Example : 1
Find the maximum and minimum value of :
® sin©® + cos 6
(ii) \3'sin  — cos 6
(iii) 5sin®6+12cos6+7
Solution
Given expressions are in the form of a sin © + b cos 6
Express this in terms of one t-ratio by dividing and multiplying by /a2 4 p2

() sinfcos®=1.sinB+1.cos0
(isin(ﬂicosej
=2 (2R

. T . T
- sin6cos—+ cosOsin—
V2 [ 2 4j

T
— H 0+ —
= 4J2 Sin [ 4]

Now sine of angle must be between — 1 and 1

T
= —1<sin [GJFZ)Sl

= -2 <2 sin (9+%j <2

So maximum value of sin 8 + cos 6 is V2 and minimum value of sin 6 + cos 8 is — V2
T ; ﬁsine—icose
(ii) J3 sin6-cos6=2 |, 5

=2 sin@cos = — cos Osin—
6 6

T
= —ZSZSin[e—g]sz

S0 maximum value is 2 and minimum value is — 2

(iii) Consider 5sin 6 + 12 cos 6 = 13 [5/13 sin 6 + 12/13 cos 0]
construct a triangle with sides, 5, 12, 13. If o is an angle of triangle,
then cos o = 5/13, sin o 12/13,

= 5sin0+ 12 cos 6 =13 sin 6 cos o + cos 6 — sin o]
5sin0+12cos0+7=13[sin (0 +a)] +7
as—-1<sin(06+ao)<1

= —-13<13sin(6+a) <13
—-13+7<13sin(0+o) +7<13+7

So maximum value s 20 and minimum value is — 6.
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Example : 2
Show that sin /13 is a root of 8x3 —4x2+ —-4x+1=0

Solution

Let6 =n/14

= 46 = /2 — 36

= sin 46 = sin /2 — 26] = cos 36

= 2[2 sin 6 cos 0] cos 26 = cos 6 [4 cos?0 — 3]

= 4sin®[1-2sin?0] =4 —4sin%0 — 3

= 8sin*0-4sin’0—4sing+1=0

= sinfisrootof 8x* —4x2—4x+1=0
Example : 3

If oo and B are roots of atan 6 + b sec 6 = ¢, find the value of :
0] tan [o + B] (i) cos [o + f3]
Solution
® To find tan (o + B), we need tan o + tan  and tan o tan 3, so express the given equation in terms
of a quadratic in tan 6 where sum of roots is tan o + tan § and product of roots in tan o tan 3
Consideratan® +bsec6=c

= (c —atan 6)? = b2 sec?0
= c? + a? tan®0 — 2ac tan 6 = b? + b? tan?6
= (@2-b? tan0—2actan 0 +c>—b?=0
2ac
tan o + tan = sum of roots = m
c? -b?
tan o tan B = product of roots = 22 _p?
2ac
tana + tanf a2 —p2 2ac
= tan (o + ) = l-tanatanp =~ . ¢?-p? ~ a’-c¢?
a%-b?
(ii) To find cos (o + B), express given equation as :
1. quadratic in cos 6 to find cos o cos
2. guadratic in sin 6 to find sin o sin B

Given equation can be written as :
asind+b=ccos6

= a? sin%0 + b? + 2ab sin 6 = ¢? cos?0 = ¢? (1 — sin®0)
= (@ +c?sin0+2absin®sin®+b2-c2=0
b% —c?
Hence product of roots of sin o sin B =
p p a2 4 c2
Given equation can be written as
asin®+b=cos6
= a? sin%0 + b? + 2ab sin 6 = ¢? cos?0 = ¢? (1 — sin®0)
= (@+c?)sin*0+2absin®+b*>*-c>=0
b? —c?
Hence product of roots of sinasin B= —5——
a‘+c
Given equation can be written as
asind+b=ccos6
= a? sin%0 = (c cos 6 — b)?
= a? (1 — cos?0) = ¢ cos?0 + b? — 2bc cos 0
= (@+c*cos?0—2bccosO+b*—a2=0
b? —a?
so product of roots = cos o cos B =
p p a2 +c2
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Now cos (o + B) = cos a cos B —sin o sin

b?-a? b?-c? c?-a’

a?+c?  a%+c?

a®+c?

Example : 4

m+n

If m tan (6 — 30°) = n tan (6 + 120°), then show that : cos 26 = —2(m “n)

Solution

tan(6+120°) m
tan(6—-30°) ~ n

sin(0+120°)cos(6-30°) m

= cos(0+120°)sin(0—30°) ~ n
sin(6+120°)cos(6 —30°) —cos(6 +120°)sin(6 — 30°) _m-n
= sin(0+120°)cos(0 —30°) +cos(0+120°)sin(0-30°) ~ m+n
sin150° _m-n
= sin(20+90°) ~ m+n
sin[(6+120°)-(6-30°)] m-—n
= Sin[(0+120°)+(0-30°)] ~ m+n
1
= E(m+n)=(m—n)cosze
m-+n
= cos 20 = —Z(m—n)
Example : 5
Show that : sin?B = sin?A + sin? (A— B) — 2 sin A cos B sin (A— B)
Solution

Starting from RHS :

RHS =sin?A + sin?(A—B) — 2 sin Acos B sin (A—B)
= sin?A + sin?(A — B) — [sin (A + B) + sin (A — B)] sin (A —B)
= sin?A + sin?(A — B)—sin (A + B) sin (A — B) —sin? (A — B)
= sin?A — [sin?A — sin?B]

=sin’B = LHS
Example : 6
ifan 2 = =% tan 2. show that : o Losbee
an > " \1re an 2,s ow that : cos ¢ = 1—ecoso
Solution

We have to find cos ¢ in terms of e and cos 6, so try to convert tan 6/2 to cos ¢

6 1l-e )
2 — —_— 2
tan 2 " 1ve V5

¢ 1l+e 0 1+e (1-cos0O
= tan’ . =——tan’ - = |7 n
2 1-e

I

—

o
I

2 1-e 1+ cos0
tanZg 1+e—-cosO—-ecosH
= 2 =
1 l1-e+cosb-ecosd
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1—tan2¢/2 (1+e+cos6—ecosO)—(1+ecosb—ecoso)

= 1+tan2¢/2 - (1-e+cosb—-ecos0)+(1+e—-cosO—ecoso)
_ —2e+2cosb  cosb-e
= C0S 0= 5 ecos0 ~ 1-ecoso
Example : 7
tana +tany ] sin2o +SiN2y
Iftan g = l+tanatany’ prove that : sin 2f3 = 1+sin2asin2y
Solution

We are given tan B in terms of o and y, so we have to express sin 2 in terms of o, y. Hence we will start
with sin 23 = (2 tan B) / (1 + tan?B) and substitute for tan B in RHS. Also, as the final expression does not
contain tan o and tan y, so express tan 3 in terms of sine and consine.

sinacosy+cosysina  sin(a+y)

tan B = COS0.COSY +sinasiny . cos(o—7)
_ 2tan0
Now sin 3 = 1+tan213
5 Sin(a+1)
_ cos(a—7v) 2sin(a + y)cos(o — )
= sin2p = ————— 2 in2
1y Sin(aty) €O (@—7)+sin(o+y)
cos?(a—y)
_ sin[oc+y+a—yJ+Sin[0t+Y—0ﬂ—“/J
B 1+sin?(a+y) —sin?(a.—y)
_ Sin2a+sin2y .
B 1+sin[oc+y+oc—yJSin[0t+Y+G—YJ
= sin2 = 77 sin2o.sin2y
Example : 8
sin2p
If 2 tan oo = 3 tan B, then show that : tan (o — B) = _5—0032l3

Solution
We have to express tan (oo — B) in terms of  only. Staring with standard result of tan (o — B) and
substituting for tan oo = 3/2 tan B in RHS, we have :

tano +tanf 3/2tanp —tanfp

= tan (o —f) = 1+tanatanf ~ 1+3/2tan’p
tanp sinfcosp 2sinpcosp sin2p

= tan (o.—B) = 2+3tan’p ~ 2cos?P+3sin’p ~ 4cos’B+6sin?B T 2(1+cos2B)+3(1-cos2p)
sin2p

= tan (o —B) = TOSZB
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Example : 9
Prove that tan o. + 2 tan 2a + 4 tan 4o + 8 cot 8a. = cot a.
Solution
For this problem, use the result cos oo — tan o = 2 cot 20,
Now we can express the above relation as :
tan o = cot o — 2 cot 20
Replacing o by 2o :
tan 2o = cot 2o — 2 cot 4a
Replacing o by 4o :
tan 4o = cot 4o — 2 cot 8a
Multiplying these equations by 1, 2, 4 respectively and adding them together, we get
tan o + 2 tan 2o + 4 tan 4a. = cot oo — 8 cot 8a

= tan o + 2 tan 2o + 4 tan 40 + 8 cot 8o = cot o
Example : 10
Show that cos —= cos 2~ cos 2 cos 28 cos 222 _ L
ow that cos 5 COS 7o' €COS 5 COS 5o COS oo™ = o
Solution

If 6 = n/33, observe that pattern cos 6 cos 26 cos 46 cos 166
In this pattern sin 20, = 2 sin o cos o will be used repeatedly in LHS, so multiply and divide by 2 sin n/33.

( . m ch[ 2n An 8n 1675)
Zsmgcos— COS——C0S——COS——COS——

33 33 33 33 33
LHS = . m
2sin—
33
. 27 2n 47 8n 167
2| sin—=c0S—— | C0OS——C0S—— COS——
33 33 33 33 33
B 2.2sin *
33
............................. following the same pattern .... we have
Gin 327 sm(n _ j
33 33 1
S = " ST
2% .sin— 32sin—
33 33
Example : 11
Show that tan 6° sin 42° sin 66° sin 78° = 1/16
Solution

Note that (66 + 6)/2 = 36° (66 — 6)/2 = 30°. Hence sin 6° and sin 66° should be combined.
LHS =1/4[2 sin 6° sin 66°] [2 sin 42° sin 78°]

= 1/4 [cos (6° + 66°) — cos (6° + 66°)] [cos (42° — 78°) — cos (42° + 789)]

= 1/4 [cos 60° — cos 72°] [cos 36° — cos 120°]
Substituting the values, we get

e e R

LHS =712 4 4 "2)77 | 4 4

1 1
o2 B=4B6)B+5)= 75 RHS
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Example : 12
If o = 2n/7, show that tan o tan 2o tan 4o tan oo = — 7
Solution

sina.sin2o.cos 4o + sin2a.sin4o. cos o + Sin4ao.Sino.cos 2a.
COSa CoS2a.cos4a

LHS =

We will use the formula for cos (A+ B + C)
cos (A+B + C)=cosAcos B cos C-sinAsin B cos C—sin B sin C cos A—sinAcos B

cosacos2a.cosda(a + 2o + 4a)

= LHS =

COS o CoS2a.cos4a
: cos7a _ cos2n(2sina)
T 77 cosacos2acosdo | 2Sino.cos o cos20.cos 4da.
_1 4sina
T~ 2sinacos2o.cos 4a
B 8sina
" 2sin4a.cos4a.
B 8sina 1 8sina 1 8sina
sinBo ~ ~ sin(2r+a) ~ ~ sina
Example : 13
Show that cos 2n/7 + cos4n/7 + cos 67/7 = — 1/2.
Solution

. T 27 41 67
2sin—| c0OS— +CO0S— + COS——
7 7 7

7
LHS =
2sin ™
7
1
.3t ..m . b . 3m . It . bn
- . T sin—-sin— (+| siINn——-SIn— |+ | SIN— —SIN—
23'”; 7 7 7 7 7 7
. LT
SINT—SIN—
7 1
T 2sin® T2

Alternative Method :
We can also use the relation :

- sinnd/2 2a+n-1d
cosa+cos(a+d)+....... + (a+n—1d)=mcos 2

sin3 2l 7 ﬂ+2 2n
2 7 7 sin3n/7 4n sinm+sin(-n/7)
LHS= ——~ 2 cos | ————= cos |7 | =

. 2nl7 2 sinnt/7 7 2sinn/7
sin

1
2
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Example : 14

Let cos o cos B cos ¢ = cos ycos 6 and sin o = 2 sin ¢/2 sin 6/2, then prove that tan®o/2 = tan?p/2 tan®y/2.
Solution

From the given three equations, we have to eliminate two variables, 6 and ¢

COS o = COS P cos ¢ = cos y cos 6

cosa cosa
= cos ¢ = ;C0sS 0=
0 cosf Ccosy
) .2¢ cosa ) .29 cosa
= sinf— =1- ; sint —=1-—_—__—
2 cosp 2 cosy

0
substitute these is sin oo = 2 sin % sin >

_ 1 Ccosa |, cosa
= sinoe= cosp cosy

cosa cosa  cos’a
sin2o, | 1- - +

= COSp COSy COSBCOSy
14 1 Ccosf} +cosy
= cos a cospcosy ) cospcosy
= cos o (cos B cos o+ 1) =cos § + cos vy
cosfcosy
= cosa=1, cospcosy

Using component and dividendo, we get :

1-cosoa  1+cosPcosy—cosf—cosy
1+cosa ~ 1+C0SBcosy+COSP+Cosy

o  (1-cosp)(1-cosy)

2 —
- fan 2 ~ (1+cosB)(d+cosy)
a p Y
tan? — =tan® 7 tan® —
= an® - =tan’ o tan’
Example : 15
i sin® o .\ costa 1 then show that - sin® a . cosa 1
a b a+p renshowinat: =g b2  (a+b)®
Solution

Express the given equation in quadratic in terms of sin’a

sin® o .\ cos®a 1
a b ~ a+b
sin* o .\ (sina)® 1
= a b T a+b
= (a + b)?sin‘o. —2a (a + b) sin?a. +a>=0
= [@+Db)sinfa—al*>=0
o
= sinfo. = ——
20 =
= coso = ——

Page # 7.



Now LHS of the equation to be proved is :

sinffa costa
=—3 t b3

a’ b*
+
a’(a+b)*  bi(a+b)*

a+b 1
= = = RHS
(a+b)* 7 (a+b)®
Example : 16
cos*x  sin*x cos*y sin'y
If 2. = = 2. =1 thenprovethat: —— = —5— =1
cos“y  sin‘y cos“x  sin‘“x
Solution
- cos*x  sin*x
Consider > = -~ o, =1
cos“y  sin“y
cos” x cos? x sin® x sin? x
= - + | . - =0
cos?y sin’y
cos? x sin? x
= COS?X — COS?%y) + —. sin?x —sin?%y) =0
cos2y ( V) * Sinzy y)
cos? x sin? x
= COS?X — COS?y) + . c0s?x — cos?y) =0
cos?y ( V¥ Ginzy y)
cos?x sin?x
= COS?X —COS%Y) | 2.~ . =
( Y) | cos? y sin?y
= COS?X = coS?y or tan’x = tan?y  ............. 0]
cos*y sin*y
= + -
cos?x  sin®x
cos*x  sin*x (using
= + — using i
cos?x  sin?x g
= cos?x + sin?>x =1 = RHS
Example : 17
Show that 1 + sino. + sin? > sin o + sin 3 + sin o, sin B
Solution

Consider the expression :
az+b*+c2—ab—-bc-ca
1/2 [(a-=b)?+ (b-c)?+ (c —a)}
which is positive
= (@+b?*+c?—ab—-bc—-ca)>0 Ifa, b, care unequal
Takinga =1, b =sin o c = sin 3, we get
1+ sin?0 +sin?f—sino—sinasinB-sin>0
= 1 + sin?a + sin?B > sin o + sin B + sin o sin B
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Example : 18

If . by a?—b?an axsin9 _ bycosd = 0, then show that (ax)?® + (by)?® = (a® — b?)??
cos®  sin® cos? 0 sin9 = '
Solution
- axsin®  bycos6 o [byjﬂ3
oM “0s20 ~ sin0 = tan 6=

Substituting this value of tan 6 in the other given condition.
We have : ax sec 6 + by cosec 6 = a — b?

= axy1+tan?0 +DbY V1+cot?p =a’—b?
b 2/3 ax 2/3
= ax 4|1+ (a_i] + by 4/1+ (—J =a? - b?

ax by
W\/(aX)ZIS"'(by)le + W \/(aX)2/3+(by)2/3 =a2—p?

= @)%+ (by)7 (@) +(by)?’® =a?-b?

= ((ax)2/3 + (by)2/3)3/2 = a2 _ b2
= (aX)ZIS + (by)2/3 — (a2 _ b2)2/3
Example : 19
If a, b, ¢ are unequal. Eliminate 6 from : a cos 6 + b sin 6 = ¢ and a cos?0 + 2a sin 6 cos 6 + b sin?6 = c.
Solution
Consideracos6+bsing=c

= a? cos 0 + b2 sin?0 + 2ab sin 6 cos 6 = ¢?

= (@>—c?)cos?0 +2absin0cos 0 + (b2—-c?)sin?06=0  ........... ()
Now consider a cos?0 + 2ab sin 6 cos 8 + (b*—c?) sin’6 = ¢

= (a—c)cos0+2asinbcosO+(b—-c)sin®6=0 ... (ii)

Use cross-multiplication method on (i) and (ii).
(a2 —c?) cos?0 + 2ab sin 6 cos 6 + (b2 —c?) sin26 =0
(a—c)cos?0 +2asinbcosO+ (b-c)sin?06=0

cos?0 —sin0cosO sin? 0
= 2ab(b—c)-2a(b? -c?) ~ (b-c)@® -c?)-(a-c)(b® -c?) ~ 2a(a®-c?)-2ab(a-c)
cos?0 —sinBcoso sin 0
=

2ab(b—c)(—c) _ (b—c)@@-c)a—-b) ~ 2a@a-c)@+c-h)

= (@a-b32(b-c)P(@a-c?=4axc(b-c)(c-a)(a+c-b)
= (@a-b)32(b-c)(c—a)=4ac(a+c—h)

Example : 20
fm?+m2+2m=m’cos6=1,n?+n?+2nn"cos ®=1and mn+m’n"+(mm’+ m’n) cos 6 =0, then prove
that : m? + n? = cosec?0
Solution
Consider the first given condition :
m?+ m’2+2mm’cos 6 =1

= m? (sin®0 + cos?0) + m? + 2mm’ cos 6 = 1

= m? cos?0 + m2 + 2mm’ cos 6 = 1 — m? sin?0

= (mcosO+m)2=1-m?sin’0 ... 0]

Similarly using the second given condition, we can get
(ncos®+n)?=1-n?sin’0 ... (i)
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By multiplying (i) and (ii) we can prove the required relation.

=

(m cos 6 + m")? (n cos 6 + n")? = (1 — m? sin?0) (1 — n? sin%0)
[mn cos?0 + m’'n” + (m’n + mn’) cos 0]> = 1 — m? sin?0 — n? sin0 + m? n? sin“0

Using the third given condition in LHS, we get :

=

Example : 21

If tan 6 = m/n and 6 = 3¢ (0 < 6 < /2) show that :

Solution

[mn cos?0 — mn]? = 1 — m? sin?@ — n? sin0 + m? n? sin*0
m?n? sin*g = 1 — sin?0 (M? + n?) + m?n? sin*0
m? + n? = cosec?0

n
= 2 2
sing ~ cos¢ _ 2Vm+n

tan 6 = m/n

=

m n

sin @ = and cos 6 =
vm? +n? m? +n?

m sin6 cos6
LHS of given equation = ﬁ cos¢ 1/ +n? (smd) cos¢]
sin(0 — ¢) sin(30 — ¢)
m? +n? (smq)cosq)] 2 ym? +n? 2sin¢cos ¢

Example : 22

sin2¢

=2 ym?+n? 2singcosd =2 ym?+n? = RHS

IfA+ B+ C ==, then show that

(i)

(i)

(iii)
Solution

@

(ii)

(iii)

sin?A + sin’B — sin?C = 2 sin Asin B cos C
Cc0s?A/2 + cos? B/2 + cos?C/2 = 2 + 2 sin A/2 sin B/2 sin C/2
SinA+ sin’B +sin?C=2+2cosAcos B cosC

Starting from LHS

= sin?A + sin?B — sin?C

=sin?A + sin (B + C) sin (B - C)

=sin?A+ sin (t —A) sin (B—-C)
=sinA[sinA+sin (B-C)

=sinA[sin (t— (B + C) +sin (B - C)]
=sinA[sin (B + C) + sin (B - C)]

=sinA[2 sin B cos C] =2 sinAsin B cos C = RHS
LHS = cos?A/2 + (1 — sin?B/2) + cos?C/2
=1 + (cos?A/2 — sin?B/2) + cos?C/2

=1+ cos (A + B)/2 cos (A - B)/2 + cos?C/2
=1 +sin C/2 cos (A —B)/2 +1 — sin?C/2
=2+ sin C/2 [cos (A — B)/2 — sin C/2]

=2 +sin C/2 [cos (A —B)/2 = cos (A + B)/2
=2+ 2 sin C/2 sin A/2 sin B/2 = RHS

LHS = sin?A + sin?B + sin’C

=1 — (cos?A - sin?B) + sin?C

=1-cos (A +B)cos (A-B) +sin’C
=1+cosCcos(A-B)+1-cos’C

=2 + cos C[cos (A - B) —cos C]

=2+ cos C[cos (A—B) + cos (A + B)]
=2+2cosCcosAcosB=RHS
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Example : 23

IfA+ B+ C=m, Show that cos A/2 + cos B/2 + cos C/2 = 4 cos (n — A)/4 cos (t — B)/4 cos (n — C)/4.

Solution
LHS = Ccos A + COS E + cos E =2cos A+B cos A-B + COS E
- 2 2 2 4 4 2
=2 cos n—C cos A-B + sin n_C
B 4 4
=2cos n-C cos A-B + 2 sin n-C cos n-C
B 4 4 4 4
-C | A-B . n-C

- cos +sin

2 cos 2 I 4 }

-C | _A-B n n-C
- cos +cos| ——
=2cos 4 | 4 (2 4 H
5 cos n—C 2Cosn+A+C—BCOSA—B—n—C}
4 | 8 8
— 4cos =€ cosA_CcosB_C}
4
=4 cos n-C cos n-B cos m—A = RHS
B 4 4 4
Example : 24
2X 27
If X +y + z = xyz, then show that 5+ ¥V—§X¥Z
1-x o—yB)H-y*)(1-2%)

Solution
Letx=tanA,ytanB,z=tanC

tanA +tanB +tanC-tanAtanBtanC =~ X+y+2Z—Xyz
1-tanAtanB -tanBtanC —tanCtanA ~ 1-Xy-yz-2zx

= tan (A+B+C) =

= A+B+C=nnr=(nel (tan®=0 = 0 =nm)
= 2A+2B +2C =2nm
= tan (2A+2B +2C)=tan2nt =0
tan2A +tan2B + tan 2C — tan2A tan2Btan 2C
- _

1-tan2Atan2B —tan2Btan2C —tan2Ctan2A
= tan 2A + tan 2B + tan 2C = tan 2A tan 2B tan 2C

2tanA 2tanB 2tanC 2tanA 2tanB

= 2, T 2n T 2~ — 2 A - 2, - 2
1-tan“ A 1-tan“B 1-tan“C l1-tan“A 1-tan“B 1-tan“C
2X N . 2z

= =
1-x2 1-27°

Page # 11.



Example : 25

X
If Xy + yz + zx = 1, the prove that + +
y +y p 1+ x2

Solution
Let=tan A/2,y = B/2,z =tan C/2
= tan A/2 tan B/2 + tan B/2 tan C/2 + tan C/2 tan A/l2 =1

AB.C). ,
= tan 5 oo ls undefined

= A+B+C=mn

. A
2

N O

B e
+ — + —
2 2

: . . . : . _(atB)  (Bry)  (r+a
Using the relation : sin o + sin 3 + sin y—sin (o. + 3 + ) = 4 sin 5 Jsin{ 5 |sin| T

Substitute oo + A, B=B vy=C
. . . A B C
= SinA+sinB+sinC=4co0os — coS — COS —
2 2 2
2tanA 2tan% 2tan9 A B c
= 2A+ B + ZC =4cosEcosEcosE
1+tan?>  1+tan®—  1+tan? >
2 2 2
2X N . 2z —4 1 1
= 1+x2 1+z%2 ' \/1+ y2 1422
X + + z M Z
= — =
1+x2 1+ 22 V@&Sn?xmﬁ%l(}{%})
Example : 26

IfA+ B+ C=n,the show that :

sin 3A cos® (B — C) + sin 3B cos?® (C —A) + sin 3C cos® (A— B) sin 3A sin 3B sin 3C
Solution

LHS = sin 3A cos3(B — C) + sin 3B cos® (C —A) + sin 3C cos® (A—B)

ZSin 3Acos®*(B-C)

% D" sin3A[3cos(B - C) + cos(3B - 3C)]

3 . 1 .
7 ZSIH 3Acos(B-C) +ZZSm 3Acos(3B-3C)
Substitute 3A = 3t — (3B + 3C)

3 . 1w ..
= D sin(3B +3C)cos(B - C) + ZZsm(sB +3C)cos(3B-3C)

|
©|w

3 [sin(48 + 2C) + sin(2B + 4C)] + %Z[sin 6B + sin6C]

2
== (0)+ 3 (4 sin 3C sin 3B sin 3A) = sin 3A sin 3B sin 3C

(e¢]
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Example : 27
Find the values of x lying between 0 and 2 and satisfying the equation sin x + sin 3x = 0.
Solution

The given equation is sin x + sin 3x =0

2 s X +3X X—-3X _ 0
sin > cos > =
= 2sin2xcosx=0
Hence sin 2x =0 or cosx=0
= 2x=nm,nel or Xx=2n+1)n/2,nel
= Xx=nm/2,nel or XxX=2n+1)n/2, nel
® n=0 = x=0, n/2
(i) n=1 = X =7/2, 3n/2
(iii) n=2 = X=m,5n/2
(iv) n=3 = x =3n/2, Tn/2

Hence for 0 < x < 2w, the solution is :
X =7/2, T, 3n/2

Example : 28

Solution

Find the values of 0 satisfying sin 6 = sin a
sin 6 = sin o
= sin6—-sino=0
e_
= 2 cos < sin Za =0
= cos O+a =0 or sine_a =
2 2

e et o 2
= 2~ 2
=(2t+1)n—-o or 0=2nm+ o

0
0= (oddno.)®—a or
0 = (integer) 1 + (=1)"nteger
6=nn+(-1)"o;nel

Example : 29

Solution

0 =(evenno.) m+ o

(where 7, n are integers)

Find the values of 6 satisfying cos 6 = cos o in the interval 0 <6 < 7.
CO0s 6 = cos a
= cosO—-cosa=0
. a . 06—«
= —2sin sin =0
2
sin < nm or —¢ n
= = =
2 T 2 "
= 0=2nt— o or 0=2nm+ o
combining the two values :
06=2ntxta; nel
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Example : 30

Find the values of 0 satisfying tan 6 = tan o
Solution

tan 6 = tan o

sin® sina

cos® ~ cosa

sin 6 cos oo —cos O sina =0

sin(06—a)=0

O—a=nn,nel

O=nn+o,nel

The following results should be committed to memory before proceeding further.

SSSUUUU U
¢)

sinf=sino. = 6=nn+(-1)"a nel
cosb=cosa = 0=2ntxa,nel
(iii) tan6=tano = 0=nt+o,nel

Every trigonometric equation should be manipulated so that it reduces to any of the above results.

Example : 31

Solve the equation cos x + cos 2x + cos 4x =0, where 0 <x<n
Solution

cos X + (cos 2x + cos 4x) =0

= cosXx+2cos3xcosx=0

= cosx(1+2cos3x)=0

= cosx=0 or 1+2cos3x=0

= cosx=0 or cos 3x = —-1/2 = cos 2n/3
= X=(2n+ 1) w/2 or 3x = 2nw £ 21/3
=

X=@2n+1)n/2,nel or x=2nm/3+2n/9,ne 1

This is the general solution of the equation. To get particular solution satisfying 0 < x < p, we will substitute

integral values of n.

(i) n=0 = X =m/2, * 21/9

(i) n=1 = x = 3n/2, 8n/9, 4w/9

(iii) n=2 = x = 5n/2, 147n/9, 10n/9 (greater than r)
(iv) n=-1= X = —m/2, -27/3 £ 21/9 (less than 0)
Hence the values for 0 < x < p are

X =7/2, 2n/9 , 4n/9, 8n/9

Example : 32
Solve the equation sin x = cos 4x for0 <x < p
Solution
sin X = cos 4x
= €0s 4x = c0os (/2 — X)
= 4x = 2nm = (/2 — X)
= 4x =2nw + /2 — X or Ax = 2nw — /2 + X
= X = 2nm/5 = /10 or X =2nmn/3 — /6

® n=0 = X =m/10, —n/6

(i) n=1 = X =m/2

(iii) n=2 = X = 9n/10, 7n/6

(iv) n=3 = x = 13n/10, 11n/6 (greater than m)

(V) =-1= = —3n/10, -5n/6 (less than 0)

Hence the required solution for 0 < x <mis : x = n/10, n/2, 9n/10

Example : 33

Solve the equation V3 sin x + cos x = 1 in the interval 0 < x < 2p.
Solution

For the equation of the type a sin 6 + b cos 6 = c,

writeasin®+bcos0 as JaZ +p2 cos (6 — )
V3sinx+cosx=1

Page # 14.



2(V3/2 sinx + 1/2 cos x) = 1

2(cos /3 cos x +sinm/3sinx) =1

2cos (x—m/3)=1

cos (x —m/3) = cos n/3

X —m/3 =2nm + 1/3

Xx=2nn +7n/3 + n/3

0] n=0 = x =0, 2n/3

(i) n=1 = X =2n + 2n/3, 21

(iii) n=2 = X = 4n + 2n/3, 3n (greater than 2n)
(iv) n=-1= X = —4n/3, —2x (less than 0)
Hence the required values of x are 0, 2r/3, 2n

Example : 34
Solve tan 6 + tan 26 + tan 306 = 0 for general values of © .
Solution
Using tan (A + B), tan 6 + tan 26 = tan 36 (1 — tan 6 tan 20)
Hence the equation can be written as :
tan 30 (1 —tan 6 tan 26) + tan 36 = 0
tan 30 (2 —tan 6 tan 26) = 0

= tan30 =0 or tan 6 tan 26 = 2

= 36=nm or 2 tan?0 = 2 (1 — tan?0)

= O=nn/3,nel or tan 6 = + 112

= 0=nn/3,nel or 0 = nm + tant 12
Example : 35

Solve the equation sin X + cos X = sin 2x — 1
Solution

Lett = sin X + cOS X

= t?=1+ 2 sin X cOS X

= sin2x=t-1

Hence the given equation is :

t=(P-1)-1

= ?-t-2=0
Solving the equation, (t—2) (t+1)=0
= t=2ort=-1

= sinx +cos x=2 or sinx+cosx=-1
= V2 cos (x — m/4) = 2 or V2 cos (x —m/4) = -1
= cos (x — m/4) =2 or cos (x — m/4) = =12

As —1<cos 6 <1, cos (x —m/4) =2 is impossible.

= cos (x — m/4) = =112 is the only possibility.

= cos (X — m/4) = cos (n — m/4)

= X —n/4 = 2nw + 3n/4

= X = 2nn * 3n/4 + w/4 is the general solution
Example : 36

Solve sin*x + cos*x = 7/2 sin x cos x
Solution

sin®x + cos*x = 7/2 sin X cos x

= (sin® + cos?x)? — 2 sin®x cos?x = 7/2 sin x cos X

lett = 2 sin x cos X = sin 2x

22 Tt
1-—=—
- 4 4
= 20+ 7t-4=0
= 2t-1) (t+4)=0
= t=1/2 or t=—4
= sin 2x =1/2 or sin 2x = — 4 (impossible)
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= sin 2x = sin /6
= 2x=nn+ (-1)"n/6,ne 1
= X =nn/2 + (-1)" ©/12 is the general solution.

Example : 37
Put cos 2x =2 cos’>x — 1

= 3—-2cosx—4sinx—(2cos’x—1)+sin2x=0

= (4-4sinx)—2cos’>x—2cosx+sin2x=0

= 4(1-sinx)—2 (1 —-sin>x)—2cosx(1—-sinx)=0
= (1-sinx)(2—2sinx—2cosx)=0

= sinx=1 or sinx+cosx=1
= sin x = sin /2 or V2 cos (x —m/4) =1
= X =nm+ (-1)" /2 or X—1/4 =2nn + /4
= X=nm+ (-1)" /2 or X =2nm =+ /4 + /4
= X=nm+ (-1)" /2 or X = 2nm, 2nw + 7/2

Combining the two, we get x = 2nn, 2nwt + 1/2

Example : 38

Solve the inequality sin x + cos 2x > 1if 0 <X < m/2
Solution

Letsinx =t

cos 2x =1 —2t?

= the inequality is:t+1-2t*>1

= t—2t2>0

= 22 —-t<0

= t(2t—1) <0

= (t—-0)(t-1/2)<0

= 0<t<1/2

= O<sinx<1/2

In 0 < x < m/2, this means that 0 < x < /6 is the solution

Example : 39
Find the principal and general solution of the equation : V3/2 sin x — cos x = cos?x
Solution
\3/2 sin x — cos x = cos?x
squaring, 3(1 — cos?x) — 4 cos?x (1 + cos x)2=0
= (L+cosx)[83—3cosx—4cos’x(1+cosx)=0
= (1 +cosx)[4cos*x+4cos’x+3cosx—3]=0
(1+cosx)[2cosx—1][2cos’x +3cosx+3]=0
The quadratic factor has no real roots
= cosx=-1 or cosx=1/2
= x=(2n-1)wm or X =2nn + /3
As we have squared the original equation, we must check whether these values satisfy the given
equation. On checking, it is found that both solutions are accepted.

= Xx=2n-1)=w,2nt + /3 wherene 1
Example : 40

Solveforx;sec4x—sec2x=2;,—-n<X<T®
Solution

sec4x —sec2x =2

1 1
cos4x  cos2X

COS 2X — C0S 4X = 2 c0S 2X COoS 4X
COS 2X — COS 4X = c0S 6X + c0S 2X
cos 6x +cos4x =0
2cosbxcosx=0

L
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= cos5x=0 or cosx=0

= bx =nm + m/2 or X=nm+ n/2
= X =nn/5 + n/10 or X=nm+ /2
Consider : x = nn/5 + /10 :

n=0 = X =7/10

n==+x1 = X = 3n/10, — /10

n=+2 = X =72, -=3n/10

n=+3 = X = 7n/10, —wt/2

n=+4 = X = 9n/10, —7n/10

n=+x5 = X =-91/10

Consider : x = nn + ©/2

n=0 = X =T1/2

n==+x1 = X = —m/2

These are the only values of x in [-r, 7]

Example : 41

Solve the following equation for x if a is a constant. sin 3a = 4 sin a sin (x + a) sin (x — a)
Solution

sin 3a = 4 sin o (sin?x — sin®e)

= 3 sin oo — 4 sin?al = 4 sin o Sin?x — 4 sino
= 3sino—4sinosin?’x =0
= sina (3—-5sin?>) =0

If sin o = 0, then the equation is true for all real values of x.
If sin o= 0, then 3 -4 sin>x =0

= sin?x = sin?mt/3
= X=nm+ /3
Note : The following results are very useful
1. cos6=0 = 6 =nn + /2
2. sine=1 = 0 =2nm + 1/2
3. sine=-1 = 0 =2nmt — /2
4. coso=1 = 0=2nm
5. coso=-1 = 0=2nt+m
6. sin2@ =sino. = 0=nnza
7. c0s? 0 = cos’o. = 0=nnza
8. tan2 6 =tan?o. = 0=nnza
Example : 42
If tan (A—B) = 1, sec (A + B) = 23, calculate the smallest positive values and the most general values of
A and B.
Solution

Smallest positive values

LetA, B € (0, 2n)

= (A+B)>(A-B)

Now tan (A-B) =1

= (A—-B) =m/4, 5n/4

sec (A + B) = 2W3

= (A+B)=mn/6, 11n/6

As (A + B) > (A — B), these are two possibilities :

1. A-B=mn/4 & A+B=11n/6
2. A-B=5n/4 & A+B=11n/6
From (i), we get : A-&andB-lg—TE
e get: " 24 " 24
From (ii), we get : A—ﬁandB——n
e get: 24 " 24

General Values
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tan (A—B) = 1 = A-B=nn+n/4

2
sec(A+B)=£ = A-B=nn+mn/4
. Y T
TaklngA—B=nn+Z and A+B=2kn+gweget:
(2k+n)r 5= (2k —n)r T
=+ — = - —
A 2 4 od B 2 24
. Y T
TaklngA—ann+Z and A+B=2kn—gweget:
(2k +n)x T (2k-n)m 5z
=+ — - - =
2 24 and B 2 24

Example : 43

. n
Solve for 6 :tan | 5SINO | = cot | 7€0SH

Solution
T . T yis
—sind | = ———Ccos0
an (Z30) <o 2~ Zoos0)

Esine-n +£ £cos(l)
2 “MmTS T

= sin6+cos6=2n+1

U

o T 2n+1
= cos 4)= ﬁ
As cosine lies between 1 and — 1, n = 0, — 1 are the only

2n+1

i - 1< <
Possible values of n for — 1 < «/E <1

=% 7= - — = + 1| T =
= cos 4 5 = 0 2 2km + cos >

1
T

= =2kn + — +cos™ —_/—Ej
0 2 cos [

= 9=2knig,2kn,2kn+n

For 6 = 2krt + ©/2, the equation becomes undefined.
Hence the solutionis : 6 = 2kr , 2kn + &t

= 0=mn,whereme I
Example : 44
If sin A =sin B and cos A = cos B, find the value of A is terms of B.
Solution
. ) A+B . A-B
SsinA-sin B = 2 cos 5 sin 5 =0
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. A+B .
coOSA=cosB = 2 sin 5 sin 5 =0

A-B
Both the equation will be satisfied if sin 5 =0

A-B
= T =Nnr
= A=2nt+B wherene I
Example : 45
Evaluate : 0] sint sin 4n/3 (i) cos™t cosbn/4 (i) tan-! tan2m/3
Solution
® 47/3 does not lie in the principal value branch of sin-*x. Hence sin™! sin 4n/3 # 4n/3
sint sin 4n/3 = sin sin (1 + 1/3)

= sin™? (- sin ©/3)
= sin™ sinnt/3 = —7w/3
(i) cost cos 5n/4 = cos™ cos (n + /4)
= cos™ (—cos n/4)
=7 — cos™* cos n/4
=n—n/4
= 3n/4
(iii) tan' tan 2n/3  =tan™ tan (t — ©/3)
=tan (-tan n/3)
= tan™! tan n/3

=-—7/3
Example : 46
Show that tan* 1/3 + tan™* 1/2 = n/4
Solution

LHS =tan?' 1/3 + tan* 1/2

1.1
3 2 11
=tan™ s==<1
=tan 11 ( 35 j
1--=
32
1 5/_6 1 T
=tan 5/6 =tan?t1 = 2 = RHS
Example : 47
Show that : cos™ 9 + cosec™ _‘/ﬁ -
4 4
Solution
Ja1

LHS = cos™* 9 + cosec™

, 2 in-1 4
=tan?! — + sin-
tan 9 sin /_41

= 4+ et & (using sinx =tan 1 —= J
9 5
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1.4
9 5 1. 4
= tan-t Xy=—x—<1
=tan 1_1& [ y 9><5 )
95
41
=tan a1 =tan7'l= —
Example : 48
Show that :
2X
® 2 tan! x = tan™! ,—1l<x<l1
2
1-x
(i) 2tan! x = sin? ,—1l<x<1
iii 2tan! x = cos™? ,X>0
(iii)
Solution
® Letx=tan 0, %<6<%(using—1<x<1)
RHS =t -1ﬂ tan-! tan26
=tan 1-t@ne - an-* tan
=20=2tantx=LHS [+ 206 € (-n/2, n/2) lies in the principal value branch of tanx]
(i) Let x = tan® = E<6<£(usin —-1<x<1)
p)
4 4 12¢?
RHS =t -1ﬂ =sin™ sin 260 o
= tan Tr@nlo - sin~t sin
=20[. 20 € (-n/2, n/2) lies in the principal value branch of sin-x]
=2tan’x = LHS
(iii) Letx=tan 6,0<6 <n/2 (using x > 0)
1-tan?6
— -1 | —
RHS =¢0s™ |1 tanZ
=cos™ cos 26
=20 [ 20 ¢ (0, m) lies in the principal value branch of cos™x]
=2tanx = LHS
Example : 49
Prove that
) . cos0-sind T
(0 @~ | coso +sino _Z_e
(i) tan Lox -1 x _r_ 1 cost x?
Viex?+41-x2 ) 4 2
Solution
) . cos6-sin® . 1-tan® o
0] LHS =tan c0s0+sing ) = tan 1+tano (dividing by cos 6)
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T b
=tan tan (Z_e] =7 -0 [oroe (w4, 3m/4)

(i) Put x? = cos 26 in LHS

. V1+c0s20 —/1-c0s20 | [cose—sinej
LHS =tan™ | 1 c0s20 +v1-cos20 ) ~ 2" | cos6+ sino
T
= tan! tan (Z_e]
T
=7 0 [for 6 € (—m/4, 3n/4)]
b 1 .
=273 cos™ x? [using x? = cos 26]
RHS
Example : 50
1- a-b) 1-cos6
. a-b |1-cos6 . a+b \1+cos6
Show that: 2 tan™ | {3 5 {14 cos | = €OS 1,[@-b)1-cosé
a+b \1+cos6
. (a+b)(A+cos0)—-(a—b)(1-cos0) . acosf+b
= cos (a+b)(1+cos0)+(a-b)(1-cos0) COS™ | at+bcosh | = RHS
Example : 51
_ o o n B)| _, ., |Cosacosp
Show that : 2 tan {tan[4 2)tan[4 Zﬂ =tan |:SinB+Sin(X
Solution
D \/1 sina [1-sin ~ [i=sine _ T 0
LHS =2tan 1+sina \|1+sinp Using 1+sin0 =tan 4 2

1 Slnoc 1 sinf
1+sma 1+sin[3

[1 smaj 1-sinp
1+sina A 1+sinf

2,/(1-sin? a)(1-sin 2 B)
=tan™ | (11 sina)(L+ sinp) — (1-sina)(1- sinp)

i 2cosa.cosf

— -1 | — =
=tan _Zsina+25in[3} = RHS
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Example : 52

2

X +1
Show that : sin cot™ cos tan™ x = 2, 5

X<+

Solution

1
Letx=tan 6 = cosezm

1
LHS = sin cot™ cos 6 = sin cot™ W

V1+x2

1
Let =coto = sino= T/—/——
V1+x2 1+x%+1

. . 1+x
= LHS = sin cot™ cos oo = sin o = > =RHS
2+X
Example : 53
- 2n - 2b . a+b
If sin— 1+ a2 + sin- 1+ b2 =2 tan™, then show that x = 1_ab
Solution
The gi lation i in? 2 in—? 2 1
i + sin- - _
e given relation is : sin 1+ a2 sin 1162 tan—t x
= 2tanta+ 2tan?tb =2 tanx
. a+b .
= tan 1-ab) = tan—t x
B a+b
= X= 1 ab
Example : 54
-1 1 —_ -1 —

1
Solve for x : tan™* + tan = tan .
2x+1 4x +1 x?

Solution

4 1 4 1
Equating the tan of both sides tan | tan ' ———+tan™ ——| = an 2
2x+1 4x+1 X2

1 1
+
2x+1 4x+1  _ 2
1- X
(2x+1)(4x +1)
6x+2 2
= =—
@x+D(4x+1)-1 x2
= (3x + 1) x> = 8x* + 6x
= X -7x2-6x=0
= x=0,3,-2/3
x = 0 and —2/3 are rejected because they don't satisfy the equation
Note that for x = 0, RHS is undefined
= the only solution is x = 3.
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Example : 55

= _ 1
tant
Show that Z:l 1+n+n2
Solution
- 1
_ E tant——
LHS = 44 1+n+n?

z pt_ntl-n n+l-n
= 1+(n+Dn

= i [tan‘l(n +1)—tant n]

n=1

= (tan™'2 —tan™1) + (tan'3 — tan12) +

=—tan™'1l + tan o

T
_+_ —_—
4 2 4

- _RHs

|2
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