Example : 1
If a, b, c are the x th, y th and z th terms of an A.P., show that :
(a) a(y-z)+b(z-x)+c(x-y)=0
(b) x(b-c)+y(c—a)+z(a-b)=0

Solution
Let A be the first term and D be the common difference,
= T =A+(xx-1)D=a ...... 0)
T,=A+(y-1)D=b ... (i)
T =A+(z-1)D=c ... (iii)
operating (2 —3), (3—1) and (1 — 2) we get :
b-c=(y-2D c—a=(z-x)D a—-b=x-y)D
_b-c _C-a _a-b
y—z= D Z—X= D X—y= D

Now substituting the values of (y — z), (z — x) and (x —y) in L.H.S. of the expression (a) to be proved.

a(b-c) . b(c-a) . c(a-h)
D D D

= LHS =

ab-ac+bc-ab+ca-cb
= LHS = D =0=RHS

Now substituting the values of (b — c¢), (c — a) and (a — b) in LHS of the expression (b) to be proved
= LHS=x(y-z)D+y(z-x)D+z(x-y)D
={xy—-xz+yz—-xz+zx—zy}D=0=RHS

Example : 2

The sum of n terms of two series in A.P. are in the ratio 5n + 4 : 9n + 6. Find the ratio of their 13th terms.
Solution

Leta,, a, be the first terms of two A.P.s and d,, d, are their respective common differences.

2a (-1 d]

B 5n+4

T Jl2a,+(-Dd;] 9N+
a1+(n_1) d;
2 _5n+4
= aer(n;l) d, ~on+e (i)

_ a; +12d;
Now the ratio of 13th terms = —a2 +12d,

(-1 : : o
= ut e =12 i.e. n = 25 in equation (i)
a; +12d; _5(25)+4 129
= a,+12d, ~ 9(25)+6 ~ 231
Example : 3

If the sum of n terms of a series is S, = n (5n — 3), find the nth term and pth term.
Solution
S, =T +T,+T,+T,+. ... +T  +T,
S,={sumof (n-1)terms}+ T
= T =S,-S, ,
Now in the given problem :
S,=n®Gn-1)andS_, [5(n-1)-3]
= T,=S,-S,,=10n-8
= Tp =10p-8
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Example : 4
If a, b, ¢, d are in G.P., show that
(@ (@-d)?*=(b-c)*+(c-a)*+(d-b)

(b) a?—b? b?-c?and c?—d? are also in G.P.
Solution
(a) a, b, c,darein GP.
= b2=ac,c*=bhd,bc=ad ... ()

Now expanding the RHS, we get
RHS = (b%?+c? - 2bc) + (c? + d? — 2ac) + (d? + b? — 2bd)
=2(b?-ac) + 2(c? — bd) + a? + d> — 2bc
=2(0) + 2(0) + a + d? — 2ad (from i)
=(a—-d)?=LHS
(b) Now we have to prove that a2 — b?, b2 — c2 and ¢ — d? are in G.P. i.e.
(b2 _ Cz)z = (az _ bz) (02 _ dz)
Consider the RHS
(a% — b?) (c? — d?) = a%c? — b?c? — a?d? + b%d?
= b*— b2%c? - b%c? + c¢*

= (b?-c?) =LHS
Example : 5
Ifa, b, carein A.P. and x, y, z are in G.P., prove that x> y*2 z3b =1,
Solution
a, b,careinA.P. = 2b=a+c or a-b=b-c
X, Y, zarein G.P. = y2 =Xz
proceeding from LHS
= Xb=¢ zb—c ye-a {asb-c=a-b}
= (Xz)b—c yc—a = yz(b—c) yc—a {as XZ = yz}
= Y60+ - a)
=y?ac =y =1 =RHS {as2b=a+c}
Example : 6

The sum of three numbers in H.P. is 26 and the sum of their reciprocals is 3/8. Find the numbers.
Solution
Three numbers in H.P. are taken as :

i R )
a-d’a’ a+d = ad T atarg 26 0)
also (a-d)+a+(@a+d)=3/8 ... (ii)

. . 1 1
from (i) and (ii)) a= P andd =+ o

= the number are 12, 8,6 or 6, 8, 12

Example : 7

If pth term of an A.P. is 1/q and the gth term is 1/p. Find the sum of p g terms.
Solution

Let A and D be the first term and the common difference of the A.P.

1 1
= E=A+(p—1) ,5=A+(q—1)D

solving these two equations to get A and D in terms of p and q

sum of pg terms = p_2q [2A +(pq—-1) D] = Pq (

£+&—1)
2

pPa  pPq
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= sum = pg+i
2
Example : 8
If the continued product of three numbers in G.P. is 216 and the sum of the products taken in pairs is 156,
find the numbers.

Solution
b
Let ?, b, br be the three numbers.
b
= ?,b,br=216 = b=6

b b
also N (b) + b (br) + ?(br) =156

1
= bZ(;+r+4J =156 = 62 (12 + r + 1) = 156r
= 3rr+3r+3=13r
= r=3, =

Hence the numbers are 2, 6, 18 or 18,, 6, 2
Example: 9
In a HP, the pth term is q r and gth term is r p. Show that the rth termis p g.

Solution
Let A, D be the first term and the common difference of the A.P. formed by the reciprocals of given H.P.

1 1
pth term of A.P. is a and gth term of A.P. is ——

Y
1 1
= ar =A+(p-1)Dand D =A+(q-1)D
We will solve these two equation to get Aand D
subtracting, we etM—( -qDb = D—i
g, g par P—q par
H LAt Az —
e S S
ence ar oar = oar
Now the rth term of AP. =T =A+ (r—1)D
1 r-1 1
= T=—""—"+_——="—

par — par — pq
Hence rth term of the given H.P. is pg.

Example : 10
The sum of first p, g, r terms of an A.P. are a, b, ¢ respectively. Show that :

a b (] 0
p(q—0+q(rﬂn+r(p—m—

Solution
Let A be the first term and D be common difference of the A.P.

= a= S [RA+(-1)D)
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a b a
We canwite 7 (@=n0+ 5 (=p)+ % (p-0q)= Zg(p—f)
LHS = Z%(q—r)

- Yq-neat@-gd
2.5

> Y 2A@-n+5 Y@-noe-1
=AY @-N+ 5D P@E-N]-5 (-1 =0+0-0=0=RHS

Example : 11

If a, b, c are in A.P., then show that a? (b + ¢), b? (c + a), c? (a+ b) are in A.P., if bc + ca + ab # 0.
Solution

We have to prove that

a?(b+c),b?2(c+a),c’(a+b) areinAP

ie. a(ab + ca), b (bc + ab), c(ca + bc) are in A.P.

a(ab + bc + ca) —abc, b (bc + ab + ac) — abc, ¢ (ca + bc + ab) — abc are in A.P.

a(ab + bc + ca), b(bc + ab + ca), c (ca + bc + ab) are in A.P.

= a, b, c are in A.P., which is given.

Hence a2 (b +c),b?(c+a),c2(a+b) areinA.P.

Alternate method :

Asa,b,careinAP,weget: a-b=b-c ... 0]
Considera? (b +c)—-b?(c+a)=(a’h—b%) + (a’c—-b%c)=(a-b)(@b+ac+bc) ... (i)
Alsob?(c+a)—c?(a+b)=(b’c—c?h)+(b’a—c?ta)=(b—-c)(bc+ba+ca)  ...... (iii)

From (i), (ii), (iii), we get,
a’(b+c)—b2(c+a)=b?(c+a)—c?(a+h)

= az(b+c),b?(c+a),c?(a+b)areinAP.
Example : 12
If (b —c)?, (c—a), (a—Db)?are in A.P., then prove that : 1 1 ! are also in A.P
(b—-c), (c-a) (a-b) P, then p B¢’ o-a’ a b P
Solution

(b-c)*,(c—a)?, (a—b)?>arein A.P.

= (b—c)-(c—a)*=(c—a)*— (a—Dh)?

= (b-c)(b+a-2c)=(c-b)(b+c-2a)

= (b-a)[(b-c)+(a-c)=(c-a)[(b—a)+(c—a)
Divide by (a—b) (b—c) (c—a)

1 1 _ 11
= b-c c-a a-b c-a
1 11 1
= b-c c-a c-a a-b
1 1 1 i AP
= b o' c_a’ a_p A€iNAP
Example : 13

a’+ab+b®> b+a
bc+ca+ab c+b

If a, b, c are in G.P,, prove that :

Solution
As a, b, c are in G.P,, let us consider b = ar, and ¢ = ar?
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LHS a?+ab+b?  a?+a’r+a’? a’@+r+r3) 1
" b+ca+ab  a’®+ai?+a’r  ak(rP4r+1) v

b+a ar+a ar+) 1
RHS = = > = = —
c+b " ar?+ar ar(r+1) " r

Hence LHS = RHS

Example : 14

If a, b, ¢ are respectively pth, qth, rth terms of H.P., prove thatbc (q—c) +ca(r—p)+ab (p—q) =0.
Solution

Let Aand D be the first term and common difference of the A.P. formed by the reciprocals of the given H.P.

= —=A+(pP-1)D ... ()
1 .
B_A+(q_1)D ............ (i)
1
c =A+(r-1)D ... (iii)

c-b
Subtracting Il and Il we get e © (q-nD

(b-c)
D

= bc(q-r)=-
LHS = > bc(q-r)
bc 1
= E:—BZ(b—c)
1
:_5 [b-c+c—a+a-b]=0RHS

Example : 15
If ax=bY = c*and x, y, z are in G.P., prove that log,a = log_b.
Solution
Consider a* = bY = ¢* . Taking log
xloga=ylogb=zlogc

X logb y logc
= y = loga @4 7 = jogb
in G X_y
as x,y, zarein GP = y
logb logc
= loga ~ logb
loga logb
= logb ~ logc
= log,a = log b
Example : 16
If /a =¥b =%/c andifa, b, c are in G.P., then prove that x,y, z are in A.P.
Solution
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111
Let az =bY =c?

loga _logb Jogc

= x Y z =k
= log a = kx, log b = ky, logc=kz
As b?=ac = 2logb=1loga+logc
We have 2 ky = kx + kz
= 2y=x+z
= X, Y, zare in A.P.

Example : 17

If one GM G and two AM’s p and g be inserted between two quantities, show that G2=(2p-q) (2 p - q).
Solution

Let a, b be two quantities

= G?2=abanda,p,q,bareinAP.

(b-a) b+2a b+ta 2b+a
3 3 g=a+2

RHS =(2p-q) (20 -p)

(g(b+2a)_ 2b+a] [2(2b+a)_b+2a]
3 3 3 3

3 3

= p:a+

1
9 (2b +4a—-2b—a) (4b +2a—-b - 2a)

1
3 (3a) (4b) = ab = G? = RHS

Example : 18
If S, is the sum of first n terms of a G.P. (a,) and S’n that of another G.P. (1/a,) then show that :
S =Sn=a, a.
n 1"n

Solution
S, =a ta, tat ... +a,
1 1 1
n= _— + _ + +
S’n a, a, T a,

For the first GP. (a ), a, = a,rn*

s - a;(1-r")

. 1 , where r is the common ratio
—-r

1
an

i
1 M (rn _1) r"-1

S,n:a_l ( j T oa,r-)r"t T a,(r-1)

1
For the second G.P. ( ] , common ration = .

[N

-

1 a,(r" -1)
= S =T+~
n a1an r-1
, 1
= S’n = aa, Sn
= S =% aa
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Example : 19
At what values of parameter ‘a’ are there values of n such that the numbers :
i~ + BIx a2, 25 + 25> form an A.P.?

Solution
For the given numbers to be in A.P.

a
2 (E] 51+x + 51—x + 25x + 25—x

Let 5=k

_ 5 , . 1
= a—5k+E+k+k—2

1 > 1
_ K+— k2 + —
= a—5(+k)+[ +k2)

As the sum of positive number and its reciprocal is always greater than or equal to 2,

k+i>2 and k2+i>2
k = k2~

Hencea>5 (2) +2 = a>12

Example : 20
The series of natural numbers is divided into groups : (1) : (2, 3, 4); (5, 6, 7, 8, 9) and so on.
Show that the sum of the numbers in the nth group is (n — 1) + n®
Solution
Note that the last term of each group is the square of a natural number. Hence first term in the nth group
is =(n=-1)2+1=n*-2n+2
There is 1 term in Ist group, 3 in lind, 5 in llird, 7 in IVth, ..........
No. of terms in the nth group = nth term of (1, 3,5,7 ....)=2n-1
Common difference in the nth group =1

2n-1
Sum = 5 [2(n2—=2n+2) + (2n - 2) 1]
2n-1
= > [2n?2=2n+2]=(2n-1) (n?—n+ 1)
=2n*-3n2+3n-1=n°+(n-1)%
Example : 21
1 1 1 1 .
If—+ — + + =0, prove that a, b, care in H.P., unlessb=a +c
c a-b «c¢-b
Solution
1+1+ = + 1 =0
a ¢ a-b c¢c-b "~
a+c a+c-2b
= ac  ac—b(a+c)+b? =0
Leta+c=t
1 t—2b 0
— + =
= ac  ac-bt+b?
= act —bt? + bt + act — 2abc =0
= bt? — b%t — 2act + 2abc =0
= bt (t—b)—-2ac (t—b)=0
= (t—b) (bt—2ac)=0
= t=b or bt = 2ac
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= atc=b or b(a+c)=2ac

2ac
= a+c=b or b=
a+c
= a,b,careinH.P.ora+c=b
Example : 22
. Ifa,a,a, ... ,a arein HP, provethat: a a,+a,a,+......... +a _,a=(MNn-1)aa .
Solution

Let D be the common difference of the A.P. corresponding to the given H.P.

1 1
= i(n_
= a, ~ a (n=1)D ... 0]
1 1 1 _
Now a,’ a, ' ag T are in A.p.
1 1
= a, a D
a;—-a; a; —ag
= a a,= D and aa, = D and so on.
_ Ay 1~ 3,
= a_a= ~ b5
Adding all such expressions we get
_a;—-a,
= aa,+aa, +aa, + ... a ,a = 5
_ alan i — i
= aa,+aa, + ... +a ,a = o l|a, a
alan . .
= a,a,+aa, t..... +a ,a = D [(n=1)D] .......... using (i)
Hencea a,+a,a,+ ... +a,a=(-1)aa

Example : 23
If p be the first of n AM’s between two numbers ; q be the first of n HM’s between the same numbers, prove

2
n+1
that the value of g cannot lie between p and (n_—lj p.

Solution
Let the two numbers be a and b. If p is first of n AM’s then :

b-a b+an

p=a+m = nel T ®
If q is first of n HM s then :
11
1. 1,ba _ ab(n+1) )
9 a nel 9= pnra e (i)
ab (n+1)?

Dividing (ii) by (i) we get % ~ (bn+a) (an+b)
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(n+1)?

p
4 - =
q n2+1+n(a+b)
b a

As the sum of a number and its reciprocal cannot lie between — 2 and +2

a b
= 2 —+ — <=2
b a

a b
= (n+1)zsn[5+g]+n2+1s(n—1)2

1 q 1
(n+1)? = p(n+1) = (n-1)2

2
n+1
= quZP[n—lj

) n+1)°

= g cannot lie between p and p o1

Example : 24
. . ) 1 1 1

Ifa, b, carein A.P., o, B, yare in A.P. and aca, bj, cyare in G.P, prove thata:b:c= ; : E .
Solution

a,b,careinAP. ... 0]

= 2b=a+c

o, B,y arein H.P.

20y )
= B= wty (ii)
ao, bp, cyare in GP
= b?p2=accy ... (iii)
2 2

. - .. [a+cC 2oy
Using (i), (ii) and (iii), [Tj (a +Yj = ao cy
(a+c)®>  (a+7y)?

ac oy
L a,c_o. v

c a vy o

(04
Multiplying by 7 we get,

o o (a c
v2 vy \lc a +1=0
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= ao = cy or co = ay

ao = cy is not possible an aa, b , cy are in GP {obviously with common ratio # 1)
Hence we have only co = ay

Using this in (iii)

b2p? = a2y = by=ay

= Uy ~UB ~ Ua
1 1
= a:b:c=7:7:—
Yy B a
Example : 25
Find three numbers a, b, ¢ between 2 and 18 such that :
0] their sum is 25,
(i) the numbers 2, a, b are consecutive terms of an A.P.
(iii) the numbers b, ¢, 18 are consecutive terms of a G.P.
Solution
According to the given condition, we have
atb+c=25 ... 0]
2a=b+2 ... (i)
c2=18b .. (iii)

eliminating b and a, using (ii) and (iii) we get

2

1¢ c?

= |=*2 + — +C=

> (18 j 18 c=25
= c?+ 36 + 2c? + 36¢ = 25 (36)
= (c+24)(c-12)=0
= c=12,-24
As a, b, c are between 2 and 18, ¢ = 12 is the only solution
Using (iii), b=¢?/18 =8

+2

b
Using (ii), a = > =5

Hencea=5,b=8,c=12

Example : 26

If a, b, c are in G.P., and the equations ax?> + 2bx + ¢ = 0 and dx? + 2ex + f = 0 have a common root then
show that d/a, e/b, f/c are in A.P.

Solution
a, b, carein G.P. = b%?=ac
Hence the first equation has real roots because its discriminant = 4b? —4ac =0
-2b b
therootsare x= —— =— —
2a a

As the two equations have a common roots, —b/a is root of the second equation also.

_bY b
= d a + 2e a +f=0

= db?—2abc +a* =0

dividing by ab? d E+a—2f—0

ividing by al = A" b Ta? "
d_ze @ 4z

= a_ b " a@ac) - a b ¢~
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d e f )
= —, —, — areinA.P.
a'b’c

Example : 27
The sum of the squares of three distinct real numbers, which are in G.P. is S2.. If their sum is a.S, show that

tofe [%1] v (1, 3)

Solution
Let the numbers be b, br and br?
b? + b?r2 + b? r*=S2
b+ br+br?=0aS
eliminating S, we get

b2(1+r2 +r%) S?
b2@+r+r?)? ~ ¢?2s?

C (L+r+r?)? (L+r+r2)2

2— —
- BT et T e r?
(@+r+r2)? 1+r+r2
= o?= 2 2 =—
A+r+r9)A+rc=r)  1-r+r
- R(02—1)—r(2+1)+02—1=0

as r is real, this quadratic must have non-negative discriminant

= (2+1)2—-4(*—1) (02=1)=0

= [02+1+2(02-1)][o02+1-2(a?=1)]20

= Bor-=1)(3-0?=0

= (02 —1/3) (02—-3)<0

As the numbers in G.P. are distinct, the following cases should be excluded.

o?=3 = r=1
o?=1/3 = r=1
o?=1 = r=0

Hence o2 is between 1/3 and 3, but not equal to 1.

2 11
= o e |3 v (1,3)

Example : 28
If the first and the (2n — 1) st term of an A.P., a G.P. and a H.P. are equal and their nth terms are a, b and
c respectively, then :
(A) a=b=c (B) a>b>c © a+c=b (D) ac—hbh*=0
Solution
Let the first term = A
The last term [(2n — 1) stterm] =L
No. of terms 2n -1 i.e. odd

(2n-1)+1

Middle term = =n" term

= T, is the middle term for all the three progressions. In an A.P. the middle term is the arithmetic
mean of first and the last terms.
Q= A+L
2
In a G.P. the middle term is the geometric mean of first and last terms.

=
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In an H.P.

=

. 2AL
T A+L

Hence a, b, c are AM, GM and HM between the numbers A and L.
As (GM)? = (AM) (HM)
We have b? = ac

= (B) and (D) are the correct choices.
Example : 29
Sum of the series : 1 + 3x + 5x2 + 7x2 + .........
Solution
Note that the given series is an Arithmetico-Geometric series.
1,3,5 .. are in A.P. = T =2n-1
1,x, X%, ... are in G.P. = T =x"t
@) This means that n® term of A — G series = (2n — 1) x**
S=1+3x+5x+ ... +2n-3)x2+(2n-1)x"t ...
XS=X+3x2+53+ ........... +(2n-3) x"1+ (2n-1)x" ...
= (1-X)S=1+2x+2x*+ ......... +2x™1—(2n - 1) x"
_ -1
& @-ws=1+ 24X Hh gy
1-x
1 2x(1-x"t —7)x"
- S- . ( 2)_(2n 1)x
1-x 1-x9) 1-x
(b) S,=1+3x+5x+............ to
XS, =X+ 3X*+5x+ ... t0 oo
= (1-X)S_=1+2x+2x*+ .cccocuene to
= 1-X)S_=1+2x(A+x+X2+.......... t0 o)
1S =1+2x || = BX
= 1-xS_ = X 12x) = 12x
1+x
= Sm = (1—X)2
Example : 30
Sum the series : 1.2.3 +2.3.4 +3.45. + ........ + to n terms.
Solution
Here T =n(n+1) (n +2)
= T =n*+3n*+2n
= T =n*+3n*+2n
= SH=ZTn=Zn3+3Zn2+ZZn
n(n+1)? 2n(n+1)(2n+1)  2n(n+1)
= — 7+ +
4 6 2
n(n+1
= (4 )[n(n+1)+2(2n+1)+4]
nn+1 nn+)(n+2)(n+3
LD g - 00204

the middle term is the harmonic mean of first and last terms.
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Example : 31

Sum the series : 12+ (12 +22) + (12 + 22+ 3?) + ........ to n terms.
Solution

First determine the nth term.

= T, =(Q2+22+3+ ... +n?)

- T = znz _ n(n+1)éZn+1)

T—l 3+1 2+1
= TSNt
I S o e R
Now S =) =3 dn + 3 dn t g dn
S - 1 n’(n+2)? L1 n(n+1)(2n+1) +1 n(n+1)
nT 3 4 2 6 6 2
2
Simplify to get S = W

Example : 32

Find the sum of n terms of series : (x +y) + (X + xy + y?) + (X3 + X2y + xy? + y°) + ........
Solution

LetS =(X+y)+ (X2 +Xy +y?) + (X + Xy +Xy* +y?) + ...

X-y

1 [x*@-x") 1 [y2@a-y"
X—y 1-x T X-y 1-y

Note : The following results can be very useful

C+xe+x+ )—m(y2+y3+y“+ ...... )

Xn _yn

(i) x—y - XL+ X2 4 XS + Xy"2 + yn-1 (n is an integer)

. X" +y" _

(i) Xty = XM X2 X3y Ay g +ymt (n is odd)
Example : 33

) 4 7 10

Sum the series : 1 + 5 + 5—2 + 5—3 S S, to n terms and to oo.

Solution

The given series is arithmetico-geometric series

4 3n-2
LetS=1+g+5—2+ ....... +F
1 1 4 3n-5 3n-2
ESZE+5_2+ .......... + 51 + 5
4 3 3n-2
= ES_1+ g+ 5 T 5n_1 5n
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5 5 3 5" [3n—2xgj
= S= Z+Zx 5 1_1 5n 4
5
5 3 (5"-1) 1 3n-2
= STETA 4 ) 57 T g
s 5 15 3 3n-2
= — 4+ — — -
= 4716 16.5"2 ~ 20.5"2
35 12n+7
= S=16 " |805™?)
4 7
Now S =1+§=5—2 +oees oo
5 - 5 52 .......... Syl
iS 1+§+— +
=1 5 - 5 52 ........ e
iS - 3/5
= == +71-1/5
5 3 35
=2 |1+—=| = =
= S“’ 4 ( 4j 16 2
(n+1)
4
Example : 34
Sum the series :
5 + L +2° + P42’ +3 + to n terms
1 173 12325 o .
Solution
T = 1P +2%+...+n?
" 14+3+5+...+n
2
e
—[2+(n-1)2]
2
n®+2n+1
= T =—
4
_ 1 ) 1 nn+)(2n+1) 1 ~n
$,= 2T, =7 >n +22n+21]_Z {—6 HN-D+N | = 207 +3n+1+6n+6+6]

n

n
S =— [2n?+9n+ 12
= 24 | ]
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Example : 35
Find the sum of the products of every pair of the first n natural numbers.

Solution
The required sum is given as follows.
S=12+13+14+ ... +23+24+ ... +34+35+ ... F o +(n-1)n

Using : S:w,weget:

1 [P+ n+D@n+D)| nn+1)

S=E 4 6 =~z [Bn(n+1)-22n+1)]
n(n+1
= (24 ) [Bn2—n-2]
nn+1)(3n+2)(n-1)
= =
n 24
Example : 36
Find the sum of first n terms of the series: 3+ 7 + 13+ 21 + 31 + ............
Solution
The given series is neither an A.P. nor a G.P. but the difference of the successive terms are in A.P.
Series : 3 7 13 21 31
Differences : 4 6 8 10

In such cases, we find the nth term as follows :
Let S be the sum of the first n terms.
S=3+7+13+2[+3[+......... +T
S= 3+7+13+2[+3[+....... +T
On subtracting, we get :
0=3+{4+6+8+10+........ }-T
= T, =3+{4+6+8+10+....... (n—1) terms}

= T=8+ R @ (h-2)2)

= T=n+n+1

n
— T _— 2
= S_kz=1 k_ZK +Zk+21

n(n+1)(2n+1) . nin+1)

n
n:§(n2+3n+5)

= 6 2
Example : 37
Sumthe series:1+4+10+22+46 + ...... to n terms.
Solution
The differences of successive terms are in G.P. ;
Series : 1 4 10 22 46
Differences : 3 6 12 24
Let S = sum of first n terms.
= S=1+4+10+22+46+.......... +T,
= S=1+4+10+22+46+ ............ +T  +T,
On subtracting, we get
0=1+{3+6+12+24+ ... =T,
T =1+{3+6+12+24+ ... (n—1) terms}
n-1
= Tn=1+—3(2 )
2-1
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= T =3201-2

3 n_
= — M—2n=3.2“—2“—3
2 2-1
Example : 38
. . 1 1 1
Find the sum of the series: — + — +

Solution
et seL 4 Lt Lt oo, 1
€ T 14 47 710 T (3n-2)(3n+1)
3s= > 4 > . 3, R
= 14 " a7 710 T (Bn-2)@n+1)
4-1 7-4 10-7 (3Bn+1)(3n-2)
= 3S=z S+l Ty S =
14 a7 T 710 (3Bn-2)(3n+1)
(}_1 (1_1 11 1
= 35={174) v a7 7)) 7 10) *lGBn-2) 3n+1
g1 1
= 1 3n+1
S= n
= " 3n+1

+ o to n terms

Note : The above method works in the case when nth term of a series can be expressed as the differ-

ence of the two quantities of the type :
T =f(n)-f(n-1)
or
T, =f(n) —f(n+1)

1
In the above example, T =

It si the form f(n) —f (n + 1)

11 [;__]
(3n-2)(3n+1) ~ 3 \3n-2 3n+1

1

Example : 39
. ! ) 1 1 1
Find the sum fo first n terms of the series :
Solution
Lot S= b i
© 1237234 "345 " n(n+1)(n+2)
9s = 3-1 . 4-2 . 5-3 . . (n+2)—-n
123 234 345 T n(n+2)(n+2)

1 1 11
25=\12"23) "\ 23 34) t

+ + + +o
123 234 345 456

1
-t [n(n+1)_(n+1)(n+2)j
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1

1
25 =15 T (n+1)(n+2)

1 1
4 2(n-D(n+2)

Note : You should observe that here,

= S=

1 1 ( 1 1 ]
T nn+Dn+2) ~ 2 (nn+) (n+D(n+2)
Itis in the form f(n) — f(n+1)

Example : 40

Find the sum of first n terms of the series : 1(1)! + 2(2) I + 3(3)! + 4(4)! + ........
Solution

The nthterm =T _=n(n)!

T, can be written as

T =(n+1-1) (M)

= T =(n+L!'-(n! ... ()

This is in the form f(n) — f(n — 1)

S=T +T,+T,+T,+......... +T

S=2'-1)+@!'=-2)+ 4! -3 +......... +{(n+1)!-n'}

= S=-1'+(n+1)!

= S=(n+1)!-1

Example : 41
Sum the seriestonterms :4+44+444+4444+ ... to n terms.
Solution
Let S, =4+44+444 + 4444 + ... to n terms
= S,=41+11+111+ 1111+ ............ n terms)
= S,=4/9{(10-1)+ (100 - 1) + (1000 — 1) + ............ n terms}
= S,=4/9{(10+10°+10° +.......... nterms)—(1+1+1+ ... n terms)}
4 (10(10n ~1) J
S=—=|""n N
nT 9 10-1
4 n
= Snza[lo(lo —1)-9n]
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