Example : 1

€) Show that the vectors 37 + 6] — 12k and 2i + 4] — 8k are collinear

(b) Show that the points A(1, 3, 2), B(-2, 0, 1) and C(4, 6, 3) are collinear
Solution

let a=3 +6]—12k

- a=3( +2j-4k)=3/2 27 +4] - 8k)

= a=3/2b
= and are collinear
(b) =(2-1) + (0-3)j+(1-2k
. AB=-3 -3]-K
AC =(4-1)i+(6-3)j+(3-2)k
= AC =-3i +3] +k
= AC =-AB
= vectors and are collinear
= points A, B, C are collinear
Example : 2

(a) Show that the vectors i — ] —2k,2i + 3] +k, and7i + 3] — 4k are coplanar
(b) Show that the points P (a+ 2b +¢), Q (a—b~c), R (3a+ b + 2c) and S (5a + 3b + 5c) are coplanar

giventhat a, , are non-coplanar.
Solution
(a) Let a= - ] -2k
b=27-3]+k
c=71+3] -4k
Let a=A +u where A and p are scalars
If there exists unique values of A and u satisfying the above equation than we can say that can
be expressed as a linear combination of and andhence , , are coplanar.
= +u
- —j-2k =0 @i +3]—k)+u (7i +3] —4k)
= i—j-2k=(@r+7w) i +(@L+3n) ] +(L—4p) k
As i, ] k are non-coplanar, by equating coefficients of i, ] k we get:
1=24+70 . 0]
-1=3A+3u . (i)
2=A-4u ... (iii)

Solving (i) and (ii), we get A =—-2/3 and p = 1/3
Substituting A, W in (i), we have — 2 = -2/3 — 3 (1/3)
= -2==-2

= A, W satisfy (iii)

= A=2/3,u=1/3is aunique solutionof a =A +pu
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= =-2/3 +1/3

As can be uniquely expressed as a linear combination of and ,vectors , , are coplanar.
(b) To show that P, Q, R, S are coplanar, we will show that PQ, PR, PS are coplanar

PQ=-3 -2

PR=-2 - +

PS=4 + +4

Let = APR + uPS
= -3b-2c=A(2 - + )+pu@4d + +4)
= -3 -2 =(2\r+4p) +(-A+u) +(A+4p

As the vectors a, b, ¢ are non-coplanar, we can equate their coefficients

= 0=2\+4u

= —-3=-A+pu

= —2=A+4u

A =2, u=-1is the unique solution for the above system of equations

= PQ =2PR-PS

PQ, PR, PS are coplanar because PQ is a linear combination of PR and PS
= the points P, Q, R, S are also coplanar

Example : 3
Prove that the segment joining mid-points of the diagonals of a trapezium is parallel to the parallel sides of
the trapezium and is equal to half the difference of their lengths.

Solution
Let ABCD be the given trapezium and M, N be the mid points of the diagonals AC and BD

Let , , , bethe position vectors of A, B, C, D respectively
using section formula, mid points of AC and BD 3@ a)
- 2 2p
= ’ n= ’
= NM=m-n =

c-b
= NM = _2 —
= NM = 1/2 (BC — AD)
Let BC =k (AD)
= NM =1/2 (k- 1) AD
NM || AD and NM =1/2 (k- 1) AD
_ BC-AD
2
= NM is parallel to AD (and BC) and is half the difference of BC and AD.

= NM =

Example : 4
Show that the diagonals of a parallelogram bisect each other
Solution

Let a+ + + be the position vectors of a vertices of a parallelogram ABCD

AB =BC and AB || DC (because ABCD is a parallelogram)
= AB =DC

= — = _
= ( + )2=( + )2
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= pv of mid point of BD = pv of mid point of AC
= mid points of BD and AC coincide. Hence AC and BD bisect each other

Example : 5
Show that the medians of the triangle are concurrent and the point of concurrence divides each median in
the ratio 2 : 1.

Solution

Let + + be the position vectors of the vertices of a triangle ABC
Let D, E, F be the mid-points of sides as shown

= d=( + )2 = 2 = +
= e=( + )2 = 2 = + )
= f=(C + )/2 = 2 = +
Now try to make the RHS of each equation equal
= 2 + = + +
= 2 + = + +
= 2 + = + +
= 2 + =2 + =2 + = + +
Note that the sum of scalar coefficients of vectors is equal to 3 in each expression. We divide each term
by 3
_ 26+b _2f+8  2f+C  a+b+¢

- -2 3 7 3 7 3

2d+a
= = = =

2+1

= thepointG[( + + + )/3]dividesAR
common point of intersection of all medis

each internally in ratio 2 : 1. Hence G is the

= medians are concurrent and centroid G d|V|des each medianin2:1
Centroid G =
Example : 6
Show that the angle bisectors of a triangle are concurrent and hence find the position vector of the
incentre.
Solution

Let + + be the position vectors of the vertices and x, y, z be the lengths of the sides opposite to

these vertices respectively. Let AD, BE, CF be the angle bisectors.
Let us first find the position vector of D where AD bisects angle A.

= y (bisector theorem)

using section formula

d =
Similarly, the position vectors of E and F are :

fo —yb+xa
’ Y+ X
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=  (z+y)d=z +y
= (x+z) =x +z
= (y+x) =y +x

Make the RHS of each equation equaltox +y +2z

= (z+y) +x +z +y

= (x+z) +y =y +x +z

= (y+x) +z =z +y +X

= @+y) tx =@+ ty =N 4z =x +y +z

= the point I

i.e. =

divides each internal bisector (AD, BE, CF) intheratio+y:x, x+z:y+x:zinternally
Hence I is the common point of intersection of all bisectors i.e. the incentre

Example : 7
D, E divides sides BC and CA of a triangle ABC in the ratio 2 : 3 respectively. Find the position vector of the
point of intersection of AD and BE and the ratio in which this point divides AD and BE.

Solution
Using section formula

1265:488-3cx ]
. 2a+3c
e =
2+3

= 5d =2 +3
(Try to make RHS equal)
= 5 =2 +3
= 15 =6 +9 = 15 +4 =4 +6 +9
= 10 =4 +6 = 10 +9 =9 +4 +6

15 +4 =10 +9 +6
Divide by the sum of coefficients of vectors (=19)

43 +9b + 6C
= the point R ie. R=|"7" o9

19

divides AD and BE internally in 15: 4  and 10 : 9 respectively
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Example : 8
Show that the segments joining vertices to the centroid of opposite faces are concurrent. Hence find the
position vector of the point of concurrent

Solution
Let a, b, c, d be the position vectors of vertices of the tetrahedron and P, Q, R, S be the centroid of faces
opposite to A, B, C, D respectively

=
= 3G=c+d+a
= 3r=d+a+b

F3_5+E+a El_E+<#:i+€1 F_a+<€1+5 é_51+5+(:
- 3 3 3 3

3p+a 3q+b 3r+C _35+d _a+b+c+d
= = = = =

4 4 4 4 4

a+b+c+d
= GET

G is the common point of intersection of AP, BQ, CR, DS divides each in the ratio 3 : 1 internally

Example: 9
Derive the following results in a triangle using vectors.
0] Since Rule
(i) Cosine Rule
(iii) Projection Formula
Solution
Consider a triangle ABC, where E& e
&bideddd 0
=BC, =CA, =AB
= 0]
Note that the angle between a and is (r — C)
0] Sine Rule :
Using (i)
a x
X = X . (ii)
Using (ii)
+( + + )= x
=
= DXC =AxD  ceeeeeereees (iii)
Combining (ii) and (iii), we get,
axb=bxC=Cxa
= |axb|=|bxC|=|Cxa]
= ab sin (m — C) = bc sin (t — A) = ca sin (t — B)

Divide by abc, we get :

sinC sinA sinB
= = =
c a b

which is the sine rule
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(i)  Using (i)

a+b=-C
(@-b)? = g2
= a?+b?+2abcos(n—C)=c?
= a® + b? — 2ab cos C = c¢? which is the cosine rule
(iii) Using (i)
a+b=-¢
= a.6+b.¢=-¢C.¢
= accos (t—B) +bccos (m—A)=-c?
= acosB+bcosA=c

which is the projection formula

Example : 10
Show that
(i) sin (o + B) = sin oo cos B + cos a sin B
(i) sin (oo — B) = sin oo cos B — cos o . sin B
Solution

Consider a circle of radius r centred at origin

Consider two points P and Q, one in first (i) quadrant and other in fourth (iv) quadrant such that
/ZPOX =f and £ZQOX =«

= P=(rcosPB,—rsinp)

= Q= (rcosa, rsin o)
OP=0Q=(rcosBi—rsinBj)x(rcosai+rsinaj)

Comparing magnitude,

= [OP| [OQ] sin (ot +B)=r?(sinocosP+cosasinf) _

= sin (0. + B) = sin o.cos B + cos o sin B B8 +b? +2a.b=c?
Following the same figure but considering OP . OQ

we can derive the formula for cos (o + )

(i) Now let us take both P and Q in Q, as shown
= P=(rcos B, rsinp)
= Q=(rcoso,rsino)

OPxOQ=(rcosBi+rsinBj)x(rcosoi+rsinaj)

Comparing magnitudes

= |OP] |0Q)] sin (o — B) = r? (sin o cos B — cos a sin B)

= sin(ao—PB)=sinacosP-cosasinB (OP=0Q=r)

Following the same figure but considering OP . OQ, we can derive the formula for cos (o — )

Example : 11
Show that the angle in a semi-circle is a right angle
Solution
Let O be the centre and r be the radius of the semi-circle
LetOP=QO0 = a and OR =
= QR= + and RP= -
Now QR.RP=( + ).( - )=a?-b*=a?-b?=0

because a = b = radius of the semi-circle
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Example : 12
The vertices of a triangle are A(2, 3, 0), B(-3, 2, 1) and C(4, -1, 0). Find the area of the triangle ABC and
unit vector normal to the plane of this triangle.
Solution
Area of AABC =1/2 |AB x AC|
AB=(-3-2)i+(2-3)j+(1-0)k
= AB=-5i—j+k
and AC = 2i —4j + 0k

AB x AC = = 4i + 2j + 22k

1
= area of AABC = 5 J16+4+484 = {126 SQ. units

ABXAC  4i+2j+22k  2i+j+1K

T |ABxAC| = 2126 126

Example : 13
A line makes angles a, B, Y and & with the diagonals of a cube. Prove that :
cos?o. + cos?P + cos2y + cos?d = 4/3

Solution
Let the origin O be one of the vertices of the cube and OA, OB, OC be the edges through O along the axes
so that :
OA = ai,
OB =aj,
OC=ak

where a is the length of the edge of the cube. Le ﬁl OPR, Ske the other vertices of the cube opposite to
O, A, B, C respectively. o
Hence the diagonals of the cube are OP, AQ, BR and Cg. ¢
OP=ait+taj+ak
AQ=—-ait+taj+ak
BR=ai—-aj+ak

Ccs = ai+aj—ak
If n =xi+yj+zKkis the unit vector along the line which makes the angles «, B, yand & with diagonals,

ac+ay+az X+y+z

COs o = = a\/g = ﬁ

-X+y+2z X-y+2Z X+y-z
cosB——ﬁ ; cosy——ﬁ coss——ﬁ

cos?ao + cos?P + cos?y + cos?d

[(x+y+ 2P+ (x+y+2P+(X-y+2)+(x+y-2)]

1
g4(x2+y2+22)=4/3 [ x2+y?+2z2=1]
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Example : 14
LetA (r =1, 2, 3, 4) be the areas of the faces of a tetrahedron. Let n, be the outward normals to the

respectively faces with magnitude equal to corresponding areas. Prove that n, +n, +n; +n, =0

Solution
Let the origin O be one vertex of the tetrahedron and A, B, C be the other vertices whose position vectors
are :
OA= oB= , ocC =

R, = Ar(A OBC) =1/2 (b xc)
Ny = Ar(A OCA)=1/2 (cxa)
n, = Ar(A ABC) =1/2 (AC x AB)
= [taken outwards from tetrahedron]
=1/2 (Exb+axc+bxa)
= A, +N, +N3+n, =0
Example : 15
Showthat: a=(&.71)i+(&.]) j+@.K) k
Solution

Let a=a,, ?+ay]+azlz ........ (i)

=

= and
On substituting the values of a , a, and a, in (i), we get :

=

Example : 16
Show that : ix(axi)+]x(@xj)+kx(@xk)=2a
Solution
LtHs=[(.Da-(.a1+1G.Da-G.a)i + [k.ka-(k.a)k]

=a+a+a-[(i.2)i+(.a)j+k.a)kK]

= 35—[ax7+ay]+azlz] = R.H.S.
Note : It is useful to remember that x-component of etc.
Example : 17
0] If the four points a, b, ¢, d are coplanar, then show that: |abc|+|bcd|+]|cad|+|abd|
(i) If a, b, ¢, d are any four vectors then prove that :

(@xb).(Cxd)+(bxc).(@xd)+(Cxa).(bxd)=0
Solution
0] If the four points A , B , C and D are coplanar, then vectors AB, AC, AD are copla-

nar
= AB.ACxAD=0

=
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=

= [bcd+[@abd+[cad=[abc]

Note that interchanging two adjacent letters reverses the sign of scalar triple product.

= [bda]=-[bad]=+[abd]

(i) Let us first simplify (axb).(cxd)takingp=axb
(@axb).(cxd)=p.cxd=(pxc).d={(axbxc}.d

Interchanging dot and cross has no effect on scalar triple product of p, ¢ and d.

=[(a.¢)b—(b.c)3a].d
=@E.¢)(b.d)-(b.¢)(&.d)

Similarly, we can show that :
(bx¢).(@axd)=(b.a)C.d)—(c.a)(b.d)

(€xa).(bxd)=(c.b)@a.d)—(a.b)(C.d)

Adding the three equations, we get

(@xb).(Cxd)+(bxc).(@xd)+(Cxa).(bxd)=0

Example : 18
Show that : =[abcp? =
Solution
Let us first prove = [ab¢c)?
LHS.= . (bxc) x (Cxa)
Letp = (bxc)
= LH.S. = axb{px(cxa)}
= axb{(p.a)c-(p.c)a}
= axb{bcalc-0}
=[bca)[abd]

Now let us show that :
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a, a, a,||a, a, a, zai Zax X Za Cx
c. € €| lc, ¢y c, Z:cxax ZCX . Zc§
aa ab ac
_|ba bb bch oo
ca cb cc

Example : 19

If a.b # 0, find the vector r which satisfies the equations : and r.a=0
Solution

Itis given that,

= Fxb=¢Cxb

Taking cross product with a on both sides.

éx(FxB)zéx(éxB)

(@.b)i—(a.r)b=(a.b)c —(ac)b

= (@a.byf=(@.b)c-(a.c)b (using 7.a =0)

Alternative method

= (r—c) and p are collinear

= where k is a scalar

= F=C+kb e ®

itisgiventhat r.a=0

=

=

= k=-—

using (i), we get b
Example : 20

Express in terms of & b, ¢. Itis given that are non-coplanar
Solution

Let

We take dot product with b x ¢ on both sides
= (axb).(bxc)=¢a.bxc+0+0
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= (=
Similarly by taking dot product with ¢ x a and a x b, we get
(axb).(Cxa) (axb).(axb)
= - - and n=—" ---.
[cab] [abc]
— 1 e e = = e =

= axbh = [4b ] [(@xb).(bxc)a+(axb).(cxa)b+(axb).(@axb)c]
Following the same pattern, we can express b x cand ¢ x ainterms of a, b, ¢

Example : 21
Find a vector of magnitude 5 units coplanar with vectors 3i — j— k and i + j — 2k and perpendicular to the
vector 2i + 2j + k.

Solution

Let a=3i-j-k

and

A vector coplanar with and and perpendicularto  can be taken as

where ¢ is a scalar

i i Kk

axb = 3 -1 Al g sk
ax 11 -2 :

A e 5V3bc 3]

i j k
Cx(@xb)={2 2 1 A A oa
¢ x(axb) = 3i-5}+ 4k

35 4
= T = /(3i- 5+ 4K)

=5
1

=+ =+ =
f=s ~ V2

- 1 ° 2 s
i is I =t—=(3i—-5j+4k)
the required vector is 2
Alternate Method
As the required vector 7 is coplanar with and , we take

= r=@r+p)i+(A+p)j—(r-2wk
As is perpendicularto

= 2BA+ W) +2 (A + )+ (-A—-2u) =0
= 3L+2u=0

= A=(=2/3) n

We also have
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9 9
3 2
= eI = x=i—2
- 1 2 2 s
N r:i—2(3|—51+4k)

Example : 22

Showthatthelines r =3i—j+k+A(i+j+k)and =2i+2j—2k+pu (i—j+ 2K) are intersecting and hence
find their point of intersection.
Solution

Let be the position vector of their point of intersection

- =3i—j+k+A(i+]+K) =20i+2 -2k -+ (i+]+2K)
= B+N)i+A-1)j+A+1k=(Qu+2)i+2-pwj+@2u-2)k
- 3HA=U42 0
- A=1=2-1 e (ii)
- A+1=20-2 e, (i)

The lines are intersecting if these equations are consistent

from (i) and (ii), we get

A=1, u=2

Substituting these values in (i), we get

1+1=212)-2

= 2=2

—  A=1 pu=2 satisfied (i) also BtatB) (=00 — 1) + (-h — 2u)?

Hence lines are intersecting and the point of intersection is :
=3i—j+k+A(i+]j+k)

=3i—j+k+1(i+j+k)

=4i+ 2k

= the coordinates of this point are (4, 0, 2)

Example : 23
The vertices of a triangle ABC are A(1, 0, 2), B(-2, 1, 3) and C(2, -1, 1). Find the equation of the line BC,
the foot of the perpendicular from A to BC and the length of the perpendicular.

Solution
A vector parallel to BC is

BC = = 4i - 2j - 2k

= the equation of BCis: ¥ =b+t (¢ -b)

= r =—2i+j+3k+1t(4i—2j-2k)

Let position vectorof Dbe =—i+j+ 2k +1t (4i—2j—2k)
because D lies on line BC

Now AD 1 BC = AD.BC=0

= =0

= [Si+j+k+t4i—2]—2K)].(@4i-2j—2k)=0

= 4t-3)4+(1-20)(-2)+(1-2t)(-2)=0

= 24t-16=0

= t=2/3
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= d =—2i+]+ 3k + (2/3) (4i — 2j — 2K)

. 2 1 5 1 1 1
AD = :[5—1]|_3J+(§_2]k:_§|—§j——k
3 _ 1

AD =|AD| = 3 - @ units
Example : 24

Find the equation of the plane passing through the points A(2, 1, 3), B (-1, 2, 4) and C (0, 2, 1). Hence find

the coordinate of the point of intersection of the plane ABC and the liner=i—j+ k + A (2i + k).
Solution

Let N be a vector normal to the plane of AABC

= =AB x AC

= (=3 + ]+ k) x (=2i + ] — 2K)

= =—3i—8j—k
= the equation of the planeis (r-a) . N =0 where =2i+j+ 3k
T'@éﬂr&k
3331
= . (3i-8-k=-6-8-3 o1 _9
= . (=3i-8j—k)y=-17
The givenlineis =i—j+k+A(2i+Kk)

To find the point of intersection, we solve these equations simultaneously

= [i-j+k+A(2i+Kk)]-(-3i—8 —k)y=-17
= @er+1)(-3)+8+(1+1)(-1)=-17
= A=3
= the point of intersectionis =i—j+k+ 3 (2i+Kk)
=7i—j+4k
= coordinates are (7, -1, 4)
Example : 25

From the point A (1, 2, 0), perpendicular is drawn to the plane r . (3i — j + k) = 2 meeting it at the point P.
Find the coordinates of point P and the distance AP.

Solution
Let us first find the equation of line AP. As AP is normal to the plane, the vector = 3i—j+ ks parallel to
AP.
= Equation of APis =i+2j+t@3i—j+Kk)

Now we solve equations of AP and plane to get point P.

= [i+2j+tBi—j+Kk)].@Bi—j+k)=2
= Bt+1)3+2-t)(-1)+t=2

= t=1/11

= pointPis =i+ 2j+ 1/11 (3ii—j + k)
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Example : 26
Find the shortest distance between the non-intersecting and non-parallel (SKEW) lines :

Solution
Let PQ be the shortest length segment between the lines.
PQ is hence perpendicular to the lines at P and Q
PQ = projection of A/A, on the normal vector of both lines.

PQ = projection of A, A, on b, xb,

(@ -ay). (61 X 62)

PQ = =
O by xb, |
Example : 27
X1 Y1 Zg
If A=x3+y,p+2,C; B=x,a+Yy,b+27,6; C=Xga+Yysb+24C, prove that A BxC = X2 Y2 %2
X3 Y3 Z3
(a.bxc) 3_413+X§]+i|2
. 11 117 11
Solution
Let a-= aj+a,j+tak; =bi+bj+bkand =ci+cj+ck
= = (Xl al + ylbl + Zlcl) I + (Xl a2 + ylb2 + ZlCZ) J + (Xl a3 + yl b3 + ZlCS) k

=(x,a +yb +zc)i+(x,a, +yb,+zc)j+(x,a,+y,b,+2zc,)k and
= (XS a1 + ySbl + 23C1) I + (X3 a2 + y3b2 + ZSCZ) J + (XS aS + y3 b3 + ZSCS) k

Therefore,

X181 +Yq0; +2,C1  X@, +Yby +25C,  Xqa3 +YPg +2C3
X181 + YD1 +Z5C1 X8, +Yo0, +2Z,C,  Xpa5 +Y,bg +2,5C5
X381 +Y3by +25C; Xgdp +Y3hy +23C, XAz +Ysbs +25C

X1 Y1 Z1| | 3 &g X1 Y1 74

_ | X2 Y2 Zg| |by by by| _ Xy Yy, Z (é.f)xé)

X3 Y3 23| |C1 Cp C3 X3 Y3 Z3

Example : 28
ABC is a triangle. E and F are the midpoints at AC and AB respectively. CP is drawn parallel to AB to meet
BE. produced in P. Show that AFEP = AFCE = 1/4 AABC

Solution

Let C be the origin; p.v.’'s of Aand B be 3 and respectively.
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p.v. of E = and p.v. of F = f= 2
Since CP || AB,

pv.ofPcanbep (b-a) . (i)
Also equation of line BE is F =b + t(b - &)

.- (- &
r=b+t{b-——

- )

= r=(-t2) +(@+1
As P lies on BE, prove that of P should satisfy above equation :

u =(-2)a+(1+1) [using ()]
On comparing the coefficients of vectors and , we get

= t=1=t/2 = t=-2

and p=-1
Therefore, prove that of P is

1 = — 1 -
Vector area (AFEP) = FExEP = E(e_ f)x(p-c)
1(a_a_ b 1 (b
= E 2 2 2 X = E 2 X
= axb e (i)
Again vector Area (AFCE) 2 FCxCE %ﬁ? %tés) xb =
a b )
= oo % = Axb @ e (iii)

From (ii) and (iii),
Vector Area (AFEP) = Vector Area (AFCE) = 1/8 axb =1/4 Vector Area (AABC)

Example : 29

If one diagonal of a quadrilateral bisects the other, then it also bisects the quadrilateral.

Solution

Let OABC be the given quadrilateral such that its diagonal OB bisects the diagonal AC.
LetOA = 3, OB = and OC=

The mid-point of =

As diagonals bisect each other, p.v. of OB = p.v. of AC

a+c
= p.Vv. ofOB=T

Since OB is parallel to vector p, we can take :
=tp =

Multiplying both sides with vector , we have
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= axb=bx¢
= 1/2 a x =1/2] x |

= Area of AOAB = Area of AOBC [ OABC is a plane quadrilateral]
Hence the diagonal OB bisects the quadrilateral.

Example : 30
Let OACB be a parallelogram with 0 at the origin and OC a diagonal. Let D be the midpoint of OA. Using
vector methods prove that BD and CO intersect in the same ratio. Determine this ratio.
Solution
Method 1 :
Let P be the point of intersection of OC and BD.

Let be the p.v.’s of the points A, B, C, D, P, respectively

As OACB is a parallelogram and D is mid-point of OA, we can take :
and ¢ =a+b
Equation of line OCis: F =A (A+b)  «oeereeene (i)
Equation of line BDis : ¥ = b+ p(d-b)
=b+p(@al/2-b)

= F=pal2+@+wb . (ii)
Solving (i) and (ii), we can get point of intersection P i.e.

Aa+Ab=pa/2+@1-p)b

= A=w2andA=1-p (since 3 and  are non collinear)
= w2=1-u

= p=2/3and A =1/3 EéﬁﬂfﬁﬂLB)

From (i),

= OP=1/30C

= P dividesCOintheratio2:1 ....... (iii)

From (i), p=b+2/3 (d-D)

= p-b=2/3(d-b)
= BP = 2/3BD

P divides BD in the sameratio2:1 ... (iv)
From (iii) and (iv), we can conclude that BD and OC intersect in the same ratio.
Method 2

OD=1/2 0A=1/2BC

OP + PD = 1/2 (BP + PC)
20P + 2 PD=BP + PC
—2PO +2PD=-PB + PC
PB + 2PD = PC + 2 PO

teue

PB+2PD _ PC+2PO
1+2 1+2
The common point P of BD and CO divides each intheratio 2 : 1

U

U
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Example : 31
Atransversal cuts the sides OL, OM and diagonal ON of a parallelogram at A, B, C respectively.

P thto_+O_M_%
rove thal OA OB ~ OC"

Solution
We have ON=OL+LN=OL+OM  «eeeeeems (i)
Let OL=xOA,OM=yOBandON =2z OC .oueee. (ih)
So ‘a‘:x‘a&‘,‘@‘:y‘o_é‘and‘ﬁ‘:z‘&f‘
oL _oMm . _ON
=  X*ToaYToB T oc

From (i) and (ii), we have

zO_C’:xE’-\’erO_B’

= x OA + y OB-zOC = 0
Point A, B, C are collinear, the sum of the coefficients of their p.v. must be zero
= X+y—-z=0
. ,OM _ON
ie. OB - oC
Example : 32
D, E, F are the midpoint of the sides BC, CA, AB respectively of a triangle ABC and O is any point. Show
that
(i) OA + OB +0C = OD + OE + OF N
- @ apA&pY) + (f - C)
(if) AD+BE +CF=0 OA

(iii) AE + OF +DO

AE + OF+DO = OA

)  AD+2BE+LcF-lac
3 3 2
Solution
® Considering the point O as origin and
— — — . _ - _b+c c+a  a+b
OD+OE+OF=d+C+f = —— * 75— * —
Hence OD + OE + OF = OA + OB + OC
(if) AD+AE +AF =
= (d+é+f) - (@+b+¢) =0 [using (i)]
(iii) Consider =g+f-d
c+a a+b Db+c
2 2 2
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QD!

— 02— 1= R .
(iv) ADZBE+-CF = d-a+2/3(€-b)+1/3(f-¢)

b+é¢ . 2(¢+a =) 1(a+b -
—a+— -b|+= —-C
2 30 2 31 2

111ﬂ . .
:—+§+ga+ b + ¢

Example : 33

Let 3, b and  be three non-coplanar unit vectors, equally inclined to one another at an angle 6. If :

, find scalars p, g and r in terms of 6
Solution

aa=bb=¢c=1and
Consider

Taking dot product with 3 b and , we get

=(q+rycos6 L. ()
O=q+(+rcoseo L. (i)
=cosO(p+qQ)+r L. (iii)
Add (i), (ii) and (iii) to get

2 =(1+2cos6)(p+q+r)
Solving (i) and (iv), we get

p:

Solving (ii) and (iv), we get

a= (vi)

Solving (iii) and (iv), we get

Now find

Apply R, >R, +R,+R,
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= [@bc]? = (1 +2cos6)

ApplyC, - C, -C,andC,— C,-C,

= [Ab¢]2 = (1 +2cos6) ==(1+2cos 0) (1 - cos 0)?

= [abc] = (1 -cos 6)

Substituting the value of [a b c] in (v), (vi) and (vii) to get

-2c0s0 1
P= ’ 9= J/1+2cos6 '= J1+2coso

Example : 34

Vectors X, y and Z each of magnitude V2, make angles of 60° with each other. If

and Xxy =c, then find X, y and z in terms of

Solution
and

It is given that : = Yy—Z=8a e @

and yx(ZxX)=b = F_%=D e (ii)
On adding () and (i), we get ~ j—X =&+D #4308 2L b
consider Xxy = ¢ \losPeds 41— coedd cos O
Take cross-product with x to get cos coxbsO-l | 1
Xx(Xxy)=XxC = X—2Y=XXC e (iv)
Take cross-product with y to get
yx(Xxy)=yxC = 2X-y=yxC e (v)
On subtracting (iv) from (v), weget ... (vi)
X+y =(a+b)x¢
On solving (iii) and (vii), weget ... (vii)

a+b+(@+b)xc %= a+b-(a+b)xc
> 2
b-a+(@+b)x¢

2

Using (i), z=
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Example : 35
The position vectors of the points P and Q are 5i + 7j — 2k and —3i + 3j + 6k respectively. The vector 5 =

3i—j + k passes through the point P and the vector =— 3i + 2j + 4k passes through the point Q. A third

vector 2i + 7j — 5k intersects vectors and . Find the position vectors of the points of intersection.
Solution

EquationfolineAP= =5i+7]—2k+ A (3i—j+Kk)

Equation of line BQ=r=-3i+ 3j + 6k + A (-3i + 2] + k)

Since point D lies on AP, its position vector can be takenas: =r=5i+7j-2k + A, (3i—j+K)

A vector parallel to line CD is 2i + 7j — 5k
Equation of line CD =r=5i + 7j — 2k + A, (3i —j + k) + A (2i + 7] — 5k)
Solve equation of line BQ with equation of line CD to get point of intersection C.
Solve BQ and CD to get :

S5i+7j—2k+ A, (Bi—j+K)+ A, (2i +7j — 5k) = =3i + 3j + 6k + A, (=3i + 2j + k)
Equating the coefficients of i, j and k, we get

5+30+20,=-3(1+L) . 0)
T—A+T7Ah,=3+2A, (i)
—2+A-5L=6+4, (iii)
Solve equations (i), (ii) and (iii) to get :
A==1A=-1 and A =-
= D=(2,8,-3) and C=(0,1,2
B

Page # 20.



