X x-1
lim 2° -2 _, jim 2" -1 _
(@) x>l y q =2 x>l o _1 =2log 2
. Ix _gva . e‘/g(e‘&“/g—lJ
(b) lim € e — lim
X—a X—a X—a X—a

& tim €71 iy Jx=va
Ja x>a  x_g

e
x—a X —

. X—a Va

im (x-a) e

M e e © 2R

'@ (1)
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6 -2 -3 +1

lim
(C) x—0 Sin2X

Cim @ -p3*-n  xP

~ x>0 X2 sin? x

X X 2

_lim 2 =1 jim 37 -1 gim [ X _

Txo0 o x20 o xo0 {sinx) log,* log,*

L ogx_gx |3 -1 5%-1 3

lim 3" =5 _ lim - — — hd
(d) X—0 x>0 I: X X } =log 3-log5=1log c

Example : 9

1
{using lim (1+x)* = e]
Xx—0
lim 2
@ 5o (1-2x%)*

Solution

1

lim -
(@) x50 (1-2x)% =
lim yeox — lim
(b) x—1 xeeme = x—1
lim (x-1) cot mx
= exal
Example : 10
Show that the limit of :
2x-1 ;
f(x) = X :
Solution

Left hand limit = M f(x) = im
x—1

(weusef(x)=2x-1

lim
_ ex—»l tan(n—nx)

Evaluate the following limits :

(b) !(I[n)l xeotnx

-1 -2
lim ((1—2x)2x]

1 (x-1)cot nx
{1+ X— 1)><—1}

1-x im 1 n-nX 1

| =
— exalrztan(n—nx) —en

x<1

X>1 at x = 1 exists

(x-1)=2-1=1

X—1"

using lim
( g 0—-0

tano

£

-+ while calculating limit at x = 1, we approach x = 1 from LHS i.e. x < 1)

Right hand limit= M f(x) = M (g =1
= L.H.L. = R.H.L. = 1. Hence limit exists
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Example : 11
Find whether the following limits exist or not :

i 1 i 1
(@) )l('[g sin — (b) )l('[g xsin —
Solution
1
@) As x — 0, ;+oo.
As the angle 6 approaches <, sin 0 oscillates by taking values between — 1 and + 1.
; 1
Hence )'('[Q) sin — is not a well defined finite number.
X
= limit does not exist
lim o gin < = lim o lim g 1
(b) x>0 X SN x x50 X x50 SIN %
=0 x (some quantity between —1 and + 1) =0
i im o ain L= lim o gip +
It can be easily seen that ., Xsin — = - xsin — =0
x—0 X Xx—0 X
Hence the limit exists and is equal to zero (0)
Example : 12
Comment on the following limits :
. . | X |
@ M x-3 ) Jm=c
Solution

(@  Right Hand limit=lM [x 3]
= M1 +h_3)= M n_2
=— 2 (because h — 2 is between — 1 and — 2)

Left hand limit= M [x - 3]
_ i _ i
=lim 1 _h_3)=lim [ 2_p

=—3 (because — h— 2 is between — 2 and — 3)
Hence R.H.L. # L.H.L.

= limit does not exist.
o dim XD im =X
(b) Left hand limit = i = : =-1
Xx—0 X x—0 X
Ri imit= fim XD im X
ight hand limit= """ — = T —=+1
x—0 X Xx—0 X

Hence R.H.L. # L.H.L.
= limit does not exist

Example : 13
Find a and b so that the function :

X +a+2 sinXx ; Osx<%

T Y

= 2xcotx+b . —<X<—
i) 4 2
acos2x—bsinx ; g< X<m
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is continuous for x € [0, 7]
Solution
At x = /4

Left hand limit = lim f(x) = lim (x+a+/2 sinx) = % +a

X—>— X—>—
4 4

Right hand limit = lim_f(x) = lim (2x cot x + b) = g +b

X—>—— X—>——
4 4

KA I n -
f[4]—2[4] cot4+b_2+b

for continuity, these three must be equal

T P T ,

— + = — + —_ =TT iiiieeees
= 7 taT 5 b = a-b 2 0}
At x = /2

Left hand limit= lim (2xcotx+hb)=0+b=Db

X—>——
2

Right hand limit = lim (acos 2x—bsinx)=—a-b

X—>——
T
f > =0+Db

2
for continuity, b=—a—->b
= a+2b=0 (i)

Solving (i) and (ii) fora and b, we get : b = — % a= %

Example : 14
A function f(x) satisfies the following property f(x +y) = f(x) f(y). Show that the function is continuous for all
values of x if it is continuous at x = 1

Solution
As the function is continuous at x = 1, we have

Im g = M f(x) = f(2)

X—1
= Im f2—hy= JIM 1+ h) =)
using f(x +y) = f(x) f(y), we get
= lIm (1) f(-hy = 1M £(1) f(h) = (1)
= Imfhy=Mfhy=1 0)

Now consider some arbitrary point x = a

Left hand limit = M f(a —h) = M f(a) f(-h)

=fa) M fch) =f(@) oo using (i)
Right hand limit = IM f(a + h) = IM f(a) f(h)

=fa) M f(h) =f@) oo using (i)

Hence at any arbitrary point (x = a)
LH.L =R.H.L. =f(a)
= function is continuous for all values of x.
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Example : 15

1+x 0<x<?2
i) =13_x

2<x<3

Determine the form of g(x) = f(f(x)) and hence find the point of discontinuity of g, if any

Solution

fl+x) ; 0<x<1

1+x ; 0<x<
g(x)zf(f(x))={3_x Cocx<3 = f(1+x) l<x<2
' B f(3-x) ; 2<x<3
Now xe [0, 1] = @Q@+x)e[1,2]
x e (0, 2] = 1+x)e (2,3]
xe (2, 3] = (3-x)e[0,1)
Hence

f(l+x) for 0<x<1 = 1<x+1<2
gx) = 1f@+x) for 1l<x<2 = 2<x+1<3
f3-x) for 2<x<3 = 0<3-x<1

Nowif (1 +Xx)e [1,2],thenf(1+x)=1+(1+X)=2+X
[from the original definition of f(x)]
Similarly if (1 + x) € (2, 3), then

f(L+Xx)=3-1+X)=2-2 oo (ii)
If (3—x) (0, 1), then
f(B=X)=1+@+X)=4=X e (iii)

2+x ; 0<x<1
Using (i), (ii) and (iii), we get g(x) = 12—-X ; 1<x<2
4-x ; 2<Xx<3

Now we will check the continuity of g(x) at x =1, 2
Atx=1

LHL = M gog= M o +x)=3

x—1"

RHL = M goy= M _x=1

X x—1"

As L.H.L., g(x) is discontinuous at x = 1
Atx=2

LHL = M gx)= M 2_x=0

X— X—2"

— lim — lim -
RH.L.= T°. g(x) = 4-x)=2

x—2"

As L.H.L. # R.H.L., g(X) is discontinuous at x = 2
Example : 16

el/X _1

_ X =0
Discuss the continuity of f(x) = e”(") +1

Solution
1
X _ t
hLo tim &2l gm e -1 0.1
x»0~ 1 to-o al L1 0+1
ex+1

at the point x =

0
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1

X _ t_ ) =
RuL= fIm 221 jim &1 jim 1€
x>0t L oo gly] e 1ie
eX+1
RHL =2 =1
= T 40 T
= LHL #RH.L = f(x) is discontinuous at x = 0

Example : 17

Discuss the continuity of the function g(x) = [x] + [-X] at integral values of x.
Solution

Let us simplify the definition of the function

M If x is an integer :
Kl=xand [-X]=-x = gx)=x—x=0
(ii) If x is not integer :
let x =n + f where nis an integer and f € (0, 1)
= [X]=[n+fl=n

and  [-X]=[-n-fl=[(-n-1)+(1A-f]=-n-1
(because 0<f<1=0,(1-7)<1)
Henceg(X)=[X]+[-X]=n+(-n-1)= -1

0 , ifxisaninteger
So we get: 9(x) = -1 , if xisnotaninteger
Let us discuss the continuity of g(x) at a point x = a

wherea e 1

LHL = lIm gy=-1

X—a

as x — a-, x is not an integer
= lim =
RH.L. = "7 gx)=-1

as x — a*, x is not an integer
but g(a) = 0 because a is an integer
Hence g(x) has a removable discontinuity at integral values of x.

Example : 18
Which of the following functions are even/odd?

a1 (H_X]
(a) f(X) = 1 (b) f(X) =X |Og - x
)  fx)=1x @d  f(x)=log (x +Vx% + 1)
Solution
a’-1 1-a* _
() f(x)= ——— = —— =-f(x) = f(x) is odd

1-x 1-x\* 1+x
(b) f(—x) = —x log 1t x =xlog (mj =xlog 1-x =1(x)

= f(x) is even
(€) f(=x) = |-x| = x| = f(x)
= f(x) is even
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14 %2 —x2
(d) f(—x) = log (—x+\/1+ ij = log {ﬁj = _log (x+«/x2 +1j =~ f(x)

= f(x) is odd.

Example : 19

Solution

Which of the following functions are periodic ? Give reasons
(a) f(x) = x + sin x (b) cos ,/x
(c) f(x) = x = [X] (d) C0Ss2X
If a function f(x) is periodic, then there should exist some positive value of constant a for which
f(x + a) = f(x) is an identity (i.e. true for all x)
The smallest value of a satisfying the above condition is known as the period of the function
(a) Assume that f(x + a) = f(x)
= X+a+sin(x+a)=x+sinXx
= sinx—sin(x+a)=a
x+ 2] gp @
= 2 cos 5 | sin 5= a
x+2 | gin 2
= 2 cos 5 | SIn 57" a

This cannot be true for all values of x.
Hence f(x) is non-periodic
(b) Assume that f(x + a) = f(x)

= COS 4/x+a =CO0S [x
= Jx+a =2npt fx
= m + \/_ =2nm

= 2Xx+azx?2 X2+ax =4n? ©t?

= 2X+ 2 X2+ax =4n’n?’-a

As this equation cannot be an identity, 3 f(x) is non-periodic
(c) Assume that f(x + a) = f(x)

= X+a—[x+a]=x-[X]

= [x+a]l-[x]=a

This equation is true for all values of x if a is an integer hence f(x) is periodic
Period = smallest positive value of a =1
(d) Let f(x + a) = f(x)

= cos? (X + a) = cos?X
= cos? (x +a)—cos>x =0
= sin(2x +a) sin(a) =0

this equation is true for all values of x if a is an integral multiple of &t
Hence f(x) is periodic. Period = smallest positive value of a ==

Example : 20

n

Find the natural number a for which z f(a+k) = 16(2" — 1) where the function f satisfies the relation
k=1

f(x +y) = f(x) f(y) for all natural numbers x, y and further f(1) = 2.

Solution

Since the function f satisfies the relation f(x + y) = f(x) f(y)
It must be an exponential function.
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Let the base of this exponential function be a.
Thus f(x) = a*
Itis given that f(1) = 2. So we can make
f(l)y=a'=2 = a=2
Hence, the functionis f(x) =2x ... 0]
[Alternatively, we have
fx)=fx—1+1)=fx-1)f(1) =f(x—2 + 1) f(1) = f(x — 2) [f(1)]? =
Using equation (i), the given expression reduces to :

n

k
> 2 igeno1
k=1

n
k
- D22 Jqg iy
k=1

n
k
= 22 2,2 Z1g(20-1)
k=1

= 22(2+4+8+16+ oo, +2) =16 (2"- 1)
2(2" -1)

= 221757 |=16(@"-1)

= 2a+1: 16 = 2a+1:24

= a+l=4 = a=3

Example : 21

Evaluate the following limits :

Solution

X 3-x 3y
) im 3 +37-12 B lim tan®x-3tanx
() x—2 33X _gxI2 (i) Bl — (i)
N COS| X+ —
%)
, 343312
(') LetlL = )l(l_,mz 33—x_3x/2

27

3¥+5 12
) 3%
= L: )I(L)rr]z 2_3)(/2
3X
i 32X _12.3% +27
= L=Im ——
X—2 (3X/2)3 _33
. (3% —9)(3* -3)
= L= lim x/2 X x12
x-0 (3%/2 _3)(3* +9+3.3%/2)
x/2 X
. L= lim (3*2 +3)(3* -3)
x-2 (3% 4+3.3%2 4+ 9)
.66 _36 4
= ~9+33+9 27 3

lim
X—>—0

x*sin = +x

1+ x3 |

= [f(D)F=21]
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) im  {an°x-3tanx
(i) LetL=L= 1" —( nj and X =
cos| X + ¢

tan®| 1+~ |- 3tan| t+ ~
3 3

L= lim
= =0 cos[t + gj

w|a

tan(3t + ) {3tan2[1+ g) - 1}

— lim
= ~ t-0 -
—sint
o —tan(3t) 2 T
— lim =22 [|im |3tan“|t+—=|-1
= L=130 “aint - to0 { [ +3j }

. tan(3t) ; 1 ; 2 L
—qlim =222 _ |Iim —— o lim |3tan‘|1+=|-1
= L=3 0 3t X 150 sint X 150 { [ +3j }
= L=3x1x1x8=24
i x*sin L+ x2
(iii) Let L= '”}w D —
> 1+ %3 |

Divided Numerator and Denominator by x® to get

.1
sin> 4
xsinx+x2 1/;+;
- lim - _ =22 .. -
L= 0 i+|xl3 _i+(—x)3 ¢ forx <0, x| = =)
x3 x> X3
— (D)+ — (0)
N L= —_— 7
o= > (0)+ (1)
Example : 22
(1+ | sinx [2/lsinxl %<x<0
Let f(x) = b o x=0
tan2x
etar'l3X : 0<X<£
6

Determine a and b such that f(x) is continuous at x = 0

Solution
Left hand limitatx =0

a
— lim = lim |(1+]si |sinx|
LHL = Im g = lim {(+|S|nx|)lsm><l}

— lim
= LHL=lmf0_n)
a 1
— LHL. = r!ILT(IJ {(1+ | sinh |)|sinh|:| = ex using: !m(lﬂ)t =e
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Right hand limitx =0

tan2x

= lim = lim _@nax
RH.L = B0 f(x)= 10 etan3x

- RH.L. =M f0+hn)

tan2h

— lim
= RH.L.= M gianan
2(tan2h 3h 2
— lim .3\ 2h tan3nh) — o3
=  RHL=/m ¢ =e

for continuity
L.H.L. =R.H.L. =1(0)

Example : 23

2n
: X
Discuss the continuity of f(x) in [0, 2] where f(x) = l!ﬂ]o (sm;)

Solution

{0 Do x|<1

i lim 2n —
Since U X 1 |x|=1

) X 2n
f(x) = nlfgo [sin?j

. mX
Thus f(x) is continuous for all x, except for those values of x for which 3'”7 = 1‘
i.e. X is an odd integer
= X=(2n+1) where x € 1

Check continuity at x = (2n + 1) :

LHL= DM f9=0 .. (i
and  fen+1)=1 (i)

from (i) and (i), we get :

L.H.L.# f(2n + 1),

= f(x) is discontinuous at x = 2n + 1
(i.e. at odd integers)

Hence f(x) is discontinuous at x = (2n + 1).
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Example : 24

1-cos4x

;o x<0
52

Letf (x) = a ;o x=0
Jx

x>0

Ji64x —4

Determine the value of a, if possible, so that the function is continuous at x = 0.
Solution

1-cos4x %<0
X2
It is given that f(x) = a ; x=0
L ; X>0
V16 ++/x -4
is continuous at x = 0. So we can take :
lim — — lim
20109 =10) = 1. 109
Left hand limitatx =0
; ; 1-cos4x
— lim — lim ——>>==27%
L.H.L. = oo f(x) = oo 2
Now, LH.L =M f0_n)
. 1-cos4h .. 2sin’2h - . sint
— lim /=27 _ |lim =~ — Clim 22— =
= LH.L = % 2 = m " =8 {usmg.y_r)% " 1}
Right hand limitat x =0
Jx

= lim = lim ———
RHL= S0 100= So g+ vx —a

Now, R.H.L.

im0+ h)

h=0 /16 ++/h -4

Rationalising denominator to get :

= RH.L. = im % (M+4) =8

For function f(x) to be continuous at x = 0,
L.H.L. =R.H.L. =1(0)

= R.H.L.

= 8=8=a
= a=8
Example : 25

Ler {x} and [x] denote the fractional and integral part of a real number x respectively.
Solve 4{x} = x + [X].
Solution
We can write x as :
X = integral part + fractional part
= x =[x+ {x}
The given equation is 4{x} = x + [X]
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= Axp=[x+{x}+[x]

= F=2x] 0]
= 3{x} is an even integer

Butwe have 0<{x} <1

= 0<3{x}<3

= 3{x}=0,2 [become 3{x} is even}
2 3 N
= {x}=0, 3 and [X] = 5 {x}=0,1 ... (using i)
2
N XxX=0+0 or X = 3 +1
0 _5
= X = or X=3
Example : 26
_ o _ [cos nx] ;o x<1
Discuss the continuity of f(x) in [0, 2] where f(x) = |2x—3|[x~2] x> 1
where [ ] : represents the greatest integer function.
Solution
First of all find critical points where f(x) may be discontinuous
Consider x — [0, 1] :
f(x) = [cos mX]
[f(x)] is discontinuous where f(x) € 1
= cosnx =1
. . 1
In [0, 1], cos mx is an integer at x =0, X = 5 andx=1
1 " . :
= x=0,x= > and x =1 are critical points ~~ ............ @
Consider x — (1, 2] :
f(x) =[x—-2] |2x - 3|
Inxe (1,2) [x-2]=-1 and
forx=2 ; [x-2]=0
3
Also |2x—3| =0 = x=§
3 . . .
= X = 5 and x = 2 are critical points ... 0]
L I _ 1 3
combining (i) and (ii), critical points are 0, 5 1, PR 2
On dividing f(x) about the 5 critical points, we get
1 ; x=0 cos(n0) =1
0 ; 0<x§% 0<cosnx<0=[cosnx]=0
-1 ; %<xs1 + —1<cosnx <0 = [cosnx]=-1
f(x) =
-1(3-2x) ; 1<xs§ w |2x-3] = 3-2xand[x-2]=-1
-1(2x-3) ; g<x<2 v |2x-3|=2x-3and[x-2]=-1
0 ; 2 i [X — 2] = 0
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Checking continuity at x =0 :

RHL = lm ©=0 and f0)=1

x—0*
As, R.H.L. #f(x)
= f(x) is discontinuous at x =0

Checking continuity at a + x = 1/2

LHL = lim fx)=0
n

X—>=
2

RHL = lim fx)=—-1
n

X—>=
2

As L.H.L.#R.H.L,,

f(x) is discontinuous at x =

E .
Checking continuity at x = 1 :

— lim —
LHL = M fx)=-1

RHL =M foy=—1=lim o _3y=_1

x—1* x—1"
and f1)=-1
As LH.L=R.H.L. =f(1)
f(x) is continuous at x = 1
Checking continuity at x = 3/2 :

LHL = lim (2x-3)=0
N

X—>=
2

3
RHL = lim (3-2x)=0 and f[—] =0
3+

X—>=
2

3
As LHL =RH.L.=f (E] ,

f(x) is continuous at x = 3/2
Checking continuity at x = 2 :

— lim - —
LHL = "0 B-2x)=-1 and f(2)=0

As L.H.L. #1(2),
f(x) is discontinuous at x = 2

Example : 27

sin2x + Asinx + Bcos x

If f(x) = N is continuous at x = 0, find the values of A and B. Also find f(0).

Solution
As f(x) is continuous at x = 0

f(0) = M §(x) and both f(0) and M f(x) = are finite

lim 2sin2x + Asinx + Bcos x
= 0= &

As denominator - 0 as x — 0,

. Numerator should also — 0 as x — 0.
Which is possible only if (for f(0) to be finite)
sin 2(0) +Asin (0) +Bcos0=0

= B=0
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sin2x + Asinx

=" —2
_ lim sinx 2cosx+A _lim 2cosx+A
= f(0) = x—0 X X2 ~ x>0 X2

Again we can see that Denominator — 0 as x — 0
. Numerator should also approach 0 as x — 0 (for f(0) to be finite)
= 2+A=0 = A=—

—4sin? > _sin2 X
oy = lim [2C0SX=2) i | - lim ool B
= )= x—0 X2 ~ x>0 X ~ x-0 X~ -
4

SowegetA=-2,B=0andf(0)=-1

Example : 28

64* —32* —16* +4* +2* -1
(J3+cosx —2)sinx

lim
Evaluate 50

Solution

lim 64% —32* —16* +4* +2* -1
Letl= o (J3+cosx—2)sinx

On rationalising the denominated, we get

26X _25)( _24X +22X +2X _1

= Im («/3+cosx +2)

(cosx—1) sinx

On factorising the numerator, we get

(2X —[2°* - 25 (2* -1 +1

L= lim « lim (erz)

x—0 (cosx -1 sinx x—0

(2" -niE™ -2 - (2% -1

— lim
= L= 50 (cosx —1sinx 4
X _ 2x 3x _
L Lo im @@ one¥en

x—0 (cosx —1)sinx

(2% 1) x2 . X
lim « Im | ——|  lim | —
x>0 | 3x x>0 | —2sin?(x/2) ) x>0 {sinx
= L=4(/n2)=2{n2)x3(/n2)x(-2) = L=-48 (/n 2)®

Example : 29
0] If f is an even function defined on the interval (-5, 5), then find the four real values of x satisfying

_ (x+1
the equation f(x) = f x+2 )"

1
1+5x2 sz

x—0 1+ 3X2

i) Evaluate: im (
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(i)

(iv)

Solution

0

(ii)

(iii)

b1 b1 5
If f(x) = sin?x + sin? (XJFE] = COS X COS (XJFE] and g (Z] = 1, then find g [f(x)].

Let f(x) = [X] sin where [ ] denotes the greater integer function. Find the domain of f(x) and

(m
[x+1]

the points of discontinuity of f(x) in the domain.

X+1
Itis given that f(x) = f [x+ 2}

X+1 ,
= X=1%12 = xX*+x—-1=0

_ —1%45

= X > e 0]
As f(x) is even, f(x) = f(—x)
—x:(:((:;j = X*+3x+1=0 = x=# ........... (i)

One combining (i) and (ii), we get :

x:# and x = #

1

2\ 2
_ lim 1+5x° |x
HeE = [1+3x2

_ 2 2z
- L= lim |14 1+ 5X2 B X
1+3x

2 2
= = lim 1+ 2x > "
x>0 1+ 3x
e :
_ i 1+3x2 ) _ using: lim@+t)t =e
= L= >I<ILT2) € =e’ 9 I*)O( )

T I
It is given that f(x) = 1 — cos?x + sin? (X +§j + COS X COS (X +—j

3
-1_ {coszx—sinz[x+ﬁﬂ L1 {2cosxcos[x+£ﬂ
3 2 3
cos 2x+E cos i cos T
3 3 3

T o 5
=1 2X + — — = = —
1 cos[ 3] cos 3 + 5 + > 1+ > 2
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(iv)

5
= For all values of x, f(x) = e (constant function)
5
Hence, g[f(x)] = g (Z)

Butg (gj =1 = glfx)]=1

Hence, g[f(x)] = 1 for all values of x

N L7

Let f(x) = [x] sin [X+1]

Domain of f(x) is x € R excluding the point where [x + 1] =0
(- denominator cannot be zero)

Find values of x which satisfy [x + 1] =0

[x+1]=0

= 0<x+1<1

= -1<x<0

i.e. for all x e [-1, 0), denominator is zero.
So, domainis x € R [-1, 0)

= Domain is X € (—eo, =1) U [0, o)

Point of Discontinuity

As greatest integer function is discontinuous at integer points, f(x) is continuous for all
non-integer points.

Checking continuity at x = a (where a — 1)

. T

LHL = I!IEEJ [a—h] sin (mj
. Tc .
= LHL. =(@a-1)sin [g] ............ 0]
lim - T
RH.L. = 15 [a+h]sin m
—- . Tc e

= L.H.L.=asin atl) e (ii)
From (i) and (ii), L.H.L. # R.H.L.
= f(x) is discontinuous at x = a (i.e. at integer values of x)
So, points of discontinuity are x e 1 n D. (i.e. integers lying in the set of domain)

= xe I-{-1}.
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