Example: 1
What can you say about the roots of the following equations ?
0] x2+2Ba+5)x+2(9a?+25)=0
(ii) (y-a)(y-b+y-b)y-c+(y-c)(y-a)=0

Solution :
0] Calculate Discriminant D
D = 4(3a + 5?) — 8(9a? + 25)
D =-4(3a-5)?
= D <0, so the roots are :

complex if a # 5/3 and real and equal if a = 5/3.

(i) Simplifying the given equation ;
3y?-2(@+b+c)y+(@b+bc+ca)=0
= D=4(a+b+c)>-12 (ab + bc + ca)
= D =4(a?+ b?+ c?>—ab — bc —ca)
Now using the identity

(a2+b2+cz—ab—bc—ca)=%[(a—b)2+(b—c)2+(c—a)2]

we get :
D =2[(a-b)*+(b-c)*+(c—a)]
= D > 0, so the roots are real
Note: ifD=0,then(a—hb)?+(b-c)?+(c—a)’=0
= a=b=c
= if a =b = ¢, then the root are equal
Example : 2
Find the value of k, so that the equations 2x? + kx — 5 = 0 and x> — 3x — 4 = 0 may have one root in
common.
Solution :

Let o be common root of two equations.
Hence 20? + ko —5=0and 0*-300—4 =0
Solving the two equations;

o’ o 1
_4k-15  -8+45  -6-k
= (-3)2 = (4k + 15) (6 + k)
= 4k? + 39k +81 =0
= k=-3ork=-27/4

Example : 3

If ax? + bx + ¢ = 0 and bx? + cx + a = 0 have a root in common, find the relation between a, b and c.
Solution

Solve the two equations as done in last example,

ax?’+bx+c=0andbx?+cx+a=0

x? —X 1

> —

ba-c a’—bc  ac-b?

= (a%? — bc)? = (ba —c?) (ac — b?)
simplifying to get: a (a® + b® + ¢ —3abc) =0
= a=0ora®+b®+cd®=3abc

This is the relation between a, b and c.
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Example : 4
If o, B are the roots of x> + px + @ = 0 and v, & are the roots of x2 + rx + s = 0, evaluate the value of
(=7 (a—=90) B-7 (B-19) interms of p, g, r, s. Hence deduce the condition that the equation have a
common root.

Solution
Let o, B be the roots of x>+ px +q =0
= oa+B=-p and of=q ()
v, d be the roots of x> + rx+s=0
= Yy+o=—r and Yyé6=s .. (i)

Expanding (=7 (-8 B-v) (B-9)
=[o?—(y+8) o+ 8] [B?—(v+8) P+
............... [using (i) and (ii)]

=(?—ra+s) (B?+rp+s)

Asaisarootof x2+px+q=0

we have o? + pa+q=0

and similarly B2+ pp +gq=0

Substituting the values of o2 and 3%, and we get;
(=7 (=8 B-7)B-9)
=(-pa—q+ro+s)(-pp-q+rp+s)
=[(r-p)oa+s—q][(r-p)p+s—q]
=(r—pPoap+(s—-agy+(s—q)(r-p)(a+f)
=(r-p;lqg+(s—-gf-p(s—a)(r-p)

=(r—p) (rg—pg—ps +pq) + (s — q)?

=(r—p) @ —ps)+(s—0a)

If the equation have a common root then either
oa=yoroo=8 orf=yorB=29

i.e. (-7 (-8 PB-v{PB-08=0

= (s—0a)?+(r—p)(@—-ps)=0

= (s—a)?=(—-p)(ps—ar)

Example : 5
If the ratio of roots of the equation x> + px + q = 0 be equal to the ratio of roots of the equation
X2 + bx + ¢ = 0, then prove that p?c = b?q.

Solution

Let oo and B be the roots of x? + px + q = 0 and v, & be the roots of equation x2 + bx +c =0
o _y o« _B

= B35 = v "8
o _p_otp v a+p VB

- v 8 y+d - y+8 s

= -® —ﬂ = ’c = b?
—b - c pc =Dbq

Another Method :

(@+B)?  (v+9)

oy
B8 (@-B)* ~ (y-98)

(a+B) _ (y+d)? (@+B)”  (y+8)°
(@+B)?—(a-BY?  (r+82-(y-3)° 40 T 4y
p° b2

= 4_q:E = p%c = b%q
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Example : 6
If o is a root of 4x% + 2x — 1 = 0, prove that 402 — 3o is the other root.

Solution
If o is one root, then the sum of root = —-2/4 =—-1/2
= otherroot=p=-1/2 -«
Now we will try to prove that :

—1/2 — o is equal to 40 — 30

We have 402 + 200— 1 = 0, because acis aroot of 4x> +2x—-1=0
Now 40® — 3o = o (40? + 200 — 1) — 20 — 201

=0 (0)-1/2 (402 +20.—1)-1/2 -0
za(0)-1/20)-12-a=-1/2-a

hence 402 — 3a. is the other root.

Example : 7

Find all the roots of the equation : 4x* — 24x® + 57x2 + 18x — 45 = 0 if one root is 3 +i+/6 .
Solution

As the coefficients are real, complex roots will occur in conjugate pairs. Hence another root is 3 — iJE
Let o, B be the remaining roots.

= the four roots are 3 i /6 , o, B
= the factors
=(x=3-iy6) (x=3+i6) (x—0) (x=P)

=[(x=3)* + 6] (x—0) (x—P)
=(x*—6x+15) (x—0o) (x—=B)
Dividing 4x* — 24x3 + 57x? + 18x — 45 by x?2 — 6x + 15 or by inspection we can find the other factor of
quadratic equation is 4x? — 3
= Ax* — 24x3 + 57x2 + 18x — 45 = (x> — 6x + 15) (4x*> — 3)
= o, Ppareroots of 4x2 -3 =0

= o, B==%43/2

Hence roots are 3 +i,/g, = 4/3/2

Example : 8
2
X +34x-71
Show that f(x) can never lie between 5and 9 if x € R, where : f(x) = ————
XS +2x-7
Solution
x? +34x-71
Let ———— =Kk
XS +2X-7

= X(A-k)+(B4-2k)x+7k-71=0
As X € R, discriminant >0

(34 -2k)>-4(1—-k) (Tk-71) >0
(17-k?-(1-k)(7k=71)=0

8k2 — 112k + 360 =0

k?—14k +45>0

(k=5)(k-9=>0

ke (-0, 5] U9, )

Hence k can never lie between 5 and 9

Lt uuu
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Example : 9

. . . 2x% —5x+3
Find the values of m for which the expression : ~a—m can take all real values for x € R.
Solution
2 —
Let 2X° —-5x+3 — K
4x—-m
= 2x2—(4k+5)x+3+mk=0
= as x € R, discriminant >0
= (4k+5)>-8(3+mk) =0

= 16k?+ (40-8m)k+1>0

k can take values which satisfy this inequality. Hence k will take all real values if this inequality is true for
all values of k.

A quadratic in k is positive for all values of k if coefficient of k? is positive and discriminant <0

= (40 -8m)2-4(16) (1) <0
= 5-mP-1<0

= (m-5-1)(m-5+1)<0
= (m-6)(m-4)<0

= m € [4, 6]

So for the given expression to take all real values, m should take values : m € [4, 6]

Example : 10
Solve for x - 8x* +16x - 51 -
olve 10r X : —(2x—3)(x+4)
Solution
8x% +16x —51

2x-3)x+4) >0

8x2 +16x —51—3(2x —3)(x + 4)

= (2x - 3)(x + 4)
2x2 +x-15
= @2x—-3)(x+4) > 0
(2x-5)(x+3)
- (2X=5)(x+3)

(2x—3)(x+4)

Critical points are : x = -4, -3, 3/2, 5/2
The solution from the number line is :

X € (=00, —4) U [_3’ gj U (gwj

Example : 11
x2 +mx +1
Find the values of m so that the inequality: | — 2 _ . | <3 holds forallx e R.
X+ X+1
Solution
We know that |a| <b = -b<a<b
X2 +mx +1
Hence | "2 . . | <3
X“+Xx+1
2
X“+mx+1
= —-3< — < 3
X“+Xx+1
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X% +mx +1

X% +x+1

First consider <3

(x2 +mx +1)—3(x% +x +1) <0
X2 +x+1

—2x2+(M-3)x -2
<0

1\ 3
X+=| +=
2) "4

multiplying both sides by denominator, we get :

= 22X+ (M-3)x-2<0
(because denominator is always positive)
= 2x2-(mM-3)x+2>0

A quadratic expression in x is always positive if :
coefficient of x*>0and D <0
= (m-3)*-4(2) (2) <0

= m2—-6m-7<0

= mM-7)(m+1)<0

= me (1,7 L. (@)
X% +mx +1

Now consider — 3 < >
X“+Xx+1

(x2 +mx +1) +3(x% + x +1)

1\ 3
X+=| +=
2) "4

= A2+ (M+3)x+4>0 1
For this to be true, forallxe R, D <0 x+1
= (m+3)2-4(4) (4)<0
= m2+6m-55<0
= (m-5(mM+11)<0
= me (11,5 L (ii)
We will combine (i) and (ii), because both must be satisfied
= The common solution is m € (-1, 5).
Example : 12
\/ 1 (2x+1) _
Lety =4/ - - ; find all the real values of x for which y takes real values.
XS—=x+1 X+1 x°+1

Solution
For y to take real values

2 (2x+12)
X% —x+1 x3+1

20

2x+ Y- +1-x)-(2x+D) _

x3+1
-x%+x 0
>
= X+ -x+1) ~
X(x-1)
= <0

(X +D(x%2 = x+1)
Asx?—x+1>0forall x e R (because D <0, a>0)
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Multiply both sides by x2 —x + 1

xX(x -1
(x+1) =

Critical pointsare x=0,x=1,x=-1
Expression is negative for

= X € (=0, =1) U [0, 1]

So real values of x for which y is real are
X € (—e0, —1) U0, 1]

=

Example : 13

Find the values of a for which the inequality (x — 3a) (x —a — 3) < 0 is satisfied for all x such that 1 <x < 3.
Solution

x-3a)(x—a—-3)<0

Case—1I:

Let3a<a+3 = a<32 ... (0

Solution set of given inequality is x € (3a, a + 3)

Now for given inequality to be true for all x € [1, 3], set [1, 3] should be the subset of (3a, a + 3)

ie. 1 and 3 lie inside 3a and a + 3 on number line

Sowe cantake,3a<landa+3>3 ... (i)

Combining (i) and (ii), we get :

= ae (0,1/3)

Case— Il :

Let3a>a+3 = a>32 ... (iii)

Solution set of given inequality is x € (a + 3, 3a)

As in case—l, [1, 3] should be the subset of (a + 3, 3a)

i.e. a+3<land3a>3 ... (iv)
Combining (iii) and (iv), we get :
ae{} le. No solution ... (vi)

Combining both cases, we get: a € (0, 1/3)

Alternate Solution :

Letf(x)=(x—3a) (x—a—-3)

for given equality to be true for all values of x € [1, 3], 1 and 3 should lie between the roots of f(x) = 0.
= f(l)<O0andf(3) <0  ......... [using section 4.1(f)]
Consider f(1) <0 :

= 1-3a)(1-a-3)<0

= Ba-1)(@a+2)<0

= ae (-2,1/3) . (i)

Consider f(3) <0 :

= (3-38a)(3-a-3)<0

= (a-1)@-<o0

= ae (0,1) L. (iii)

Combining (ii) and (iii) we get : a € (0, 1/3)

Example : 14
Find all the values of m, for which both the roots of the equation 2x2 + mx + m? — 5 = 0 are less than 1.
Solution
Letf(x) =2x2+ mx + m? -5
As both roots of f(x) = 0 are less than 1, we cantake af (1) >0, -b/2a<land D=0
......... [using section 4.1(b)]
Considera f(1) >0 :

= 22+m+m2-5]>0
= m>+m-3>0
~1-413 ~1+413
= m e - %, 2 | 2 T (|)
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Consider — b/2a<1:
ﬂ < 1
4

= m>-4 (i)
ConsiderD>0:

m2—-8(m?-5)>0

= —7m2+402>0

= 7m?—-40<0

coeEE

Combining (i), (i) and (iii) on the number line, we get :
{ [40 —1—\/13] [Vl3—1 /ﬂ}
me |—,|— ———| U > '\7
7 2

Example : 15
Suppose x, and x, are the roots of the equation x* + 2 (k— 3) x + 9 = 0. Find all values of k such that both
6 and 1 lie between x, and x,.
Solution
Letf(x) =x2+2(k—-3)x+9
As 1 and 6 lie between x, and x, , we have
af(6)<0,andaf(l)<0
................ [using section 4.1 (f)]

af(6)<0

= 36+2(k-3)(®6)+9<0

= 12k+9<0

= k<=-34 L 0)

af(l)<o

= 1+2(k-3)+9<0

= 2k+4<0

= k<-2

Combining (i), (i) and (ii) on the number line, we get : k € (—e, — 2)

Example : 16

If 2, 3 are roots 2x3 + mx? — 13x + n = 0, find m, n and the third root of the equation.
Solution

Let o be the third root of the equation

Using section 4.2 (d) we can make the following equations,

= oa+2+3=-m/2 (sum of roots)
200+ 300 + 2(3) =—13/2 (sum of roots taken two at a time)
23.0=-n/2 (product of roots)
Hence i +5=-m/2 ... 0]
S50 +6=-132 ... (i)
6oo=-n2 L (iii)

Solving (i), (ii), (iii) for o, m and n we get; o. = -5/2, m = -5, n =30
Example : 17

Find all the values of p for which the roots of the equation (p — 3)x*> — 2px + 5p = 0 are real and positive
Solution

Roots are real and positive if :

D > 0, sum of the roots > 0 and product of the roots > 0

D=0
= 4p2-20p (p—-3) =20
= —4p?2+15p =0
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= 4p?—-15p <0
= pe[0,15/4] ... 0]
Sum of the roots > 0

2p p

p-3 >0 = p-3 >0

= p(P-3)>0

= pe (—=,0)U(3,) . (i)
Product of the roots > 0

Sp

p-3 0

= p-3 >0

= p(p-3)>0

= pe (—=,0)U(3,) . (iii)

Combining (i), (i) and (iii) on the number line, we get p € (3, 15/4]

Example : 18

If1,a,a,.... a__, are nth roots of unity, then show that (1 -a,) (1-a) (1 -a,) ....... (l-a_)=n.
Solution

The roots of equation x" = 1 are called as the nth roots of unity

Hence 1,3, a, a,, ......... a, ,aretheroots of x"—1=0

X"—1l=(X-1)(Xx-a)(X—-a,) (X=a,) ........ x-a,_,)

is an identity in x (i.e., true for all values of x)

n

- X == a) (=) (K= ) (x—a_ )
= X+ X2+ +x°=(x-a) (x-a,) (xX—a,) ... (x-a_ )
[using x"—y"= (x —y) (X"t y° + x" 2yl + ... + X0 y1)
substituting x = 1 in the above identity, we get;
n=(1-a)l-a)..... (1-a )+0
= l-a)(l-a).... (1-a,_)=n
Example : 19
Solve for x: X2 +2x -8 +x—-2=0
Solution
[x2+2x—-8|+x-2=0
Case — |
Let(x—2)(x+4)<0
= xe[-4,2) ()
the given equation reducesto: —(x —2) (x +4) +x—-2=0
= X>+x-6=0
= X=-3,2
We accept both the values because they satisfy (i)
Case - Il
Let(x—=2)(x+4)>0
= XE (oo, =4) U (2,00) e (i)

the given equation reducesto: (x—-2)(x+4)+x-2=0

= x-2)(x+5)=0

= x=-5,2

We reject x = 2, because it does not satisfy (ii)

Hence the solutionis x =—-5

Now combining both cases, the values of x satisfying the given equation are x = -5, — 3, 2.
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Example : 20
Solve forx:x?+2a|x—a|-3a?=0ifa<0

Solution
Case — |
Letx>aorxe [a,0)anda<0 ... 0]
= the equationis x* + 2a (x—a) —3a?2=0
= x2+2ax—-5a?=0

= X=_(£+1)a,(@—1)a
We reject (4/6 — 1) a because it does not satisfy (i)

Hence one solution is — (4/g + 1) a.

Case — Il

Letx<aorxe (-w~,a)anda<0 ... (i)
= the equationis x> —2a (x —a)—3a*=0
= x2—2ax—a?=0

= x=(1+42)a (l-,2)a

We reject x = (1 — /2 ) a because it does not satisfy (ii). Hence one solutionis (1 + ,/2) a

Now combining both cases, we have the final solution as x = — (Jg+1) a, (1+ ﬁ) a

Example : 21

Solve the following equation for x : log, ., (6x* + 23x + 21) + log, ,, (4x* + 12x + 9) = 4
Solution

log, ., (6x* + 23x + 21) + log, ., (4x* + 12x + 9) = 4

= log,. ., (2x+3) 3x +7) +log, ., 2x +3)*=4
= l+log,,, (3x+7)+2log, ., (2x+3)=4 ... [using : log(ab) = loga + logb]
= log, ., (3x+7) + W =3 [using log b = log, a]
Letlog, . (x+7)=t ()
2
= t+ - =3
t
= 2-3t+2=0
= t-1)@t-2)=0
= t=1,2
Substituting the values of tin (i), we get :
log, ., (3x+7)=1 and log, ., (3x+7)=2
3X+7=2x+3 and (Bx+7)=(2x + 3)?
= =—4 and 42+ 9x +2=0
= =—4 and x+2)(4x+1)=0
= =—4 and =-2,x==-1/4
As log x is defined for x > 0 and a > 0 (a # 1), the possible values of x should satisfy all of the following
inequalities :
= 2x+3>0 and 3x+7>0

Also, (2x+3)=#1 and Xx+7=1
Outof x=—-4,x=-2and x =—1/4, only x = =1/4, only x = 1/4 satisfies the above inequalities
So only solutionis x =—1/4
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Example : 22

2
Solve the following equality for x : log, . [ X-5 ) <0
(HE] 2x -3

Solution

-5 2
Iog(xgj [hj <0

Iflog,b <0,thenO<b<landa>1 OR b>landO<ax<l1

Case — |
(x+§j x-5 "
Let > >1 and 0< ox_3 <1
5
Consider (XJFE] >1
= x>-3/2 ()
i x5\

Consider ox_3 <1
= (x—5)?< (2x — 3)?
= X2+ 25 -10x < 4x2 + 9 — 12x
= 3x?-2x-16>0
= Bx-8)(x+2)>0
= X€ (-0, =2) U (8/3,) . (ii)
Consider | =2 2 0

onsider o _3 >
= xe R-{3/2,5%y (iii)

Combining (i), (i) and (iii), we get :
X € (8/3, =) — {5}

Case — I

_ x+§ x-5 )
Let: 0< > <1 and ox_3 <1

5
Consider:0<(x+§] <1
5 3 .
- = <— = .

= > <X > (iv)
Consider | =2 2 1
onsider | o> —=| >
= xe (-2,8/3)-{3/2y ... (V)

3
Combine (iv) and (v) to get : x € [— 2, —5]

Now combining both cases we have the final solution as :

(2o (s
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Example : 23
For what values of the parameter a the equation x* + 2ax® + x2 + 2ax + 1 = 0 has at least two distinct
negative roots.

Solution
The given equation is : x* + 2ax® + x>+ 2ax+1=0
Divide by x2 to get : (because, x = 0 does not satisfy the equation)
2a 1
X*+2ax+1+ — +—5 =0
X X

1 1
= x2+x—2+2a X+—]1+1=0

X
x++
Let x =t

= (tt—2)+2at+1=0

= t2+2at—1=0
_ -2a++v4a’+4
= t= =2 Y7 77
2
= t=—az a2+1
So we get,

1
+ — == + 2 1 and i
X+~ a+ a2 41 and 0)

1
x+;=—a— a2+l e (i)

Consider (i)

1
X+ — =—a+ /a2
X a“+1
= X2 + (a—va2+1j X+1=0

Sum of the roots = /32 11 —a

It can be easily observed that for all a € R sum of the roots is positive

Product of the roots =1 >0

Product of roots is also positive for alla e R

= As sum of the roots is positive and product of roots is positive, none of the roots is negative
So for given equation to have atleast 2 roots negative both roots of equation (ii) should be negative
Consider (ii)

x+£— a 2
X a“+1
- x2+(a+«/a2+1)x+1=o

Sum of roots = — (a+\'az +1j <Oforallae R

Product of theroots=1>0forallae R

So for above equation to have both roots negative, D should be positive
e, [using section 4.1 ()]

D>0

2
= (a+«/a2+1j —4>0
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- (a+x/a2+1—2j (a+x/a2+1+2j >0
= (a+x/a2+1—2j >0 (As (a+\’az+1+2j is positive for all a € R)
= Va2+1>2-a e (iii)

considera<2 = a?+1>4+a?-4a

= 4a>3 = a>3/4 .. (iv)
consider a—2

= fora> 2, RHS <0 and LHS >0
= (i) istrue foralla>2 ... (v)

Combining (iv) and (v) we get a > 3/4

Example : 24
Solve forreal X : x(x =1) (x+2)+1=0
Solution
X(x2-1)(x+2)+1=0
= XX=1)(x+1)(x+2)+1=0
= C+x)(x2+x-2)+1=0
Letx2+x=y
= yy—2)+1=0
= y2—2y+1=0
= (y-1)2 =0

= y=1
So X2+x-1=0
= X>+x—-1=0
~1+4/5
= X =
2
Example : 25

If each pair of the three equations x* + p.x + ¢, = 0, x* + p,x + g, = 0 and x* + p,x + g, = 0 have a common
roots, then prove that p.> + p,> + p,> + 4 (9, + 9, + ,) = 2 (p,P, + P,P, + P,P,)-

Solution
Since each pair has a common root, the roots of the three equations can be taken as a, B; B, yand y, o
respectively.
First equationis : x* + p,x +q, =0
= o+B=-p, ... 0)
= of=q, .. (i)
Second equation is : x* + p,x + ¢, =0
= B+y=-p, (iii)
= By=a, (iv)
Third equationis : x* + px+q,=0
= o+y-p, e (V)
= oy=d, e (vi)
On adding (i), (iii) and (v), we get :
20+ B+Y==(P,+p,+P;) e (vii)

To prove that :

P2+ P, + P+ 4P, +p,+py) =2(p,P, *+ PP, + P,P,)

To prove that :

p12 + p22 + p32 =2 (p1p2 + p2p3 + pgpl) -4 (p1 + p2 + p3)

Add 2 (p,p, + p,p, + P,p,) to both sides, we get :

(pl + p2 + p3)2 =4 (p1p2 + p2p3 + p3p1 - ql - q2 - q3)

Consider RHS

RHS =4 (p,p, + p,p, + PP, —d, —d, — d,)

Using (i), (iv) and (vi), we get :

=4[a+B) P+ + B+ (@+y+(a+7) (+P)—af —By—yo)]
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=402 + B2+ 7 + 20 + 200y + 2B)

=4(a+P+y2 [using (7)]
=(p, +p,+py)*=LHS
Example : 26
2
. w2 -
Solve for real x : x2 + x+1) 3
Solution
Use : a? + b? = (a— b)? + 2ab to get
[x X jz 2x? 320
SN 2=
x+1 (x+1) '
2
X2 + X —X 2x? _
= x+1 T x4 —3=0
2
x2 2x° ~
= X+1 +(x+1)_3_0
L x* =
et xep Y
= y?+2y-3=0
= y=1,-3
X2 _, g X2 ~
= (x+1) an x+1)
= xX*+x—-1=0 and xX>+3x+3=0
+
= X = 1_£ and No real roots (D < 0)

2

So possible values of x are

Example : 27

1++/5
2

Solve for x : 2k —2x = |2 - 1| + 1

Solution
Find critical points
Xx+land2x-1=0

= =—Jlandx=0
so critical pointsarex=0andx=-1
Consider following cases :

x<-1

2 _x= (2= 1) + 1

2xL X=X+ 2

As x = — 2 satisfies (i), one solution is x = -2

= 2>1=2

= -x-1=1

= XxX=-2
-1<x<0

23l _xX=—(2x-1)+1
= 2x+1:2

= x+1=1

= x=0
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As x = 0 satisfies (ii), second solution is x =0

x>0 (iii)

24l _2x=(2x=1)+1

= 2%l = Px+l

= identity in X, i.e. true for all x e R

On combining x € R with (iii), we get :
x>0

Now combining all cases, we have the final solution as :
x=20 and x=-2
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